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1 ' PREFACE / . ' V ' 

■ 1:' ■ • . - ~ r~ • , • ' 

''Mathema-tical MethQd8''ln Science" is' the title of a course v 
which :! have given several •:blmes at ^^tanford 'Ifciveirsity to teachets, ^ 
or prospective i;eachers, of mathematicB arid science.. The. following . 
pages- present those chapters of the toHTse—^the . contents of which ' ' • 
were not incorporated in a previoiifly printed work. (See Mathematics 
and- Plausible Reasoning , Voli 1, espe'ciaily chajpters III, Vllljj and 
DC.) ■ . • ■ ..rv ■ ' : . ^ . 

The following presentation is due to. Professor Leo^i Bowden of 
the University of Victoria, who careffully followednn the sut)staiice 
of a taperecording.q^ the course, but added several details and several 
picturesque sentences of his pwn.' ^ome peculiarities ^of the oral 
presentation have been preserved: a, certain broadness and som^ 
.traces of improvisation. , « ' • ' ' 

One of the ^esseritiar tendencies of tlie course is to point to 
, the history of ^certair^ elementary gprts of sii'ience as a source of 
, efficient teaching in the classroom. ^Several historical details ^ 
are somewhAt distorted: ^pme'' intent ionai:^^, to bring th^m down to 
the level" of, the high* school, bilt a few details may be unintentionally 
distorted, I'am afraid^ .A' careful confrontation of the pedE^ogt^; ^ 
cally appropriate with the historically correct version would be 
most desirable, but. was not feasible withiri' the limits, of time, and 
energy at ny disposal. . A few non-historical niceties are alsp some- 
what roughljc treated, for reasons of space and pedagogy. 

I hope that the following pages will.be xiseful,. yet they should 
.not be regarded as a finished expression of the views offered.- , 
- 1 wish to express ny- warmest theuiks to Professor Bowden. 

George Pplya 

_^ ■■ • 

Stanford University, July, 1963 ' • ' 
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■ . ! INTRODUCTION . ' . 

■ . j^y- • ■■ ■ ■ / ■•/ •; .-. 

In these lectures we will discuss: , 

(1) '. Very sinrple physical or prerphyslcal prohlems; prohlems that 

•could "be disc\issed at the- high school, level. 

(2) The relation of mathematics to science and of science to math- 
ematics. THis relation is a two-way street. Though more usual; ^ 
it is not always the case that mathematics isi applied to science; 
also there is traffic in the opposite direction. Good dri^^ing 
takes note of the .oncoming traffic. ' ^ 

(3) Ea.ementary .calculus^ for. without some calculus'-one's idea of 

how mathematics la applied to science is necessarily inade- 

■ ■ • • ■ * * ■ ' . 

quate. ' * 

*Aigo/as their title -indicates, these lectures will deal with my 
ideas .ahoTit methods. First /let me say that there is no one teaching 
method which is the method;/there .are as many good methods as there are 
good teachers. To. teach effectively a. teacher must develop a feej.ing ■ ^ 
o for his. su'bject; "he cannot make hie students sense its vitality if he , 
does not sense it himself^ . He cannot share his entWiasm when he has ^ 
no entiiusiasm to- share. How he makes his. point may he as important as 
the point, he makes; he must personally feel it to he important; he must, 
develop his personality. • ' . . V 

In my presentation I shall, hy aoA large, follow the gepetic method. 
The ^sential idea Qf this method i'^ that »the order in which knowledge 
"has heen acquired hy the human race will he a good order for its aequi- 
sition hy the 'individual.' The sciences pame iji ^ certain order; an order 
determined hy human interest and inherent difficulty. Mathematics/and . . 
astronomy were the first science? really .Worthy of the -name; later came 
' mechanics, optics', and so on. At each stage of its development the h^pan 
race has had a certain climate of opinion, a wsiy of looking, conceptually, 
e world. ■ The next glimmer of fresh understanding had to grov out of 
what wlE^already \inderstood._ The next move forward, halting shuffle, 
falteringlstep, or stride- with, some confidence, was dependent upon how 
* .well the'^ce could then walk. As for the human ^pace, so' for the human . 
child. But this is *iot to say that. to teach science we mist repeat the-. 



thousand and. one errors of the past, each p-directed shuffle. It is ' 
to say that the sequence inwhichthe majoi-. strides forward were made 
is a good sequence in which to teach thenj./ The genetic method is *a guide 
to^ not a substitute for. Judgment. . ' . 
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From the History of Astronomy ; Measiirement 
cmd Successive Approximation '. " 



Sect Ion . 1 • Measurement 



l.l.l The Tunnel 




Astronomers have measured the distance of the Sun f(rdm the Jlarth; • 
even the dlsteuice of the fixed stars. How did they do TOTB^-^ot by 
strolling through outer space vlth a measuring rod. The distance of 
places that cannot be reached Is calciolated* fr(^m'lJfeie dl stanch of places 
that can be "reached. To meas\ire the stars' we get down' to Eart^i; coamp" 
logical survey has a terrestlal base. 

We" begin with a terrestlal problem. Due to Increasing population 
~' a certain city of ancient Greece found its water supply InsufAcient^ so 

that water had to-be channeled in from a lake in the nearby mountains, 
• And since, unfortunately, a large hill intervened, there was no alterna- 
tive to tunneling! See Fig, 1, 





So\irce of > 
Water Supply 




' Figure 1 . V . . ' ' 

Working from both sides of the hill, the tunnelers met In^the middle as ' 
planned, . - » 

How did the planners detemlne the correct direction to ensure, that ' 
the twb crews would meet? Ifow woiold you have planned the job? Rem^mb^ 
♦that- the Greeks could not use radio signal or- telescope^ for they had 
neither,^ Nevertheless they devised a method and actually succeeded. in 



1^ 



making their tuimels' from botlji aides meet somewhere inside the hill. 
Think about it? > , ■ </, .. ' * ' ' • 

Of <5ourse/ had riot 'the lake. been on a higher level than the' pity/ 
■ there would' not have been gravity to". make the" water flow through this 
■aqueduct; But, tp -better concentrate "on the crux'of the matter, -let us 
neglect the complication due to difference* of levels. Essentially, the 
problem, is this. Sow do/ we determine the would-be line of sight be-tveen 
two coplanar points C and S .when it hill intWnesr See 51g.^ 




■ Figure ^ 



Here we have ar problem of applied geometiy, .How are we ^ to construct^ ^' ' 
.,the segments CC', SS'. of the straight ■ line CS without joining C' to 
S? It is not permitted to traverse the- shaded area. ' ' . ' ° 

Th&t which cannot be connected directly can only be connected In^ 
directly. Let . 0 iO is for Outside )^ be a point from which bqth C and 
S are observable. Joining ' 0 to C and to S, we have the situation .' 
of Fig, 3.. ^ ^ 



^. Figure 3 . ; . / ^ 

Surely this diagram must suggest application of- the geometry of the 
triangle. And. how do we specify a triangle? By measuring its angles and, 
sides, -And. what angles are measuralDle in Fig,' 3^ The, angle at 0 can / 
be measured, for C and ,S are both visible* from 0, . But what about 
the angles at C and , ,^S? ; We cannot measure ZOCC since the hill i^piter- 
venes between C, and S, and therefore the direction of 'CC« - Is unknown. . 
Ibr the same reason we cannot measure ZOSS', or the length of OS. Q^us 
the measurables are OC, OS , and the angle at 0'— two sides and inclMed 
angle --'Sufficient to spiecify ADC S uniquely. 

, Suppose that OC is found to be 2 miles, , OS " 3 miles, and ZCOS^= 
53°, We can draw a scale model with/say^ O^C^ 20. inches,' O^S^ 30 in- 
chesi ^fSi, of course, with the included ^^^^^j. And since similar 

tria^jips are equiangular, it follows that ZOCC (l.e^ ^OOS ) = 

ZO,C,S,, and ZOSS» (i-e-, ZOSC) = ZO. S C . See Fig/ i^- The problem is 
_1 1 1 , J- i i ^ . 

solved. . ■ 



^ ' . 13 




Figure 4 



^ The alert reader vill have already appreciated that the length of 
tjie tunnel, and conseqi^ently the amount of tunneling for each crew is 
easily deduced. Kie directions of CC and SS- having ^.een detennlned, 
their lengths can be measured; from the length of C^S^ in 'the auxlliaiy 
triangle the length of ^CS can be deduced by simple proportion:* the 
length of the tunnel is the difference be^een the iatter and the sum of 
CC« and SS«. * 
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1*1.2 Measuring^ . !Erlangulatlng v \. 

Neaet a word about the in^rtdtfp^practical business of making measure- ' 
^nents, .Ec^ do we measure an anglel^We necessarily do it the same way 
today as the Greeks did it two thousand yearg^ ago. The modem theodolite 
effects greater precislj^^Jj4,t is better built; the principle is no better, . 
it isithe same. Its essential is a , protractor. What' is a protractor? • 
An .arc or the whole circumference of a circle divided into equial parts. 
See' Fig, 5 - ■ 



C S 




Figure 5 

In changing our line of sight from 00 to OS, it is rotated through a 
certain number of subdivisions of the circular arc. Since the amount of 
turning is proportional to this number, the number is a measure of ZCOS. 
It is conventional from Babylonian times to consider a complete revolu- 
tion to be 360 degrees, and' therefore to di-vide the whole circumference 
into 360 equal parts. When greater, accuracy is required and the protrac- 
tor is large enough to allow further division, each part is subdivided 
into 60 parts to read jDff sixtieths of a degree (minutes), which, in turn. 




is subdivided into 60,^arts /to read off sixtieths of a minute (seconds). 

To measure ZCQS/with great accuracy the lines of sight OC, OS 
must be precisely -kncim. Precision is achieved by sighting the objects 
C fnd rS with the aid of a cross hair at the end of a cylindrical tube . 
mounte:d,at .0, A modern refinement is the magnification attained by mak- 
ing tKeHube telescopic. See Fig, 6, 




> ■ ". Figure .6 - ; - ' ■ . ' ' 

Yet no matter how refined the refinements, error is inevitable. So today 
surveyor just as the surveyor of two thousand years ago, makes several 
measurements; of an angle and takes their average^ The measurement of ^n 
angle remains a fundamental operation, 

, The reader, who in trying his hand at . amateur carpentry, attempts to 
make;a picture frame withoub the aid of a miter box knows to his cost 
how difficult it is to make the fourth comer fit. His sad experience ■ 
may tempt him to suppose that accurate measurement of lengths is easier 
than that of angles. No, when it comes to surveying the measurement of 
an angle it is a relatively precise operation, * To establish a base line 
a mile or two long is^ a difficult (and expensive) operation. It has to 
be made completely flat, A further difficulty is that measuring rods or 
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chains, dhange length vith temperature. 'Another difficulty is that the , 
line must he' straight* The men now engaged in the construction of the . 
two-mile-long linear .-accelerator at Stanford could tell you ^hat measur- 
ing angj.es is much easier than constructing el straight l.ine. ' 

When a-hase line ^AB is estahlished, the sighting of som4 prominent 
distant ohject such as a church steeplse oir moimtain peak'^^enahles 

angles ABC, BAG to he measured and hence "' 'AC, BC computed T)y. j:rigonom~. 
etry. These in turn can he used as. base' lines from which to . ^ight other 
prominent topographioal points C^, C^, leading to', the use of^, AC^ CC^,^ 
CC^, BCp as further hase lines, and so on,' Fig. ' 




B 

Figure 7 



In this way J that is, hy what is called triangiaation , a whole countiy 
or continent can he - surveyed, 

1.1>3 How Far Away is the Moon? 

" From the Earth we turn to the heayens . How are we to measure the 
distance of the Moon from the'Earth? Since this distance cannot he 
measxirfed directly, it must he measured indirectly; it can only he deter- 
mined hy calculation from accessible distances. So we jEeed a known hase 
line. Basically we have a problem -of triangulation. Can the problem be 
related to that of MBC of Fig. 7?. Consider Fig. 8. 



. ' Figure 8 .• ■ ' . 

■ ■ ■ _ . t . ^ ^ . . ■ ■ ; ; 

Yes, if Ve can determine the straight lihe' distance AB and angles 

a' and *^ Granted that the Earth is a sphere,, if the distance AB \, 

' on the Earth^s surface (the arc length) . has .been* measured and 0 is 

known, then OA can be calculated (or, conversely, if the racllus OA 

'is knojm, then 6 can be calculated). Hence by consideration of the 

, isosceles AQAB) the straight . line distance . AB is computed. But how is 

a ' ■ to be determined? ZOAB can be computed . from ZiOAB,* so that Qt * will 

be known Vhen ot is known. But what is ot ? a • is the angle which the 

line of sight to* the Moon makes with the vertical at A, And how is the . 

vertical determined? Yes, by suspending a plumb line, , Similarly is 

determined by first measuring p. The problem is indeed related] .Note 

'that a base line is indispensable, so that before the Greeks could measure 

the distance of the Moon from the Earth they had to know the shape and 

-the size (i,e,, radius or circumference) of the Earth, 

One obstacle remains; the Mboh moves relatively to the Earth, If p. 

is measured at B after a was measured at A, then P is not the angle 

to the vertical at B made .by the. tfoon when at C; . it is the angle made 

by the Moon from some subsequent position— 6ay C*, Instead of a tri- 

,angle^wlth vertices A^ B, C, we are confronted with a quadrilateral 

with vertices A^ B,.C, C, and the method has failedt Itor^'triangula- 

tion C, C* must be coincident; a and p .must be measured slmultane-. 

ously. . ' V 

' ^ ^ - ' ■ ' 18-. ' ■■ 



■ ■ . But how IB the measurer at ^ Z 'tq. know when the measurer at A is 
^measuring? ' Oto 'signal' to a second measurer Just a few miles' away a lantern 
woulcl serve; yet for accurate triangulation such»a short base__line would . 
not. Remember that AC, BC ' are each. some tens of thousands of miles. 
Ideally a base line should be of the same order of magnitude; /at least it 
: must be hundreds. Remember also that .the greeks had. no radio with which 
to transmit signals, nor had they'accurate watches . ("Just clepsydi^s)., 
.'Doesn't their problem seem insuperable? Yes; yet they sunnounted it. 
• Bbw? Let us for the moment indulge in wishful thinking of a particularly 
whimsical kind:- what a pity the Greeks couldn't gey^he Man in the Moon 
to cooperate by signaling! His signal would have b4en visible at A and 
B sWtaneously. Put les? fancifully, measurers had. to wait for- soqie 

happening on the Moon visible from Earth. What happening? A lunar ; 

eclipse. See Pig. '9- ^ ^ 
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Lunar 
Eclipse 
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Figure 9 



The eclipse provides four distinct events, obsenrable simultaneously from 
. A and; B:. (l) the beginning and (2)- the conrpletion of the Moon •'s ^ntry 
■ of the Earth's shadow, tS) the beginning and (k) the completion of the '. 
.-Moon's emergence from the Earth's shadow. Had you appreciated^ how useful 
eclipses are? Compare the idea here with that qf 0 'in Fig, 3,. Isn't 
human ingenuity. -a fascinating thing? .. 

' 1,1,4 Qto Teach T r iangxilat ion . ' ^ 

Let us for a moment turn from triangulating to teaching. Why should 

» . • ■ •. 

your typical student be interested in your wretched triangles?, Hasn't 
he already genuine interests? Baseball, television, and the girl next 
door? After all h'(5 'is only human, ^ pD^ciseiy because he is human he 
has human iaterests — and human curios?^. Why not introduce the subject 
in the way that, must interest him? Until he has .developed to your level 
of sophistication he cannot share your sophisticated interests. He is to 
be brought to see that without knowledge of triangles there is no trigo-. 
nometry; that without trigonometry we put back the clock millennia to .' 
Standard Darlgiess Time and antedate 'the Greeks,. 

■ \ ■ ' . ■ . 

■ Section 2 ", Astronomical Measurements 

1,2,1 Aristarchus of Samos . • ' 

Aristarchus, a famous Greek Mathematician and astronomer, was bom 
. on the island of Samos about 310./b,C, and died about 230 B,C., so that. ^ 
he was a contemporary of Euclid, Mlis fame rests on his heliocentric theory, 
the theory that the Earth and planets revolve in orbits around the- Sun. 
Perhaps "theory" is too strong a' word, for his proofs were weak; yet it 
was a great idea, an idea redeveloped centuries later by Copernicus,' 

Although Aristarchus did not know the distances of the Moon and Sun * 
f roni the Earth, he was able to' estlma*fce their ratio, . Hi^ method depends 
upon a most ingenious idea. To better appreciate his " ingenuity, stop and 
ponder awhile. What method would you use? His idea , is germinated in ah. 
understanding of how thephase? of the Moon occur. 

Why do we sometimes see a full moon/ at other' times a half-moon, and 
when there is a new moon, nothing, at all? Because .the Moon has no light 
of its own but depends upon the Sun for its ■ illumination, only one half 
of its iherical surface .is lit up; the other hemisphere is unillumlnated, 
(More precisely, granted the. natural assumption theit the Sun is a very 
great distan'ce from the Moon, the beam of its light which illuminates the 
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** Moon will- "be practically a parallel beam and so light up very little more 
than ij^ne hemisphere.)^ See Fig. 10. * * ' ^ . ; ' . 




Fi^^ire 10 ' , ; 

An observer at (ideally transparent so as not to block any of the 

Moon's sunlight) would see an illuminated hemisphere,. I.e., fu;Ll moon. 
At what does he see?^. His field of Vision now includes less of the 
* . illuminated hemisphere and a little of the unilluminated - and therefore 
invisible .- hemisphere. He sees the Moon in the last quarter. ^ At P^? 
At P his field of vision includes but little of the illuminated part 
and much of- the unilluminated. Since only the Illuminated is visible 
he sees the Moon, in the first quarter. ' At P^^ his field of vision in-^ 
eludes none of the illuminated part, he sees no moon at aU — the begin- 
ning of the. new *noon. - .'in what position (relatj^e to . the Sun and Moon) 
would he see precisely a half-moon?. 
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Is it not visibly obvious that an observer will have ona half of the 
illuminated .and one half of t^he .unilluminated hemispheres in his field of 
• vi^sion, Md consequently will see a' half -moon, only when he is jsomewhere 
ori the line EE»? , In short, referring-' to; Fig. H> an observer on Earth' 
sees'a half-moon only when <23IMS, is a right angle. 



S(un) 



M(oon) 




a 



E(arth) 



^ ■ . Figure H ; ^ ' 

Under good atmospheric conditions the' Moon is sometimes visible ih 
■ the daytime, especially near sunset and sunrise. So, sometimes both Sun 
and ^foon are visible.^. Sa, sometimes (though less aften) both Sun .and- 
Moon are visible when the phase of the Moon is half^moon. So? Measui^ 
ZMES: on such an occasion, of course. rThis is what Aristarchus did. 

First nol^i that without any measuring at all, since the hypotenuse 
of a right-angled triangle ilS the greatest side, we .may infer, as did 
the Grfeeks, that the- Sun is farther from; the Earth than the Moon." Next 
note that when a is measured, the third angle (the complement of a) 
is determinate, so that the shape but not the size. 'of. ABMS is known. ' 
Consequently, although the actual length of any side is not determinate, 
the ratio of any pair is. It immediately follows from the definition 
of cosine that the ratio of the distances ME (Moon - Earth), SE (Sun 
Earth) is given by 

• ME ' . - ^ ■ ■ ^ . 
. • - SE = . : ■ 
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/\ Having meafiured a, Aristarchu^ had to compute cos aj iinlike us he 

hadjio tables to refer to.; .His "resiait was grossly inaccurate for two- 
-•'*•. .>."■# 

reasons J a is nearly 90° where a^Miall error is critical*^ Second/ just 

• '"is*"^ ■ . ■ ■•• \ * • ' 

looking/ dp^aiMipt say when pr.ecisely the Moon's phase is half-moon; 
. ■'■ • . •..■':'tV!i*'-' ' • ■ • ■ ' . 

there is a more-pf-lessness about the observation. Nevertheless, Arriatar- 

ch\2S hadj a great i^ea. Since the Sun is vastly more remote t*han the 

Moon at half-moon, and since the size of the Sun and Moon as viewed from 

the Earth remain sensibly constant, it is a safe inference that the Sun 

is at "all times ^rth^r- from, the ^ I^^^ than the Moon, 

i.2.2. Radius of Earth;: Eratosthenels , ^ 

Earlier, in discussing a more interesting question, that of the dis- 
tance of the Moon from the Earth, we saw that a necessary preliminary is 
determination^-of, the^ size of the Earth. So the next important question 
is: What is the radius of the Earth? 

In ascribing radius to the Earth we commit ourselves as to its shape. 
What'sKape? Yes, spherical. Is this precisely correct? No, we now know 
that ihe Earth is slightly flattened at the poles; it is more nearly an 
oblate sph^id. But to treat it as a sphere is. a go6d approximation. 
Good appr6ixtoations often lead to better ones. 

Determination of the Earth's size was Eratosthenes' outstanding 
achievement. As well as a geog,raph6r and astronomer, he was librarian ' 
'Of tne famous library at Alexandria, then the greatest library of the 
civilized world. He lived from about 280- to 195 B.C., but these dates 
are problematic. With the subsequent dispersal of this library thiere 
is np extant Alexandrian Who's Who in which to look him up. Although 
his dates are in doubt, fortunately his method is not. And so we raise 
the inevitable question: How did he do it? , " : n 

" The circumstances are as. follows. The River Nile flQ^^ Approximately 
from south to north, so that the shortest route from the' .^ity of Syene 
(nowadays Aswan) far up .the Nile to Mexandria in its delta is a great ci: 
cle route. That is to say Syene and Alexandria lie (almost), on the same 
ine3?idian; a circ\alar hoop or belt joining the poles and;passing through 
.Syene woiold also pass through Alexandria. Moreover Egypt is a civilized 
country, there is a. road between Syene and Alexandria, and it,s length, is ^ 
known. It is, 5,000 stadia. See Fig. 12. .. 
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■ . Figure 12 ^ 

In short, the circular arc AS Is 5>000. stadia. If it were known what 

angle 9 at the Earth's center subtended this arc, then it would be 

known what fraction of the Earth's circiamference AS is I .The real pro- ■ 

blem is to determine 9. 

Eratosthenes, knew that Syene has a very deep well whose waters' 
". ■ ' ■ .■■■•» 
are touched by isunlight at noon on the longest day of the year, i.e., 

that there- the sun 'is theo directly overhead. So at noon on a midsum- 
mer's day he measured the Sun's.'lih.clinat'ion to the vertical at Alexandria. 
Of course he needed no watch .to tell himself when the Sun's inclination to 
the vertical was a minimum; to 'the contrary he used the Sun's minimum 
incliniation to determine noon. He found the angl^. to be 7,^12'. And^ since 
the Sun is so remote that its rays are sensibly parallel, the, circum- 
stances were as is illustrated. by Fig, 13, ,J ' . 
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Figure 13 

Con^ttlering '€R&^S^»s rays , to be parallel ,\ thfe- correspoiiding angles at 
.0 <nd A are equ^L. We have : ^ - 



so that 



360 



360° 



— of a complete revolution. 

50 .... 



Consequently AS is-^th of Earth's circumference. But AS is - 

5/000 stadia, so that the Earth's circumference is 250,000 stadia and its 
radius • . . 

•■• , ; ^ 550^ ::^tadla. ' . 

. Unfortunately we do not know which of the several stadia -used in an-. - 
tiquity is the unit enqjlpyed by Eratosthenes. A stadium is 6qO Greek feet, 
but the ^Greeks, had several feet ; .for example, . the Attic Stadium "is 607. En- 
glish feet, the Olympic, 630.8 ft. If we take the forrner, the radius* of the 
Earth becomes 



250.000 
2rt 



607 
5280 



w ^,600 miles. 
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Nowadays^ the accepted figure for t.he^Eart\i*s equatorial radius is 3/963 - 
miles,; the polar radius, 13^ miles less* 7- ... 

That Erato^thenea^ result : isfj inacciirate dpes not really detract from 
the. greatness" bf'hift.achieyeme^. It is Mi method that" excites olir ad- 
miration. WQ\al''d not a giant measure the Earfcb-hy encircling it with his 
arms to compare its circuntf'erence with his span? 'Arid what did, our little • . 
pigmy Eratosthenes> do? At. Alexandria at .noon on a certain midsummer's" 
day-long: a^oi'^e. observed' thfe angle of the. shadow casjfc on his. protractor ' . 
"by a little'. stick. ' A mere shadow and«.an idea is the substance ' that made^ .. • 
the pigmy a^ giant who spaiined the Earth. . ^ ' ^ 

n.2.3, Rival (Cbemologies " ■ . . ■• 

• .*How, without a watch, dj) we know what tinle it is?' Yes) by looking 
at a s\indial./* The. cast of the Sim's shadow acrgss the dial tells* us the . 
time.- MDesp-Lt^ the fact that a watch has two hands although a sundial .' 
■ has^^only QM^^ha:^^^ a watch' is in effect U sundial. QJijLnk about it. 
The Vshaa!ow";pr positioij of the minute' hand tread in* conjunction with the ^ 
position of 'the hour hand) is a. substitute for the Surf's shadow. A watch- \ i 
in telling us our time -- to be precise,, local solar time — indicates our ■ 
position relatiive to the S\an. ■ We ceirinot see in the dark; surely primitive 
man arose 'to work -with the rdsing up and retired to rest ' i<lth> the' going- 
down of the S\jn. Life was governed by nat lore's clock. , - 

^ " And how do we meiasure ace?' Yes, ^ in years-. But', -what is a year? TJie ,. ' 
time that elapses before theEarth is' again in the same position reiati;5fe • 
to the Sun. And how do we deteiliine sameness of positioil?. By reference 
to the framework of the- fixed stars. ■ As. the position of Earth chaiiges 
relative to^ S\jn, the days grow longer, ,then shorter, then, longer again. , 
There is a cycle of seasoris — of the time 'to sow and the time to rea:p. Thef 
calendar is. pur recognition of this periodicity. . • 
• Are not our lives regulated by the clock and the calendar? Is not 
our existence dependent upon the*rbtation of the. Earth relative, to the Sun? 
-Without the S\jn there^iold be pefpe"tual night; neithei^ day nor week^nor V * 
month Yior. year; . neither a time for sowing nor a. time for reaping. ^The . 
fate of all mankind dependent upon the heavens, is it not a natural step . 
_to suppose personal destiny to be governed by the stars? Could riot greater 
knowledge of the Jieavens lead to knowledge of , oup individual destinies? ■;; , * 
Although to date astrology has not been a successful application of as-' 
tronoiiv, it servfed a purpose. It gave additional impetus to astrononv,' • 
to such.' solid practical reasons for the. study of the s.tars *as the deter- ■ : . 
-mination of the calendar and a method of navigation, it ^dd^d , its. own. . 
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Evidence of ah especial regard for the Ifcadering stars — the planets is 
embedded in our language: Sunday is the day of the Sun; Monday the day 
•of'the Moon; .Tuesday, via .the French, Mardi, the day. of Mars; Thursday, 
via/Jeudi, the day of Jupiter; Friday, via Vendredi, the day of Venus; 
and Saturday) tl^p: day of "Saturn. .. < /. . ^ 

ibr primitive man nature was a malignant uncertainty. Even for the 
Greeks, behind eveiy/bush and underneath every stone there lurked a god 
oif unpredlictable caprice. The- paths of the, planets gave t^e comforting 
assurance 6f a glimmer of certainty in an uncertain world. These wander- 
ing stars as the Greeks called them — in oppbsition to the fixed stars — 
appeared to be predestined to follol?* fixed ^aths. , ELanets were observed 
tp reappear in the same position (relative to the "fixed stars) at regular 
intervals. Despite the general fortuitousness of natiire, a few events % 
were predictable; their occurrence could be depended updn.^ In studying 
the. applications of mathematics to astronomy we see the first attempt to 
discover uniformities in Tiature.* The -stars gave man his first. glimpse of 
d great idea — the belief that there are uniformities to be discovered. 
It is ^lyfrdly possible to exaggerate the iinportance of ttiis change of 
yifew; iijie new view is the genesis of science. . ^ • . 

; .' Aristotle. (381^-322'. B.C.) argued that a planet must move with unifom 
motion in a circle. • What is his argument? That the planets are neces- 
sarily perfect bodies and therefore spheres^ and because, perfect must 
move xith perfect nation, i^^W unifomly. in circles. You smile; his; ^ 
contemporaries, did not.. Aristotle never caXised a smile in a. thousand 
years. ' His dictum persisted without a mumur of contradiction until the 
Middle Ages. The founder of zoology, of meteorology, of logic had spoken; 
.it was left to lesser men merely- to, follbw' in -the footsteps of the master 
and. quote his authority. * ^* 

Circular .planetary orbits had be^n proposed before . Aristotle; after 
Aristotle they were obligatory. . The quest^ion'w^s: About what center? ^ 
. 4hat. the Sun movfea around ttie Ear|j^..,^a natural impression, and th^ ; ^ 

■ theory -of Hipparchus (i60-125 B.C.:)||^loped by Ptolemy ('g^ 130, B.C.), 
.that all .the planets move arouifd -thl^|prth, .was generaUy accepted, 

' ■Observation did not precisely f^ the theory. ^So/rln : the Greek . 

■ view, if a planet did not' move in a'ciirclefthen its moti6n Vst .be a com- 
bination of circular motions. See Fig. li^-^ 



Figure Ik- . 

Here Is Illustrated a combination of two circulat motions. As P. moves 
around the circle of center Q, Q moves around the circle of center C. 
The former circular or cyclic path (relative to Q) is . said to be an 
epicycle of Q. Yet such, a combination did not precisely fit the facts, 
so epicycles of epicycles were tried. See PUg. I5, 



Figure 15 ■ . 

Here is illustrated a combination of three circular motions. As P .m>ves 
around the epicycle .of cerjter Q and Q itself moves* around the epiJj^e 
of center R, R itself moves aroxmd thg circle of center C. This ^jjf 
point .is of importance for the understanding of science; by sufficiently- 
complicating the hypothesis we gain enough flexibility to fit it to our 
^observational data. Fitting the data by an uncomplicated hypothesis is 
much more interesting, 

■■ ^ ■ * 4. ■ 

We recall a rival theory; that of Aristarchus of Samos. His theory . 

■was that the Eai-th and planets move in circuLLar orbits around the Sum 
Although the mass of then available observatio^ml data fitted his theory 
fairly well, it was nevertheless universally rejected; it was. rejected by- 
Archimedes (287-212 B.C.)^ "the greatest mathematdcian, physicist, and 
inventor of antiquity. - , " . 

Why was it universally rejected? In part, no doubt, because of . ■ 
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Archimedes* rejection. We mvist remember that pride and prejudice can in- 
fliience our thinking. Earlier, we asked: Hbw*,far is the Moon from the Earth? 
We did not ask: How far is the Earth from the jwoon? Both questions must have 
the fiame answer, so why the former but not thel! latter question? When we travel 
we necessarily start from where we are. , Is not the first a mere natural for- 
mulation? When fogbound in a rowboat. is it not m!ore natural to suppose the 

« other fellow's boat drifting past ours than ours drifting past his? Is not an 

"Earth-centered more natural than a Sun-centered theory? 

Fig. 16 illiastrates Ptoleiqy's universally accepted geocentric (Earthr 
centered)Hheoiy; Fig. 17 — -^Aristarchus • universally rejected heliocentric 
(Sun-centered) theoiy (in which the Moon orbits the Earth). 




Ptolemy-* s ' 
Geocentric System 



Figure 16 
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Some ; seventeen centuries later, Aristarchus» heliocentric , system was 
rediscovered by Copernicus (lU73-15^3). .It was still de rigueur. to quote 
ailthority — preferably Aristotle and as Aristotle cOuld not be quoted 
in favor of these matters, Copernicus was pleased to quote Aristarchus. 
(later, however, he delexed this quotation.; As. he knew. Ari starches' work- 
it is more correct to say that he redeveloped rather than rediscovered 
the heliocentric theory. P&tiently and pertinaciousl^^he checked it ' 
.against a vastVaccumulation of his own and other astrono.iers « observations. 
Although a man of Immense intellectual courage as well as energy, he was 
very careful. Knowing that people do not like to have their old habits ^ ' 
of thought, or the hiabit of not thinking at all, disturbed, he^ delayed 
publication of ^is findings some thirty years until he was: upon his death 
bed. With characteristic caution he did not claim that the Earth and 
planets ,do actually move around the Sim; he contented himself with show- 
ing that a heliocentric hypothesis works better than a geocentric ond.: it 
requires fewer epicycles,^ 

' • . A.. ^ . ■ . . . ' . • 

1,2. If The Orbit of Venus . , . ' ^ ' 

An earlier theory was propounded by Herakleides who lived in the kth 
Century, B.C. He studied under ELato and probably under. Aristotle also; 
HiB theory , is ^ intermediary between the Ptolemaic and Coj)emican stand- 
ipoints. According to Herakleides, Mercury and., Venus moved in circles 
around the Sun, while the Sun Itself and^all the other planets moved in 
'circles around the Earth. . , ^ « 

. The bright star often visible at the setting of the Sun ^ known as 
the Evening Star; the b,right -^star often"" visible at the rising of the Sun 
is known as the Morning Star. Although these names occasion no surprise, 
surely there, was ^ great surprise at the early discovery that the Evening: 
Star and the Morning Star are identical. This star is Venus. Its wander- 
ings, while exhibiting some regularity, were perplexing. Long-term obserr 
vatiop showed it • eventually to reappear in the same place (relative. to 
^the fixed stars);' it was at all times relatively close to the sun, yet. 
sometimes appeared to be moving rapidly in the same direction as the Svm . 
and at others slowly in the opposite direction. But. surely perfect bodies, 
spheres^ descri2)e .perfec't figures, ' circles, with perfect, \mi form, motion. 
Whatever could"* be the reason for this apparent discrepancy? A glance at 
Pig. 18 makes the explanation immediately obvious. 

■ ■ ■ ,■■32 




■ ■ . ■ Figure l8 

-The. trouble with hindsight is 'that it "blinds .us to the "brilliarfce of . fore- 
sight. The. explanation is Herakleides ' . That, we now know that Venus' 
o.rbit is not exactly a circle nor its motion precisely mifonn detracts 
nothing from his ingenuity. The astonishing thing is. that his hypothesis 
fits the fact's so closely. • , ^ 

The good first approximation accuracy of Ilerakleides' hyppthesis "makes 
it reasonahle to ask: Wha;t is the radius of Venus'- orh,it a,hout the. Sun? 
This question raises another question: How are we to detemine this radiu^ 
How would you dp it? Well, ."begin with careful study of Ilg* 19. - 




Figure 19 • , ' 
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^^ Observe that , the angle that the straight line Joining Venus to 
the Earth makes with SE changes as; Venus progresses in her orbit. In 
particular, note that 

^BV^ = ^ ZSEV^« 
^SBV^ = ^EV^' 



ZSEV 



.V 'm' ' 'm^ ^ 

In short, a increases ^to . a .maximum when Venjis is at V (m is for 

. ■ m ^ 

maximum ) and then decreases. Where is V 7 Consider the successive • 
chords V^V^S ^'^2^2*' ^3^3*' ^^^^ progressively shorter. Obviously 
^m limiting position, tangential to the circle. Consequently a 



is a maximum, say a , 
' ^ m' 



when -^iSV^E is a' right angle. : Consider Pig. 20. 



P 



E 



Si 



Figure 20 



'Since' SV, SV .are radii of the 'circular orbit 

SE . ai 

. 'aiid. s.ince . 2SV E of A5V E is a right angle 

' ... . - '\ . ni ,. m ■ ' cr . D— 



conse<juently 



SV 
m 

SE 



sin a, 



m 



SV , 

SE = ^^^«m- 
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The radiiis of Veniis' orbit is sin a times the distance between Earth 

. ■ in • 

and Sun, We do not, of course,, have sufficient data to detemine the _ 
actual distances, only their ratio. Yet is it not surprispig what can 
be . done- by using the most elementary geomfetiy and trigonometry? 

To apply our fomi;iia we require the actuail numerical value, of a^. 
How are we to obtain this? ESy observing Venus when at V^? But how could 
we know when Venus is there? To say "when a is a maximum" is to beg 
the question. The point is that we cannot obtain by a single observa- 

tion". We- cannot have this infonnation for. nothing; we miist earn it by 
reg\alarly making measurements at sunset or sunrise day after day.. Without 
a sequence of observations, how could we tell when a ceases to increase 
aiid begins to decrease? Advances in science demand tenacity b£ purpose 

as well as bright ideas, 

• ■ '• ^ 

j} l,2,^ • Tycho Brahe and Ksplef ' . . 

. lycho Brahe . (15^4-6-1601) was a wealthy Danish nobleman who had much 
land, many serfs, and a quarrelsome disposition. His dispositiorr^hen he. 
was .a young man resulted in a duel, the loss of his nose, the acquisition^ 
of a- silver substitute, and a marked propensity to. shun society. No . 
doubt this 'sec^^nce of events increased his .attraction to astronomy (not... 
a-^gregarious science), B^ this as it may, he had an obsession for con- 
tinual : and- exact observation of the stars, . and this . obsession is the basis, 
of his ' fame, -. No, he did not propound any new theories. Being rich, he 
was able 'to have constructed, with utter disregard of the cost, gig^tic>^ 
. well-made instruments, that set a .new standard of observational accuracy; 
Nowadays, with accuracy^ a sine qua non we overlook this vital contribution 
of Brahe to astronomy .and: the development of the scientific attitude,^ 

. Kepler (l571-rl630) wa.s very poor. In his day there were no chairs ^ 
of astronomy, only the patronage of princes, -Such patronage was often 
given for astrology r^her thari astronomy, and Ksplef earned' his meager 
living by the former, ' thereby . enabling himself to study the latter, As- 
he remarks, astrology Is the daughter of astronomy, and is it not right . 
that the" -daughter cares for the mother? ~: 
r • He' was a man of genius,^ vHi^ work marks the .transition between medi- 
eval and modem outlook, '-Ibr this reason he is called, by Kbestler,. "The 

•» - ' ■ ■ • - - . • , 

Watershed", in a book of this title. From Kepler the history of thought. 

flows back through a hodge-podge of emerging scientific thought, astrology 
mysticism and superstition to Babylonian times, and forward to the modem 
outlook. His own 'writings are a mixt'ure - of. both, .Not having the money ' 
to buy accurate (and consequently^ expensive j^ilTstruments with which to 



make his own obseryations, he finaliy met O^ycho Brahe and inherited his 
vast accumulation pf accurate data, data accurate to a degree that the 
Greeks vpuld have found incredible. „Kspler«s ambition was to describe 
precisely the orbit of Mars, He;tried one fruitless combination of 
epicycles after another. At last^ after fouirteen laborious unsuccesses 
he came to the concliasion that the orbit is neither a circle nor a combin- 
ation of circles. It must be something 'else, Kapler «s donclias ion had 
astounding novelty; ever since Aristotle's dictum some seventeen centuries 
earlier, epicyclic motion had been taken as axiomatic. His break with the 
Aristotelian tradition was the crossing of the watershed. 

With industry to match his courage he continued to grind out more 
and more calculations ta test other jiypo theses; it was not until Hearing 
the end that the invention of logarithms eased his labors. Ultimately,; 
he hit upon the. hypothesis that Mars moves owith non-uniform motion in an 
ellipse with, the Sun. aty one of its foci.. Heretioal, Utterly heretical. 
How could the Sun be at one focus rather than the other? ' How could a 
planet move with non-uniform motion? Hpw could' the . universe be so im- 
possibly imperfect? .Observation fitted hypothesis like a glove. 

The ideal pf Euclid's Elements/ that' the theorems, are necessarily 
consequences of the premises, is apt to mislead ub intp supposing that 
the develo^ent. of science has been entirely rational. Nothing cbxild^ 
be farther from the truth. ' Howhere is irrationality more clearly ex- • 
hibited than in the history of astronomy; nowhere in astronomy is preju- 
dice against fact more visible than in :the tenaciously oOTCelved notion 
.of perfect bodies in perfect motion. 

. New theory in astronomy led to a change of world- view; a new stand- 
point, a new civilization. Even in the pre-Sputnlk era, some appreciation 
of thfse developments was necessarily, an ingredient of educated Qommon \. 
sense. Surely your students will want to know more. A good introductory 
.account is Morris Kline's Mathematics-: A. Cultural Approach ... Another 
is Kbestler's large volume The Sleepwaliferq , of which his. above mentioned 
book,. The Watershed , is a (large) chaplf^ftry'This volume is most appro- 
priately titled, for as a sleepwaiicer with Slosed eyes finds his way along, 
a roof top, so Aristarchus conjecfeured the-iielipcentric system: his facta 
were few; he knew so little that nis eyes were closed --yet he moved, with ' 
a sure instinct. Later astronomers "closed their eyes to facts. Here is ^ 
a story too fantastic to be fiQtion, ^ unfolded with spellbinding skill. 



1,2,6 flfee Mars Year . 

.. We return to Kepler: How did he discover the precise orbit of Mars? 
By what observations? And on the "basis of what presuppositions? His 
working l^pothesis is that Mars moves with, uniform motion in a circle 
around the Sun. Although, as we now know, this is nQt exactly correct, 
it is nevertheless a i^d first approximation. . And a consequence of thiS: 
hypothesis Is vtjjat Mars will "be in the same position relative to the Sun 
(as detennined against the framework of the fixed stars) at regular inter- 
vals r The length of this interval, the t.ijne required to complete one or- 
, bit around ttxe Sun, is said to be the Mars year. Kepler^s. first task.was 
to determine this yeiar. . . . ,^ 

Mars and Earth movp around the Sun in the same, direction, but with 
different angular velocities. . Consequently, Sun, Earth, and Mars become 
momentarily collinear, . or in conjimction, as is illustrated by Fig. 21. 




Figure 21 



Such an event fs called a synod . In gommdn usage, a formal meeting of 
' ecclesiastics (to decide Church matters ) is said to be a $ynod: by natural 
extension of usage the coincidence or meeting , 6f radius vectors SE, SM 
is also said to be a synod. ' . . i ■: 



A„ synod is observable with great accuracy, . Prima facie ", this seems 
a strange thing to say, for when there is a synod Sim and Mars will not 
be .simultaneously visible to a terrestial . observer. But remember that a 
full twenty. four hour day is the t;^ inteilral between two consecutive 
occurrences of the Sun at its zenith, so that, because of the uniform ^ 
rotation or the Earth about its axis, in twelve hours from noon, -i^e',, at' 
midnight, the Sun is precisely on the opposite side of the Earth/ Thus, 
if at midnight Mars is directly in the meridian, then (suppose, for .sim- 
plicity, the drbits,of Earth knd Mars around the Sun to be cdplanar) there 
is a synod. The Sun is, so to sjieak, observed inferentially. ' .. ' 

Fig, 21 may be considered as ifche dial of a celestial clock; but the 
hands ^ve not called hour hand and minute hapd: SE Is the "Earth" hand and 
SM the "Mars" hand. We si^pose that ^T^,, the Earth year, the time for 
the Earth hand to complete a revolution, is known: t*he Babylonians had 
detennined. it with great accuracy. If SM were stationary theh ob.r 
viously; the hands would be again, collinear after^ complete .^evolution df ' 
the Earth. hand; i.e., T^ would be the time interval, ^ (say),, between ^ " 
two consecutive synods. (^ for synod Is not to be confused with S for . 
Sun;) If SM were to rotate in the same direction and with the same 
angular speed 'as SE,. then there would^at all times be a. synod^ thq, in- 
terval^ between consecutive .synods woul*d be. zero, ■ It is equally ' obvious 
•that if SM were to rotate with the same angular .speed but in 'the oppp- 
site 'direction, then there would be a synod. after ' SE (and SM)/..liad 
completed half a revolution, i.e. after time ' h.. "./It is not- evident 
that the inteWal between consecutive coincidences of the hands ^' 

of our clock, is related to their angular velocities, i,e,, that will 
depend upon T^, , and T^? Alternatively put, isn»t je(t linked logically 
between T^, and T^^? The . crux of the' problem -to determine Tj^ il^speci- ' 
fication of th^is relation between .'-T^ , . and T , , ■■. ' 

. Our celesti^ clack is somewhat .peculiar in ihat the angular speeds 
o.f-thfe; two harfes are not in the /proportion 1:12 although they are in a - 
constant proportion, Doqs this ■'•make, any reai.diff^xentferto the problem? 
.Noy of cdurse ;not.; . . - ■ ■ ' ' ■ 

.Let us, with the convenience of ba^evity, describe the.\ position of . the 
hands at the synod df Fig, 21 as on^the initial line . What happens subse- 
quently?. ./Because thef - Earth l;ia|g. rotates faster it ^necessarily, complete 
a revolution before, the Mars liand 'd6QS.>: Thus, when SE^' arrives at the' 
initial line,- SM has but partially completed a revoluj^ion. Se^ .Pigk, 22, 
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— Initial. 
Iiiiie 



■ ' . ■ ■ Figure 2? ' . . ... 

, ■ . "ignore for the mDmei?^tithat,.the -g^^^ of Fig. 22 derives from '^-.r, 

"../t^t o*f Fig, 21. Concentrate on what follows on from rfg. 22.. The en- ' y , 
siuing situation is analogous to that of £^ handicap rarce : ■ E, on the 
^i.^^arting (initial) line, is handicapped M starting way ahead at 

. But,; th^:krigiLHV velocity of SE . being greater than that of SM, E mast 
. . sooner , ot^ri/tei*^ catch up with M. ■ ! Suppose this to occur when SE has 

rotated ihi^bugk an angle a (measured, of course /'^jrom the starting line). 
, So at the end of the race the circumj^nc^s are as"" illustrated, "k^ Fig, . 23. 
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But, for- a (clock hand) rotation with uniform angular velocity the time 
of. rotation is directly proportional to the angle of rotation. Therefore, 

* ^ ■ Jsi >. ' a (l ) 



Time inWif\^jai;"'! •. 


f' V- " " Ahgie rotated in the time interval. ^* 








. " 360'+ a ' *• * ^ 








■ 366" . ' ' •' ■ 




' \ 1 , 







369 +.« ; • ; (2) 



To link T " to "■T-^ ■ by',. sr it. reimins^ • 

Prom (2), ■ •:v;.^^■:■:v \ '-.^ "'^ ^' ■' 



Hence, by (l) . "' ''V^' '^ ' " ' " : 



rn- . rn 

M 



We. have. established the .explicit expression of th^ relation between T^", 

and T . The latter beirj^;^knovn,. 'it remins merely to measure 
in order to^ompute T A been measured by the Greeks; Kepler , 



computed • 



1,2,7 The Orbit of *Mars . ' • — *, ' . 

. Recalling th^t Kepler's ambition was to determine precisely the orbit 
y cif Marfe, .the alert .rea^t will ask: How is the ^miiiation of" . in- 
"*Btrumental to this eM^^: ' , . . 



Consider Fig- 21^. 



< ■ . ^ * Figure 2^^ ... ''V .. .. 

When.Mars is at. M, collinear with the Sun S- aind a fixed star S^, 
suppose the Earth to "be at E^. Precisely 0^ . later Mars will Mve 
completed an. qrMt around *he Sun and agaln,,'he at M, hut since the 
Earth hand of our celestial clock rotat^s';*^X?tster than the. Mars hand, the.. 
Earth -will have* rotated more than a conqji'ete . revolution and he at Eg. 
Although Mars is. again in its initial position relative to the'^&ed 
stars as viewed from the Sun (i.e., collinear with S^), it Is 'in a differ- 

: ent. position relative to the fixed stars as viewed from the Earth. 
Initially Mars is collinear with Earth and S^»; Tj^ .later, with Earth and 

^2' -r^f®^^^*® ^ appearing . against the framewi^k of the 

^*^3?ei|;S^^^^ in different positions when viewed from the Ea^lth at E^ 

the Mars year is T^, we know inferentiaiajr^ '/tiikt it is 
^?/;lA ihe .sajpe position; ' Z 

^ We may infer much more. T^, teliig known, the angular velocity of 
our celestial hour hand is known, sp that the angle turned in time 0!^ 
can he -computed: , we can .determine Ze^SE^. And taking the radius of 
the Earth«s orhit as known, the length of "base E^E^ and "base, angles of 
isosceles triangle E^SI^ are determinate. ■ 

What^ else do we need to compute SM? What are the '^eas lest things 

•to measure accurately? Yes,- angles. Now consi^^r Fig. 25. 



Hgure 25 



The position of the Earth relative to Suil and fixed stars "had been given 
careful study from Babylonian times ;^^cho BraJie had made most exact 
observations. This data enabled Kepler to detemine the fixisd star 
collinear or.inost nearly collinear vith Sun and Earth vhen, for exainple, 
the Earth was at E^. We. have already remarked that although the^Sxln 
is not visible to the terrestial astronomer at E^ when observing S^, 
it is nonetheless "observable inferentiaXly'^ Thus Kepler was abl^ to 



measure ^S^E^M (where S^E^ produced passes through 
Earth was at £^ and likewise ^.^2^^^ J[ where S2E2 



S) when the 
produced passes 



through S) when, later, the Earth vas at 

(Do. not confuse the fixed star of Fig. 25 with of Fig. 2ki 

■ •' the latter is collinear with and S; the former collinear with 

and. M. Nor is to he identified with S^K) . 

What use can he made of this additional data? ^E^E^M is the supple- 
ment of the-sum-of the known angles, ' ZSE^E^ , . ZS^E^M, and therefore 
determinate. ZE^E^M is similarly determinate, oiius, in AE^EpM two " 
angles and a side (E^E^) are known, so that hy using sine rule E^M 
is computed. But> ^SE^E^ and. ZE^E^M are. hoth known, so that iri .. 

we know' the .angle SE^M as well ' as the sides containing it ; '^^ 
■hy using cosine rule, Srt is computed. 

• flememher thdt Kepler's working hypothesis includes the supposition ' . 
that Mars repeats its orhit with regularity: no matter what- its* orhital 
position at a specified time, it will again he in that position after an 
interval ,0!^. -So the ahqve metho^i is applicahle to computation of the ■ . 
length of the Mars hand of our celestial clock in ■ any, position. In this 
way was instrmental to Kepler *s determination of Mars' orhit around 

the Sun. . ■ ^c ■ 

Having computed many radius vectors -of Mars' orhit, Kepler with 
energy to equal his enthusiasm set ahout fitting theoiy to fact. His . 
inheritance of I!ycho Brahe's ohservatiohs gave him data »with an accuracy " 
unknown to the Greeks and consequently made his task p,ll the more diffi- 
cult. Finally, at his fourteenth, attempt, the .theo'ret ical orhit conse- 
. quent upon hi;» hypothetical epicycles closely approximated to^ the factual 

if * *'>',■>•":■■ 

.orhit: .there was a discrepancy of merely eight minutes o^^, arc, an'accuracy 

^unknown to the Greeks. .But^ closeness of fit which would riave-;heen more 
• than- good enough to satisfy, the Greeks, was rejected out of hand hy ,. 
Kepler. And with it .he 'rejected the notion'of cycle and epicycle, hag 
and haggage. He was s.ick with the wearisome repugnance of epicyqJLe piled 

-upon epicycle; the. dogma of perfect motion had he come a celegtial night- 
mare. -His final hypothesis was-that Mars moved in an ellipse with the f 
Sun at one focus: it worked. '* 

This-, in .rough .outline, is how Kepler discovered the first mathemat- 
ical law of astronomyt^ Unfettered from the dogma 'that the plethftts move 

■ in perfect" figures, i.e., circles, it was an easy step to' reject also the 
fiction that they move with uni-form velocity. The hands, of our celestial 
clock rotate with variahle speed. Q^cho Brahe's ohservatibns afforded ^ 

.smple evidence. Indeed, it was known 1^the Greeks that the nearer the 
Earth is to the Sun the faster it moves; yet it took the insight of geniiis 
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to .discover the law. See Fig. 26. 




.r . • Figure 26 • 

Kepler found likewise that the farther Mars from the Sun, the slower 
it moved; t);\e nearer, the faster. Eventually he discovered the law which 
fits the facts. Mars moves in its orhit so that the radius vector SM 
sweeps out equal areas in equal times , <. • 

. "By analogy Kepler extended his two laws for Mercu:py to thfe other 
planets. The available data fitted. 

Many years later he discovered a third law. We recall that the 
planets in the order of their distances from the. Sun are Mercuiy (nearest), 
Venus, Earth, Ifers, Jupiter, and Saturn (most distant). Also, it is a 
fact that the fairther a planet from the Sun, the longer it takes to com-< 
plete its orbit, Kepler first supposed that T, the planet's year^ is 
proportional . to R, its mean radius about the Sun, He quickly found that 
T increases faster than direct proportion; to double R more than 
doubles T, The law is hidden; eventually ^Kepler found it: The , square 
of T is proportional to the cube of R, ^ 

Kepler's, published work is a hodge-podge of astronomy, astrology, 
geometry, theology,, and a* miscellany of oddments: he sat astride the 
watershed. Yet it is intensely interesting, for unlike Galileo and. Newton 
he did not try. to. cover his' traces. His conjectures, failures, successes, 
errors, insights, fallacies, obsessions, are all revealed with disarming 
frankness. No other man of genius' han been so open about his wild goose . 
chases. But Kepler's work is so full ^ competing ideas that it remained 
for Newton to separate the wheat from the chaff, to discern the importance 
of what Kepler did not himself fully appreciate his three laws. 



1«2.8 A Word to the Teacher " / . 

What is the prijnary inrporbance of Kepler's work for the- high school., 
mathematics student? First that there, are applications of trigonometry 
on the grand scale. Trigonometry^, as we have seen, made conrputation of 
Mars' radius vector possible. What could even a Kepler have done without 
mathematics? 

.Second, we see the role of what is usually ill-described as "trial 
^d error", better put as successive approximation , Kepler, we recall, 
starting from the" working hypothesis of .uniform circular motion, deter- 
mined thev Mars year ' T^^ only to conclude finally that Mars' motion is 
neither circular, nor unifoiro, but. elliptic and non-uniform. 

Doesn't .t^lis appear, paradoxical? The initial hypothesis that ^jetrtlT^ 
and Mars have uniform circular motion' is ■ erroneous, yet a good apgroxima- /* 
tion to the truths Note that the calculation^of the synod is not inval-T 
idated by the orbits of Earth and Mars being non-circular r the coincidence 
of our celestial .clock's hands is independent of variations in their length 
and dependent only on the uniformity of their rates of rotation. Also, 
as .luck, would have'i"^, variation in the ' Earth hand ' s angular velocity is 
less than that of the Mars hand, so that, a gbbd approximation to the 
Earth's orbit suffices to show that a simil^ai: -..assumption for Mars' orbit 
is unacceptable. More accurate observation*:.di^'"the Earth '.S' orbit, leads to 
more accurate determination of Mars', ' ' , 

1,2.9 Newton's Problem- of -a Qomet^s/iPath ^ . : 

conclude, th'is^^ ^eit i-on- V4th-a proWeip. Calculus ' is not necessary, 
will need.your>\trigononietiy; ■ NeVt(5<h,-. in addition to his monumeh- 
. .t^- grl^oi^l^ took iihe^. trp^ high 
jr.; sdhool algebra. Artd .whaf'^ds the ma'in' point of Newton's algebra text? The 
same as Despartes': ..to' solve word problems thereby demanding, among other 
things, the fiill comprehension necessary to translation of [problems from 
prose into mathematics. .Newton's problem in"»good old- fashioned. English 
is:^ "To determine the. position of a comet's coiarse, that 'moves iiniformly 
. in alright' line from three observations." Fig. 27 illustrates the pfbblem. 
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b Fixed- "star 




0 



' . *. Figure 27 ' ' ' ' ■ 

Nevjbon knew perifectly well -that a comet does not move uniforttCLy and do^ 
not move in: a straight line. What is the^ path of aXgomet? ■ "Sfes, ' an 
ellipse. But, don't you see, a straight line is a first, apprbximation? 
Here is the first step in a sequence of successive approximations. What 
is observable? 0 stands for Observer , 0 observes the com.et at , A, 
at B, and C and notes in each position the star with which it coincides 
or most nearly coincides. The angles subtended at 0 by these fixed stars 
are measiired, 'i.e., 03 and o)^ are known. Also 0 observes when the comet 

is at A, at B, and at C, so that the times t and t' for the comet 
to pass from A 1:o B and A to G are known. In short, given O), O)', 
t, t', and that the come^' s motion Is uniform, we are required to find 
the direction of ABC. This is most conveniently determined by finding 

P , We conclude with one hint: to find P we. must first find a trig- 
onometric function of 6 —the nicest is the cotangent.^ 



.^See Nbithematical Discovery, Polya, Vol, l, p. problem 2*63, 
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Section- >3» Sucoessive Approximation 



We biegin by repeating a point: . it is important. Kepler started 
from- the assiamption.that Earth and Mars move with precisely laniform" 
circiilar motion a*roiiifa the Sian as center, ±o finally arrive y^i the conclu- 
sion that Mars moves neither in a circle, nor uniformly, nor is. the Sun the 
center of its orbit.. To the uninitiated, his argument, like. thV orbit_^of 
Mars itself, appears to be circular. But scientists hai) it ually argue this 
way: from a working hypothesis given ::by proposition p ye are led to the 
conclusion "no, not p". This proc'^diire' is often described as the. method 
of false position. ' From a "false" (inaccurate) start we proceed to a 

■ "true" (accurate) finish: beginning with what is only approxlmateiy 
cprrect, we reach by successive, diminution of error, if not a dead accipr^te 

■ result, a much closer approximation. " ■ 

,The method' is well illustrated by the way we look up a word: say . 
. CONFIANCE, in a French dictiona'ry. We open the dictionary at where we es- • 
timate the word to be. If the pa^e does not contaiii words beginning with 

■ C 'then we have made a poor estimate; we have j.udged falsely the position 
of the word; we have made a false start. But k poor estimate can be a 
step in arriving at a better onej a false position can lead to a truer 
(more accurate) one. Suppose our\%^s.t estimate turned out to be a page 

;.pf words beginning with B; we estlma!te that we must turn on five or six — 
.^/pages. Doing this we 'turn up, say,^ tftiirds beginning with' CA. We have ' - 
" firrived at an inrproved position. But we want C to be followed, by 0, 
not by A; we have found the wortt c^orrect^to the first, but not the 
second, letter. If oilr next estimate gives us CO ... ye have found 
the worcC correct to at least two letters: if incorrect and faced with v 
CL we turn forward; if faced with CZ we turn back. Well, you know how 
to use a dictionary efficiently --but did you appreciate that in so using 
we employ the method of false pQSition y'.vor more /aptly pjjt^ successive 
approximation ? Isn't the underlying gerieial i'cfea:?i::j^/thS|^^ 
computing a sg.uare root to one, t^^gtr/tVo/^ three, 'four ^ •iMci>»]ero? r^-p 

■ decimals? 

Full appreciation of a ipatteraatical 
talking about it, only by intelligentljr us 
metho(J and see the idea in action. ■■ 

1; 3.-1 First implicat ion . 

Consider the following problem, which is a go^d, one fo^ a^^^^^p^fpi^ 
. old. If the Tprlce of a loaf . is one quarter (2? - cents )' arid' haii!^ 
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Instructive way of doing it. 



what is the price of a loaf? Can you do it 'in your head? Tyy, • Let 
cents "be. the price of a loaf, then 

• /' X = 25 +1 

so that 

• X = 50 . 

A loaf costs half a dollar. 

There is for our purposes a much md 
To prevent ourselves sinking too deeply into the particularity of the 
problem, we generalize by, taking a cents instead of 25 cents. This is 
aji enormous advance which enables u^'to deal en bloc with a whole family 

problems; our problem^ its brothers, sisters, "cousins and a\ints. General 
ized, the problem is: find x, given. that 

. - . I X = a f (1^ ■ 

Obviously, the solution is x.= 2a; yet a person with the outlook of a . 
practical engineer might be enticed to tackle our problem in the follow- 
ing, corapli dated, but mbst ingenious, way: ^ is .I6ss than x, so let us 
neglect it, and our iriitial approximation x is ' 



XQ = a, 



(2) 



Obviously this approximation is too small, but it is only a first trial, 
[■Surely we can do better than this?^ What happens when we substitute (2) 
in the right-hand side of (l)? Let's find out/^jCXir new*. approximation 

X- (conveniently called "the first") is 

• x^ 

0 .a 
■ x^:^a+-g-=a+^. 

This is'better, so .let* s repeat the procedure, . i,e,, consicLer a seccihd 
approximation x^ such that. 

Xp = a + i (the preceding approximation) 



i.e. . 



Better st'ill.: 



^2 = ^ 2" = ^ 



^ a -1. ^ 
a + ^ + 



Nothing succeeds like success,.. "What is x^? 



"2 1 / a a\ . ^ . a . a 

x_ --.a + = ^ |( ^ 2 " ^ 2 If 



Satisfy yourself that. 



xj^ = a + 5 + 



a a a 



T5 • 



We can repeat this procedure again and again. Although we will never 
reach the true value, we cam come 
readily seen in the following way. 



reach the true value, we cam come closer euid! closer to lt,j;»^This is 

Take a number line- in which numbers 



]■. ■ . . ■ ■ . 

appear as distances, so that a is represented by an db&cissa. See 



?1 



^3 " 



Figure 2B 



'4 



2a 



fi + ^ X ^ X ^ 



, a a 



Observe that ic (i.e., a) is halfway between 0 and 2a, x (i.e 

a \ ■ • ' 1 

a + ^; is halfway between ^^^^ - - ^ . a - a 



2 

between 



and 2a, and x^ 



and 2a, x^ (i.e,, a + | + ^) is halfway 
(i.e., ^ **; f *** f f ) is halfway between 
Xg and 2a.- In other worths, is obtained by adding half the dif-' 

ference between Xq and 2a, . -Is obtained by adding half the' difference 
between x^ and 2a, and so on. In' making the n^.*^ approximation 
\ we take half the preceding difference ( i.e. , between x^ ^ and 2a) , 
Since we take half we leave ha34- since we leave half th^re- is always half 
left. Thus no matter how many successive steps we take .W5 will never 
get the exact solution to- (l),'!Vet every step must give a better approxi- 
:mation than its predecessor. Observe that x^ is § short of 2a, x^ 
is 



a 



short, of 2a, . ^ . short, x^ % short. But these 
denominators, 2^ 8, l6, ..V are powers of 2/ Putting this explicitly. 



we have 



x^ = a+J = 2a-{ 
^x, = a.|.^.= 2a.-^ 

2 2-^ '2^ 



We conclude that 



^ra^o: 



2 2^ 



2a - -^ 

2^ 



. a ■ ^ a 
+ — =i 2a - — . 

2" . - 2^ 



(3) 



Our alg^ra^onfirms our geometry. . 

This./jresult invites generalization. What is the pattern exhibited 
by thei s^^uence .of terms of x^?' Each te3:TO (except of course the first) 



is ^ of ttie one before it. But our ^sequence would stiir exemplify this 

2 . • ■ • . • ■ - ' . 1 • 

■pattern if instead of the. ratio of a j:erni to its predecessor being 

it wefe'i^ or |, or Generalizing, let" the ratio of any term 

to its predecessor be . r, . The first term is a; what xs .§^t^n6/i ... 

•Yes,; ai^, arA^'the third term is ''ar^. What is the n|^-..1^g^^ are 
n-1 terms after. the. firsf: and with each feinot her factpi^^^^r■^:^ 

■ so that the n^^. tem is ar""^. Let . S^^^ be ^ the ^M^^f : ri^;^% then 

' • 2 3 n-2 ' ' n-1 / . ^ 

■ S- = a + ar + ar •+ ar*^ + + ar • + ar - • [^) - r-^ — — 

* . • • n ■ 

Any sequence of this pattern— in which each tem is in the same r^tio to 

its predecessor-- is said to be a geometrical progression, 

v. Since anjTte^n^ is obtainable by mult^lying its predecessor by r, - 

it ^follows that to. multiply each of the first n terms by r is to " . 

obtain the sequence of n "terms which begins with the 2 and ends- 

with the/ (n + l)'^^. We have 

/ 2 3 ^ ' n-2'_, n-lN — 

S = .a + ( ar + ar + ar + . . . + ar ■ + ar ; 

n ' . 

r • S = (ar + ar^ + ar^ +,..,+ ar^"^ + ar^" ) + ar^ - 

. •. n • . ^ ■ • 

Subtracting, 

7l - r) . S = a^ + (O + 0 + 0 + . . . + 0 + O) - ar^ 

BO that ''ij^ 

I.- ^ (5) ^ 

. • . n 1 - r _^ 

■ ■ Does (5) check against (3)? If in (U) we put r = 

we have . ' 

a a • a • ■ 

S = a+^+-5+....+ -jrrr • ■< . ■ 

. n 2 gc! ,■ 2 

Comparing this with (3) we note that has an extra term, i.e., (n + 1 

terms: to make (U) and (5) applicable we must write n + 1 ^or Ji.. 
Doing this m {k) and (5),. (with r = |, of course) and eqijating ' them, 

we have - .' 1 - {^^^^ ■ ' 

no a . a 2 

, ■^n.i.v-^:j^---^:^=-^TT-- ., 

= 2a-^. 

•It checks. Solution of our little problem about the cost of a loaf, by 
the engineer's method of successive. approximation, has led to discovery ^" 
of the formula for the sum of a geometric progression. . Oh yes, doubt^ , 
lessly it has b^en discoverfdV^h^usands of times, but this makes the .-. 



.restilij no less a natural outcom^ of our deliberations. 

1,^.2 Extraction of SQUfire«>Rd6ts 

Let us consider acipth^t'" example of successive approximation:, i^. Perhaps 
you can quote it from meraoiy correct to er'few decimal .places and pra^ably you 
te^^ch the / standard textbook method" ,pf square root e30;ra9tion to your'classes, 
•You know. the method I mean: start at the decimal point and pair off the digits 
before and after it, then from the left-most number, i.e., the number denoted by 
the digit or pair of digits of the first "pair", subtract the greatest perfect 
^square not .^etxceeddillg.jl^ and ... . Well.^*^ ^yp.u, know how it gpes. Of course ybu' 
can tea.chnhis method : if you insist had it inflicted on me almost ^'seventy . ■* 
years- ago. I didn»t understand-*'the.' reason for J.t, so. I hated, it ♦ X; still- V 
do. But you can teach a different method; more ' interesting, b^^ it is ' 

immediately, intelligible; more useful, because it has an Imtportant general iza- 
^%i6n* ?y hand it is a little slower to use than*the^"standard textbook method",- 
with a. desk calciilator^ quicker. You h^y^.to make up your mind whether you 
wish to teach rapitf^Tporaputation or a methqi'^ which leads somewhere, ;v 

To. avoid SiiS^'icat ion of niaterial, the'.Veader is referred- to the ■"dlvid^ ' V ' | 
and' average" method of . finding square roots ^: See ^ for example , High School - ' 
Mathematic s Vult 3, pp. 121-130, University of Illinois Press, ■Urbana; i960; ' V; 
First - Coxirse lii Algebra , pp. 30ii--307, Yale University Press- New- Haven- I960.' 

• Section k n Newton's Method of Successive Approximation ' " 

Successive approximation is an important, mathematical method; it is the " 
veiy essence of science. Although almost invariably in science'we must begin', 
with what is only an approximation* to the. truth, we.;rtqpd not rest content with 
it. A crude approximation can be made to lead to a ie^ss. crude approximation; 
a good approximation to a better one. That the notion of 4Sc'cessive approxi- 
mation is a key to mpre' exact knowledge, makes it a worthwhile study. 

1.^>1 The General Method of Newto n 

: """^ ' . . 

Newton devised a general methgd to f ind ,the roots of an^equ^iiion,. that is, 
to find'the values of x such tha* f(x) = 0. First of all to get some idea 
where. the roots lie, we sketch the functional relation, -y = Suppose 
that. part of our cu2rve is as illustrate.d b^ Kg. 29. "■ , ■ . 



" '''' Figure 29 ■■v. >.\ _ ; ' : 

Note thiat at P '•'v^tier^^ the x-^is> thev>:;,;yalue. pr :, -.v 

ordiha-te is zero, -sp-tiiat: f(x)*J,9^ in other. words VocS 

or abscissa of P ■ ii3Va,T6ot.;<)f :'0ie^.^ Tha problek- Is^Llnby ,i;o. 

get. successively better estijnateS' of.;t^is abscissa.^ It isV-*i5f:;;cbtirBe> "y ■ 

'..sufficient to. consider one root of the equation, for once we ^re . Clear , . 

'^as to the method^ mutktis. mutandis, other roots can be .found. .y .\ v;^; ^ ' 
Our graph enables us to get startedy to make' an initial estimate. 
Suppose . our ;^^Sijbijnate of the .abscissa of 'P to be . x^.„ .(This is & con^v ; ";;^ 

.•:''«V^'- ' -M ■ ■ ' ^ .> - ■ 

venient- n(5tfejtij6n, for the subscript . 0 may^be construed mnemonically 
as Origth&i approximation. ) Is x^ dead j^ccurate? Just possibly, but 
^heraiiy we cannot expect to be ^o lucky';? it. Substitutijig 
3^^V*f0r X, we find fCx^) / 6.; 1^^^ x^. i?.:merely' 

an 'approximation to the rooti" What to do iiext? 
' . ' Newton tells us to do something both ^sinqple and effective. . At Pq, . 
where c©-ordinate^ are x^, fCx^), '"rdraw the,- tan^^ curve. Suppose 

this tangent to meet the x-axis at ^a .poini A^- with abscissa x^/ then ■ 
is seen to be? a abetter approximation. See Fig. 30» .; ; i . 




..Figure 30 



draw a tangeiit trfNih^ cTirve -tbV c^^ 

Xg. Repeat the procedure- At P^, the point , on the. curve Vith'-^the ab-, ... v 
scis&a Xg . pf- Ag", draw a tangent ^to the curve to cut the x-akis."& 
point ,:A^^vV^^ x^. It: visibly apparent that ' the result ant .." • 

; -sequence of points Aq, A^^, Ag,-:^^:;;^^ ^^^ nearer to P, . .so 

Viiifiat Xq, x^, Xg, x^ are pro'gresBively bette;r; appjtaxiinations to the' re-' .■ ' 
■quired- root. See Ilg. 31.. , ; 'X-v-^' " ' ' .^.^^ ■ / ' . ■ 
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Figure 31' 

Sii^t ■'^llough .it is evident that in principle the procedure may be repeated 
unt^ 'aiiy rec^uired degree of accuracy is obtained, in practice there is 
a limit to the number of repetitions possible with pencil, and graph" 
paper. In our diagram the thickness of our. pencil line for the tangent 
at defeats further a^u^^y,. The role of geometry is to illustrate 

the" method; for its unlira^t'e^' Application we need a. formula, \. 

^' ^ . ' . ■ » 'V ■ ■ 

l»k,^_ Newton's Formula ^. . . ' ' 

■ See PiQ{ 32. •. 



. ^ Figure y3*2 



tni^'r 1 L verfaLcal rise . ^ Vfo _ ^^^0^ ' , . 

^ ^ horizontal adV&nce " A^A^ - . ' ' 



And' 1^^37^''the differential calculus comes in useful, for-tan t. is also 
•the ^-^fej^ Pq of the tangent to the curve y ="f(x)i We recall that 
"the 5^6:Pe Of. this curve at the point ^b(^O^^^^O^) 4s the yalue of its. * 
di:^e^^Pti^l coefficient when, x =« Xq, ;or to use an alternative 

not^-b^o^, "the value of f^x) when. ^ = .Xq.V The latter, is expressedwfth 
coxj!^e^i^tfi notational cori^ctness by ' f'(xQ), So,, in short, . 



Troh (l) m .(2) 



tan <r =^f(xQ). ^ (2) 

.•;vt-. 



^0 - - 



« ■ Given this formula enables us to compute x^. Yet the efficacy 

, of Newton's method is its genersaity; will be computed from x^ and 

» x^ from' Xg in exactly the same way as x^ from ■ x^. That is^ we have, 
similarly, 

.. • ■ f(x^') ., , ■ ♦ 

^2 = ^ " f^T^ 



■2- 



< and Newton's famous formula, in its 'full generality, is ■ 

. '■■■'<-„> 

•. • >-ia = ^n - f^ • . . . ■ 

•Although there are excellent intuitive grounds for supposing Newton's 
formula to work, fo^ supposing thai; successive approximations are better/ 
approximations, ^ is nevertheless prudent to test it, To'be chaiy of 
the untried, hesitanf to accept the. unproved, is the very first require- 
ment of a scientific attitude. So, let try it out. i ' 

■ Suppose^that we wish to find, -/a, the positive root of 

f(x) = x^ - a = 0,. 

Here, . ' ■ . / , ■ 

f»(x) = 2x . ■ ' ' 

■'■ ■ ' * ■ ■ ■ » 

so_that applying Newton's formulae, the right-hand side of our required 
■ equation is . 
. / ■ . X - a . 

Remembering to put .in the necessaiy subscripts, the complete equation 

• is . • - ' 2 ' 

X - a 
n 

^n+1 " ^n ' 2x^ ■ ■ . ■ 



Hence, 



But, 

■ a 
X ■ • = a 

so that if is an overestimate for a then — is an iinderestimate 

. ' n 
.and conversely. These considerati^bns are consistent with x^^^, i.e., 

the mean of x and "being a tetter approximation to a than x , 
. n . , ■ . ■ * ■ ^ 

"but do not prove it. . So let's get dovn to trass tacks. . Supppse we wish 

' * ■ ■ . . . I' 

to find V2, .and that oitf'crude initial approximation, (x where n = O) 

* , n 

is x^ =,2. . Theh = ^ = | = 1 • 



X X-. 

n 0 



so that 



Thus, 



EUld 



Hence 



and 



V - ^ 1 - 3 
1 " 2. " 2 



" ^ i 3 . .17 

2 2 - 12 



12 . 



^ _ 12 17 _ 571 

3." 2 ^¥08 



Our successive approximations x^, x^, x^, x^ are 



whose squares are 



2 3 11 



o2 2^ - 1 



2"" 12"^ 1^08"^ 



Letting the facts speeik for themselves is a strong argument. 
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^9 



To further, test Nevton' s formula, suppose that we wish to find the cube 
root of a, the (real) root of . 



Here 



so, that 



Hence, 



f(x) 


= x3 - 




f(x) 


= 3x2 








x3 - 

.■ n 




= X - 


■ 3x2 
n 




= X 

n 


X 










, 3 


n , 




'2x 

n 


X 

n 



3x 

n 



. 3 • • 

At this stage it is illuminative to take a numerical example. Suppose t^&t 
we wish to compute ^25, i,e., to find the root of ' 

, f(x) = x^ - 26, 

Evidently 3 is ^ "better approximation than 1, 2, k, or 5, so let us start with 
Xq = 3., Consequent:iy = 

- ■ • ■ ■ ; •■ ■ . , .■ ■ 

Since 

3 • 3 • ^3 = 27 > 26, V ■ • 

3 is grejater than yet ' note that 

\ : ' . / y • (3- 3) = 26 = ( 3/25 . 3^). . 

Consequently — ig 'less than- 

2^, so that is already 

■ 8 

pinched between 2-. _and 3, . . . • ; 

Alternatively/ if we take x = 5 (say), then ~ = whicfi leaves 

■ 1. ' ^0 •■• - 

between 1— and 5, witji plenty of elbow-room, so- to speak, . Ve appreciate the 

convenience of a close initial Approximation. ^ . ' . 

Returning to our computation with = 3, 



50 



so. that 

But/;';; 



2x + — 



^ • 3 + 9 80 



3' 



27 



._a _ 26 

v2 = 8g! • 

■ ■ 2 

* 27 



26. . ^) .26 =3^;.. . 3^) 



80-^ 



^27 27' 



27' 



so thaV'if ''IS is ^oo large an estimate for ^ then -^-^,ls too small, and 

^;--V' ■'■•■v^:27 ■ .. .80 . ■■> 

conversely. But, . ■ 



27 



= |^ = 2.962... . . 



8^ 
27^ 



2.961... 



SO that^^ Is already pinched between 2,962 'and 2,961, and Is therefore 2.96 
correct to two places, of decimals. 

Continuing the computation, we have 

26 

2x^.^ 



2 + 



80^ 
27f 



It is left to* the reader to show tiiat lies "between , x^, Bnd 

and to" calculate It from their numerical values to as many significant figures 
as is -pemiissible. ' .-.^ 

' Although there is an algebraic^ formula for the solution of tl^e general 
quadratic, and Very complicated formulae for the cubic biquadratic equations, .: 
It is Impossible to obtain such a formtaa for the general equation of degree 
5 or higher. • In real life, to- g)|je^ agrbual problems, we are obliged to proceed 



a^ 



"by approximations by arithmetic procedures that give successively better 
approximations. , • * . ~- 

Ob conclude our testing of Newton's formula let us find ^/a, i.e., solve 

f(,x) = x^ - a. ... 

4. - ■ 

Here, h 
• ■ ■ ■ f«(x) = 5x 

so that ^ :. ■ . . . ) ^ ^ 



Hence, 



n+1 



" n ^ 

^ ^\ . 

■ X . . . 
n , a ■, 

- 

n, . a 

X 

n 



Eveiyhody makes mistakes; nobody is infallible. Whereas we cannot avoid 
making mistakes, we can make; checks to avoid leaving them undetected and there- 
fore uncorrected, pp ;9ur rfib'rniulae for x^^^ for ^-/a, ^/a, ^/a ■ exhibit some 
^ so^i^:; of .«-;^att^0rnY the pattern that for 

' n a-1 
n 

n+1 q ■ ,^::•v■.^v.. ' V . .. ' 

Doesn't this uniformity increase our confidence in our wori;:^i3g?;,.:VI.:' ^ ' '^ r/ -!-.^ 
Proceeding as on previous occasions, we have '.^'-v r ■. - • 

• ^ . (x .X • X . X ) = a = . ^/i- • • ^^). • 

4 ^ n n n n' . ■ . 

From consideration of this it- is evident that if "x^ is greater than ^/a 
then is less. than and conversely. Consequently ^-/a must lie 

between x^ and And slinilarly if x^_^^ ?^ Va then the root must also ' 



X 

n 



lie beisween x^^^ and -jj — . - Now suppose, that ' x^ > -^j;, then • ^• 



i+x + X' > i+x +' 



X 

n 

so that ■ . ■ - . o 



But also^ since 



and consequently 



X 

n 



n 



X X 

n n 



X 

" .n 



< X 



X 



n+1' 



(1) 



(2) 



From (l), (a) it iToliows that x^^^ lies between x^ and • Also l?y (] 



1 


>^ 




X 

n 


1 










X 

n 


■a ■ 










X > 



(3) 



* can we conclude from th6se cons-ide rations? If x . is an upper 

■ • . •. ■ ; ■ ■ •Jy\ , V n+1 " 

approximation) the situation is as iiiuQtra:ted "by Fig. 33. . 



Chapter 2 : From the History of Mechanics ' v^l 

Mechanics is the study of the action of forces on "bodies, ^at part 

in which the hodies are at rest and, consequently, the forces are in equilih-" 

it ' , ■ ■ , . . • ■ 

rium," is , called statics in contrast to the other par-c, dynamics , in which 

the forces are not in equilihrium and^ consequently, the "bodies not at rest. 
Here we shall "be concerned with the simpler and first-develo'i^d "branch, 
statics, which is conveniently introduced "by consideration ofjthe contri"bu- 
tions of Stevinus arSi Archimedes, ' Alti^^ough the first real .achievements a]5p^ 
due to Archimedes 'and precede^ Stevinus "by many centuries, I prefer to dis- 
cuss the. latter first. • ; . .v 

Section 1 , sl^i^y^n-vtfe and Aj-g-ba-medes - 

' Stevinus, a Dutchman^ lived iri^tlie l6th Century, contemporary with' 
Descartes,' a century or'so "before Newton, Lei"bnitz, . and the invention of the 
differential calculus. He was a "brilliant applied mathematician>who was^ fas- 
cinated "by the usefulness of mathematics: for Stevinus, mathematics to "be 
.good had to "be goQd for. spmething, He was one of the first to use decimal 

■ fractions and showed their jji§efulness for everyday affairs,- he invented 
the first ^librseless carriage.i and he constructed dykes, ^fKi^h still serve 
.Holland- to this day. His achievements ar^ commemofated;^.ty ' his statue in his 

■ native city, Brxigge, If you ever go there, look him up,.-- Meanwhile we. shall 
consider his ^derivatic}n of the La^ of the Inclined Plkiie, 

' ■ - ■ ' ■ ■ ■, .. ■ . .. . ■ ^ ' - - . . " ^ 

:v 2,l.>l Inclined Plane . " . ( • .■ 

^ Even crude, casual, imavoi.da"ble everyday experience- presents the purious 

with questions. Indeed, the simpler the experience the;..ipore difficult tq;, 

avoid meeting pertinent questions head-^bn. No matter -.Vhether or hot if .;inv.-; ■ 

" terests us, Ve all know -that it is harder to. j,\i^h'an.QlDject up a steep ihw- 

cline than up a less .steep: the steeper the incline the- harder we need'pugh*- 

An incline formed "by a pair of planks eha"ble.s "Cis to.vsli^e- into pur station — -. 

TOgqn "^'^ trunk too heavy to lift,/ and for the same good" risa son the "brewer 

loads liis. dray '"by rolling the'c^sW of "beer up., a ramp,v: Brains decrease the-- 

need for "brawn: simple' has the merit' that the' iiicline takes " ';' 

,part of- the weight, •■Th,e: ;cui:^^^^ raise' the ' question: Since, pushing 

up is less strenuous than lifting, what precisely is the. saving in effort? 

It all depends. Yes, "but on what? Stevinus was cm^io^gp;^. ■ 

After, pondering these matters, Stevinus conceived:^e^question in a _ 

new context.' "How does the pull (or push) to move a heavy "body up an in- ^ ^ 

cline compare with the force necessary to lift it directly?" was asked in 



relation to the situation here illustrated "by Fig. 1. 




Figure 1 



Since jthe tension w in the string. counterhalances the force acting down, 
;.th<6 inclined plane,. t]J^..; ratio pull to. direct li-fb' isf w:W, But a vertical 
'ipQ^H"^''vi3 a special ca'gis; of an inclined plane, so 't\ia.% the underlying genei:al 
's.'ituatio'n i^-""'. : ^ ' 



■ Ai : 




Figure .2 



And the pertinent question, given equilibrium: >/hat is- the ratio of W- to 

"w? ■ ■ . ■ ' • , . * , ■ 

Our crude, uncritical, everyday experience suffices to l?egin an answer, 

• ; • ■ • \ ■ ■ ■ : ' ■ 

We know' that the steeper the slope the greater J:he pull, Vnien the angle of 
■ inclination iA zero., no horizontal force is needed to maintain W; in equi- 
librium; when the angle of inclination is -90°, a vertical force .W .is 
necessary, Conpider, 
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Figure 3 



Surely • for . intermediate angles intermediate fai;ce(a;,wi^l be ■ required, Were^^ 
W, w equal, the*. body on.^the steeper^J^nclihe' .('ori-;^ in Fig., 2 ) wou3;^\ 

exert the greater pi^r efed c must conclude tK^jfc^.- 

for equilibrium^;..^;..y;'<;W^ v^ how. much 16&S?' v V- V-' '^^. ■■..V' 

We poatpon^^'-ihis' qu6S^^^ consider several jliE-tters of. importance ' 

raised by the foregdin^^ ;First, that vaiying the data;i« an important ingre- 
dient of puzzling ;.scitne'thing out. By this method we rave come to focus pji'r 
attention on the fact that the force to maintain a bofct in equilibrium on an 
inclined plane is dependent uppn the steepness of the Ikcline, 
\} . . Second, in retrospect many tacit assumptions, come to . light, .We ftj.1,;'' 
• know t;hat when using a ramp to load a station wagon-.xi'ith a heavy trunk', ' if ' 
we stop to get ou:: breath, the t!runk does not^ necessarily slide back down - .. 
the ramp. Friction can be -sufficient to preyent its sliding down when we ' . 
.-. ceiise pushing it up. We said nothing about friction, ^ext, '^'cohsidfer. the , 
. situation illustrated, in Fig, l'^> That the incline ijaight^sag ever so Slightly 

under the weight W was neglected. That friction at ^ the axle of . the pulley 
"{^wheel would resist turning and consequently movtoeht of the string; that the 
.' string has weight and therefore the length of it ^ach side of the pulley 

■ •wheel is relevant; tha^fc. the string may not be completely homogeneous, 'b^ut 
vaiy in density; that it is not completely flexible, but offers resistance 

to bending at the ' pulley wheel; $hat- the portion between W and the piilley ■ 
will .not be absolutely .'parallel to the incline, bi^ dependent on its density 
.and flexibility, will sag a little; have been neglected, ; . . . 
• Nature is'infinitely complex; to render an investigation possible-, its 

■ complexity must 'be reduced to manageable proportions,' The friction of our 
station wagon loading rarap can be diminished by making its surface smoother .: 



ERIC 



.56 



if ■ 

and smoother and. m. 



J-.)r*.,W^\*( 



d.l^. using better and still betier q\klity giS^^ Finally, 

With friction redutLed to an.aliqpst negligible aipount, the iact\i^l^ty'^c]^Ds^ 

;,.-approximtes' the, ideal, frictiori^ state; Similai?!^, by' us^^-^^^ 

• flexible, more iittlform •st.ring, more jigid and snKDfother" planes^' and T^etter "v'^^^^ 
■ ' ■. ' ■. . ' . ^- • jj. ' ' ' • . 

quality pulleys; ve inihimlze .thof^lnTLUelaces 'of;mino^3:..c£rcuinstQ:rice^^f.'Wgi 1. " 

. ' ■' -V' •. J '. V V ' 

The closer the ^^u^l, apprqach^s'^the idealized atate, the more prel^isely' ve 

can test the/th^^^-g^S^uent upon oifr, .idealization, • * ' /.'^ ■■ 

Third, ' i^her^l^^i^;po1^ often . made by philosophers iji theii- lec-' 

tures; on the^riktxii^^ physics is an'obseryutibnea, science. It 

is, •/ ^/d^tvftot^^^^ into strgposing that, Stevin%i|*iip^^^^ abiout 

No. ■ ' 



solving- h'^lB' ^prplfl^^^^ measurement and critical . observation. 

.Before he'.cotad intelli^gently .raake/^U^ of Measurements -'he had to decide what 
•measurements could intelligently be mde " lise' of ^^^^^^^ the qonti^ty he "solved, 
his problem by precise, thinking - about 6nid^,» fact , .- His real problem was con- 
ceptual; he' had to, decide "vhatV^'irctmistanc^ irrelevant, 
and of the 'relevant, what was *^Oi'f major' importance and vhat co\jid reasonably 
be neglected. It is precisely this controlled use of the imagination, this 
conceiving of ."an. idealized situation by abstract^ion from expedience, that Is 
"the, key to discovery, . Until Stevinus had a 'theory he ' had no ttieory to test; .• 
his" need for precise, measurement was subsequent to this theorizing. 

We retixm to the problem of the inclined, plane '.itself- .."What, with^'the 
idealized. circ*taistances of Fig, 2, is the ratio of '. W .to w .for equilib- : 
rium?- Deeply pondering this problem, Stevinus appreciated ^that with no 
friction equilibrium" is independent of the shape of the bodies W, w- Whether 
these be- -hox- shaped or barrelrShaped is beside the point. . .Eve^i so, it takes 
more than an ordinary exercise of the imagination'to suppose' "boxes or. bar- 
rels to be replaced by* rope or chains Consider »Fig. 




Figure k 
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ABC- is supposed to be an" old-fashioned-, ch^in^^^ 
/not today,' s.leaai' 'chain with elongated iiiil^ 
closely interlocking links that^dorned ,;^igfaiicl$'a^^ 

This, ideali'ze(i, isv^./perfectly-' fLexilDls; ^i^^ ■ 
ijnius .the weights . W, v of AB,, BC ■ are (iqnsidere^ 

lengths-, so '^1?hat :the .ratio -of W to *;.w,. is 'that' of /J^^^^^ So •ourfprb'b- 

le&ii^-now,. is t.o find the latter ratio, ■ Is; there any. real- prospect of doing. ; 
so? We seem ;to have taken a 'step in the' wrong directioh^-- . - .. • 

The measure of a giant is his stride r Stevinus' t/ore -seveh-'^l^ boo^ii. 
imagined, Vhat • very few. of us would imagine," a .closed chain.. Consider 
Pig. 5- • : ' ■ ■ ■ • ■ •■. ■ 




^■ C 



a-.'-.;- 



Figure 5 



Either the flexible homogeneous closed chain hiing over the triangiilar prism 
is in motion or it is not.. Suppose that it ' is in motion in, say, ^ the direc- ■ 
tion ABC.. Consider a particle of chain, say .that at ' C. Since* it is moving, 
downwards there must be a downward force acting on it. When it has moved, 
its .place ^ at . . C will be taken .by an identical particle. What now?. The 
whole chain. still occupies the. position it had previously although each ■ 
particle has moved a little, each has been replaced by an identical .particle; 

. ■> • • V - 



the overall situation' rieindflns unchanged, " We are forced tq, concede that if • 
originally there had 'heen avdownward force acting on 'the chain at' ' then ■ 
there still is. Consequently y if the ■.cnain is • in motion orig^iyially; ;then ■■ 

''^t- is in 'motion forever. ■ But surelj^ perpetual motioh; -a free inexhaustible; ' 
supprly 'of energy.; sis' 'a philosopher *s pipe- dream, • The Dutch know that front 's 
nothing comes nothing;^ Stevinus w£^s :a iJutchman, We conclude that. the. chain" 
is in. equilihrium, \ \ . ■.■ ■ . . ... ^ ^- ' ■ ' . ; * . ^ 

• And since the whole chain is, in- equilibrium/ the lower portion .ADC. •' ■ 
is,' Moreover, the chain being '.CQmpietely. flexible, there is no resistance ■ '• 

"to bending at either A or C, so that il hangs symmetrically b.elQw. AC*" 

• . Consequently the doTOward' plill on the ^rficles at A and C^ '.^are eq^^al; ^ 
con s e^uent ly ■ whe n' the ' 1 owe if po rt ion* AjSc ' is r emove d , i. the uppe r pprtion' -.^^ 

.'ABC .will 'persist , in. equiiibrium,' This -i^lfuation ' is. illustrate^ by Fig, .6,' 
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But •qtvio.Tiki^ viAi^b^^^^^ 
by extending the 't.riangijq.ar pri which it rests. See,, Fig. 7- ' ' 




■ Figure 7 ■ ' ■ 

Whether or not AC is a base' edge of the prism does not matter at all. 
What matters is that AC is horizontal. Suppose, referring to Fig. 5, 
thaj; AC is not horizontal. Since AC is no longer horizontal, th| lower 
portion oX the chain does not hang syimnetricalXy below AC, so that the 
downward forces acting on the -particles at A and c' are imequal. Conse- 
quently when the lower portion is' removed, the upper' portion ABC is no 
longer in equilibrium. ABC is in equilibrium if and only if AC is hori- 

zontal. ' ' . ' 

• In short, Fig. 7 provides the answer to the quest fon of Fig.^i^. Since, 
in Fig. 7, AC is .parallel to A»C», the sides of triangle A»BC» are. di- 
vided proportionally, ^ • 

• ■ . ' ^ _'BC''\ . ■;■ ■ 

; • • . , AB " A»B ■ ' , . • 

And since, the chain is of uniform density, 

■: / ■ ■ BC ^ W ^. - ■ " . ' 

.' ^ ■ , ' " AB W ' 

t . . . ■ 

Therefore, . - . .* 

• • ■ 21 = ^ .■ ■ ■ ■ ■ ■■ (1) •• 

■ W ATB..\ \ ■ : 

The ratio of the weights is that of the lengths'of the inclines on which 

the weights rest. ^ ■ 

Yet this conclusion holds no matter what.-the (arbitraiy) inclinatiohs 
of A«B and BC' . to the horizontal.. Consequently equilibrium will still be 



maintal^e^ av^n. If BC' is vertical; proyided only that A'C . remains, hori-- 
zontai; Sit^jition' is illustrated by Fig, 8% . ♦'^ ; ' / ' 



^Here, 



So ttet W Cl) 



giving 



4 


* 


> 












r 




• . Figure 8' 
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BC' 

. rr =^ s in a • 
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w = W • .sin a 



\3) 



\ ■ ' ■ .-c — 

and con^e^li^ntly the equlli'bi'ium of the system, wouJ^d be \maltered if thV 

hompgen^o!^^ cl^^iJt ^^ere replaced by a weightless string vith a weight ' W at it^ . 

left ^4 5 v'^'^^^'*^ ^ ' i'ts right. We conclude that equation (2) is the ^ J 

ansvei- l^^e ' Problem i:j.lustrated by Fig, 1 and to the original question 

"How (io^0 PuJl (or push) to move a heavy body up an incline compare with ^ 

the fbr^e h^ceSs^ry to lift' it directly?" " ' . * 

;^)n^<^e3^t to check conclxisions. By (3), when' a= 0 , sin a = 0, 

so th^t ^ and. when t.a = 90°, sin a = 1, so that. ' "w = * Stevlnus'- 

formula c/Qi^<^t .for horizontal and vertical planes. We riave reached the 

stage, ^\x^h0^]X^ti-t to theorizing, where precise experimental measurement is^ 

appropj-f^l^^ to test the. theoretical, results for intermediate cases, .At < 

this lio^b't^ ^e^l^ius hfed a theory to test/ and tested it. The theory satisfied 



the examiner. * * . . " ^ 

His solution, 6lDyio\i8 to hindsight) requires foresight of geniue, . 
.We cannot force ourselves to' get such bright ideas. 

The substance of this account of the inclined plane as that of the 
following section on t^e lever, was taken from Ernst Mach«s Principles of 
Mechanics, of which a good English translation (1893) of the original. 'German 

^(1883) is available/ Mach, besides being an ^le pfiysicist whose experimental 
work on sound is commemorated by the Mach unit, was the outstanding philos- 
opher of science of- his day. To write this treatise h^ had first to read 
Archimedes, in" the/original *Ck>eek, Galileo in Italian, Stevinus in Dutch and 
Qthers; in Latin, Modem specialists claim that there are a few points on 

Vwhicli,he misuhderatood the original texts, but when we jec^ll that he was 
l)rlmarily both philosopher and physicist rather than linguist-, occasional 

■ misinterpretation i* onljc^ to be expected. Despite mino;r blemishes, it is.a 
remarkable work by a remarl^ble man: \ to me the most fascinating book I have 

■ ever read, f6r I read.it at the- right time^ when young, but hot ijoo young. 
It demands very 'little mathematics, but lots of common sense. It merits . 
bejjig read several times, 

' ' ■' ^ 

I 2.1.2 * Ifever ,7 ' ' " . , • , . X 

We are a perveyse' lot/ Although Archimedes (287-212 B.C.) is acknowl- 
-edged as the greatest of the Greek mathematicians, it is customary not to 
cred:^.t. him with what he &i.d do and to .cj-edit him with what he did not do, 
♦His ingeniclds methods of computing areas and volumes brought mathematics" 
, to th^ threshold of the integral calculus, yet the textbook -gives full 
credit* for the calculus to Newton and Leibniti. He initiated the. science ^ 

■ of mechanics by tiis cove ring the con^ftions of equilibrium of a lever, yet 

'it oft^n is said that he discovered thQ lever itself— de^ppite Egyptian , ^. 
pyraaiid builders using levefs thousands of years before he was boni. 

Here I propose to', do no moxQ than introduce the reader "to the train of" ^ 
thought underlying Archimedes' discovery o'/W conditions qf equilibrium of. 
a lever. Ibr a complete account of his theory of levers, read Mach. ^_ ^ 
. ' V . .Although, in considering weights susiDended by strings from a beam or* : 
It^er balanced about a fulcrum, Archimedes never aG|imlly says so, context. . . 

■ makes it clear that , the lever ^itself is supposed tQ be rigid ind weightless 
and the ibrdng| weightless an^.fLexible, We find inevitable idealizatioji, 

^is's^yie is mfthematic^l; he begins with iexplicit statement of his- additional, 
non-qpntextuAy ^lied, assumptirfs. The first 'of these, considered sp 
obviously true as to be termed .axiomati§, is • 

h • • '> i '^'^ ■ "71 . ^ 
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Axiom 1, Equal weights at equal distaijices are in. equilibrium.* 

It is of course understood that the dista'nces *are measured -from the fulcrum 
and that the suspended weights are on opposite sides. . Fig. 9 illustrates 



this axiom. « 



1^ 



W 



^gure .9 



^ This a:^om raises two questions,- The firs^: Do we belil^ve l-t?' ' is i'-T 
. the right ime''"^Qr_^^^qu^ of^ equal weights? But think a moment • 

There could not be a correct rule or -an incorrect rule if there were nO ' 
rules at all. So there is a second, yet 'logically prior, question: Are 
ruleg possible?. It is tempting to retort, "Of course there' must be i^iles." 
Of course? Must? Thfere is no must about it. We do not know. Yet without 
rules there could be nothing properly termed science,, and wiih no science 
to pursue there could be no pursuit "of science. Ve take it as an article 
of faith that science is possible, that- there are rulesi 

Let us return to the first question: Is Axiom 1 the correct rule ' 
^or <equilibriu^|Jpf equal weights? Obviously. We all. know 'how to weigh a ' 
pound of bacon with^a.pair of (equi -Armed) scales. Archimedes has merely 
made articulate our cdmmon experience. . So his rule is "obvious" in the 
" sense that we are familiar with its exemplifications. . And we are all famil- 
iar with boiling water changing into steam; obviously .boiling , water makes 
steam. That it happens is obvious; why it happens is not obvious^ teiat 
' Axiom 1 app}.ies to scales is obvious; why it is applicable is not. . 

This brings, us to the principle of sufficient, . or if you prefer, in- 
sufficient, reason. This principle is illustrated by the story of Buri dan's 
ass. Buridan was a scholastic philosopher who is nowadays remembered only 

^|The Works of .Archimedes, edited by T. L. Heath (jDbVer),^p. 189. ' 
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l3eca^6 of his ass — 'even tJiOugh it is far. from certain that the story of 
Buridan's ass is iBuridah's/'ftory, .- But no ma^tter whose ass it was, the poor 
creature found himself equidistant from two identical bundles of hay. Sym- 
metrically placed between these equally sweet- smelling bales, the poor ass 
could find as much reason to go first to the one as first to the other and no 
inore reason, to go first to the one than first to the other. And so, as a 
consequence of the principle of sufficient, or insufficient, reason, it died;,, 
of hunger. 

We turn from Buridan's ass to Archimedes' lever. Lever, strings, and^' 
weights being, symmetrically^ situated with respect to the fulcrum, . there 
is as much and as little reasoil why the right weight should, sink as the left 
should. Suppose that the right-hand weight -sinks. But which weigh\" is^ the 
right-hand' weight?^ View thfe lever from the other side and the side pre- 
viously said to ^e the right must- now be described ^s the left. Thus a 

■ ■ ^ * ■ . ■ ■ ' ' ■ 

.right-hand"' rul6 is inconsistent, - So, similarly, is a left-hand rule/ Such 

rules depend upbn the point of view of the observer, yet the lever does not 
care whether it I is observed or not. The only consistent ajLtemative is 
Axiom 1, ' 

Archimedes makes a second explicit assumption, ' It may have been sugges- 
ted by the following common experience. We all know that it is easier to 
carry a ladder, with help than to carry it alone. Unassisted, you take the 
whole ^.f/eight on your shoulders; assisted, you share the: veight with other 
shoulders, " Consider carrying a (uniform) ladder with a fellow ladder car- 
■rier, one of you at each end. Who takes the greater weight? Change ends,. . 
As "far as your shoulders can tell you take the same weight as "before; you 
share the weight equally- Thus we are led to argue that in the idealized 
case where the ladder carriers are twins with shoiiLderS the same heigjit^ 
'above the groiond and so foirth, . the situation is'perfectly synnnetrical, so. 
that each pair of- shoulders takes exactly half the ladder's weight. Carry 
^ the ladder without help and you put your shoulder to its midpoint to bal- 
.ance it, . 

Let us turn, our attention from supporting shoiilders to supported weights. 
We conclude that the equilibrium of a weightless ladder, rod, or beam with a 
weight. W suspended from each end, will be undisturbed by replacing' both 
weights by a single weight 2W,' suspended from the ladder's midpoint. And 
conversely ot course, 2;fe a-^v.iJhe midpoint may be replaced by W at each ' 
end without^ destroying th| eg^i^liibrjjj^^ This is (ess^tially) Archimedes' • 
second a^^stmiption. The context understood, we may put it tersely^ as 




6h 

I 



- (a) . W. at each end S- 2W in -the middle 
This assumption is illustrated by Fig, lO, 



(with equilibrium). 
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' » . Figure 10 

. From' Axiom 1 and Assunrption A^ or. rather Jfrom a generalization of the 
first, Archimedes* ■La.w of the Lever is deducible. . I shall give some insight 
of tiie method of proof for the general case by cpnsidering specific examples. 
First, stu(3y ilg, 11, ■ 



A 



A' 



w 



w 



Figure 11 



• The five equal weights are supposed spaced at equal intervals, say, unit dis- 
tance. The whole System is symmetrically placed with respect to the fulcrum 
and so, by thd' principle of insufficient reason, in equilibrium. We have an 
alteriTiative argument, - Since by Axiom 1 the weights 'at A. A' would in the 
•absence of all other wei'ghts ensure ^equilibrium, while similarly the weights 
et B, ;B*-. woul'd in the absence of -all other weights ensure equilibrium, as 
would that at , F. we conclude that the weights at A, A', B, B', and F, . • 
together ensure equilibrium. ^" ' 

•Next, fiitudy Fig. 12. ' ' ^ 
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A C . B 

1 ■ 1 .' 



2^2 



• L- J. 



3' 



. W 



A' 



■.By*A0s'unrption ^A) the equilibriiBn^of -tlie,. se^ent AB of tla.e-.leyer un-, 
changeci by ''replacing ;W ' at ? .and W B, .^.^y: ,2W:. ait^ .C ;c6n^eq^ 
the ^equllibivlum pf the ewt:|/e lever-. is -imphaijjge^^^^ ' ;' , , ■ ; v >,"-/^:; 
.And:finaflyV study. FJg- ^13: ' ' [•'■^ ■^ ; 'v ''^^-y; r'-'-. 



Again lis l^g 
W at ' F figid 
thi;entire le 
Suspended 1j^ 



i,e. 




equilibripm 6? ';!FA« . ,ief 
2W at B'. cona6querit3 
ihanged . In - ' pho rt , . we t:ohc|| 
■ frim the fulcrum F ^ wlli^ 1 
s\;^ended,"l * un!l^'**fi^ its other "di4e, ' But ; •.^^fi 



■ •. .-. * • •.-TV ■ ^ -J 

togisd ;^5f'Yi:eplac \^')r ■.^j."; 

ie'«qUiid)32^ium-bf \; v^/ ^ 

.^'^•■^yeigh* . ®f 2W .}^.,., ; , . 
;a tuol^t of 3W. ;;, . . I |' 



weight . ■ distance from fulcrum = wei 
t3 Lei us consider another, special 




,statce 'from -fulc 
[:' ,See'FigV.l4,. 
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• :' , Figure 



l^^^gi^igfwCg^^ ,;>6t l, we conclude that the lever is in equlllb- 




•If- 




Figure 15 



•gy Assunqpti'ori (A) the equilibrium of M' is" unchanged "by replacing ' W ett 

and W at. A.". by'-2W 'at B' ; consequently the' equilibrium of the entire 
^S?ver is 'un^hange^, • .iTiu^^ ' W .a.cting at 1^ units from the fulcrum balance's , 

■ .3W. acting at • I'.iirilt' from it. But ■ ■ , . 

>^ ■ V, ■; . ■• ■ 1 1 



(2> 
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i.e.," again " " ^ . • ' 

. * • ' , weight • distance •= weight • distance. . ^ 

'TTote that multiplying (2) Ify 2 gives (l) or 

. • ' ^ W . (2 -ll) = 3W • (2 . |) ; ; ,^ 

. ■ ■ * . ■ . . • ft ' ' . ' • 

• i.e. , • ■ ■ ^Z -; ■ •.. , •• . . ' ^ ' ■ • ■. ' 

.. ■■•w ■•'3. =^'3W • iV- \ ■■ 

mustrate this alteiTiatiV^ interpretation and. use Archimedes »' axiom to show 

• that equilibrium is ohtai«ed. We can conjecture on -the ?ame general condi- 
' tions for the. equiiibrium of levers'. . ' > 



■ Section ^ . Vectors ■. 

The notion of 'a vector arises quite, naturally, and is basic to physics and" 
indispensible to applied' mathemati^cs . That it ig clear from the outset 
that vectors are good for something makes the topic readily teachable at 
" an elementary level. That vectors are becoming ,pa^rt of the high school 
• program is a rear step forward.- 

We '"begin with an .example. A man is to cross a river from the left 
bank to the right. , Too lazy to row, he uses a motor boat. If his motor 
. fails to start when he 'casts off / he will drift down ,river with the tide. . 
■ Let ^Xis suppo^ him to drift , AB an ui^it time.' ' Se^ Fig. ,16.. 



<u 



' , ■ Figure l6 

•If it is high tide so that there is neither a currei;it up nor down river, 
.and his totor is working, he will travel let us say, AC, in unit, time. 
But, if both tide -and motor are wording, his boat will have velocities 



due- to both, Where will if be at, the end of unit time? ^ . . " • " 

The answer, comes .quite naturally. Consider a" sj^cial case, . A boat at 
A. heading, up river at, say, ?' feet per minute {.about 5 m,p,h,) against a 
down-river current pf- the same velocity moves neither up nor down river; 
with both velocities simultaneously it stays put relative to the river, Joank. 
At the end of a minute it i-s in the same position a^ it would be at the end 
of -two minutes . if it moved. splely under the influence of the- current with 
no motor for the first, minute and' under the influence of the motor with no" ;/ 
current for the second minute, ^ In the first minute it would move 7 feet down, 
river with the current and in^ the second minute 7; feet back up the (now 
currentless) river.. Thus (at the end. .of two minutes) it would be in th% same- 
position arter current and motor acted successively (for a minute each) as it 
.-.would be after both acted simultaneously (for a minute). In short, the re- 
sultant effect of both forces, current and motor, is that of each acting 
' independently of the oth^r, .. .. 

Thus, returning to. the general c^se of Fig, l6, it is natural to suppose 
that the boat will at the end of unit time', say, a minute,, be at D, where . 
ABDC is a parallelogram, . See Fig," 17, " * 
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. Figure 17 



In one minute this boat acted on by .current without motor would drift to * 
B; in the succeeding minute acted qn by motor without current- it would go 
as far as (and in the same direction as) if it started from A instead of''. 
:B, i^e,', from B to (instead of . from A to C). .So, under the forces- 
due to current and motor acting successively, at the end of two minutes,' 
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ing at A, acted upon 
, and in the succeed- 



it is at D. Alternatively conceived, the b 
by .motor without current would in one minute r 

itg' minute acted upon, by current without motor,. would;4rin a distance 
.(trom C) down river equal to AB, i.e. , it would drifnj from C "to D. 
Viewed either way the successive effects of current and motor (each acting 
■for one minute) is for. the boat to reach D. Is' it 'not natural to' conclude 
that the siraultaneovis. -effects (for one! minute) is ' for the boat to reach, ' D? 
We "thus arrive at "the Paj;allelograni Law of Displacements, 

; Ii^'^ half (or double) the 'time the boat'sXdisplacement down i^iver will 
•be half (or double) AH,f AB*;- and its "across" river displacement 

■ half (or dou&e)^'AG; say Jfej^^ so that the boat»S' position resultant 
from. both displace^iients will bq whpre AB'D*C.' is, a parallelogram of 

'Qides half (or double) thtpse of - parallelogrjEun ABI)C.^ .-See Fig. l8.- 




I 



Figure l8 



More- generally, since no matter what the time in question, the ratio of 
AB'^ to AB must be the same as that of AC to- AC, ; the ppsition D» 
resultant from both the displacements AB«' .and . AC » will be such that ; ^ 
■parmelograms AB»D»C',- %BDC,''' and hence trj^angles' AC^VD*, ' ACD ^( 
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r. . It follows by olDvlous geometry that D« lies on AD- or AD pro- 
-We conclude that the. path .of the boat "is actually along AD., But 
AB ''and , AC are the- distances the' boat goes down, and "across" river in ■ • 
unit time > 'one. minute, so that these . displiacements represent . its component 
velocities lii these directions, and AD represents their resultant. W^ ^ 
have' the Parallelogram Law of Velocities, ' ' 

• Displacements and velocities are ' reinarkable quantities. ' In addition 
to haying an amount or magnitude they have' a direction or senseV ^o. that ' It^S 
is natural to- represent, them by directed line segments, or, as we say, ' ' 
fetors, -The direction' of the' quantity is . Indicated by the dlrecitioh of 
I^he line, segment, , the -magnitude ' Qf the quantity by the lengtl^-of the line 
segment,. Precisely because displacements- and velocities are both vector ' 
quantities, the resultant- of a pair of either is represented by t He .^diagonal 
of th6:.par6^11elogram through the common p0int of the sides^ representing the. 
pair.. Many important physical quantities are of the same nature. " Boxers ■ ■ 
know the difference between receivirfg a straight right and an uppercut-; 
the dlrectibn of the blow can be crucial, Wq, must anticipate ■ Parage lo- 
gram Law of Forces, ■ Consider the situation ; illustrated by fig; . 19'. ' 



D 




Figure .19 
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The particle at A is . in equilibrium,, under .a . force'.\*V'.^£23*t^hg'?^ AB, • 

a force along string AC, ari.d a . force W alorigvSiHng'^^^^^ Since S 

A . is In. efiUilibrium. under the" action qf these three ^fd^Qe'^^^^^ must be-'in . 
..equilibrium under any -one af th'em and the resultant of the other, two; in: 
^■particular,^ . A must be in equii^lbrjum ; under th^ .action- of .the force' a:}.ong" 
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AD* " and the. resultant* of the forces along AB and AC. But it is clear 
that' A Villvbe in equilibrium only if this resultant is .equal in magni- 
tude to the force along • AD* and acts in the opposite d.ir'ection. • See 
^Fig.- 2p.,'; - ■ ■. ...... - •■ ■ ■ • ' ,'■ 

. . : ' ■ : ■ . ' \ .. ; -. , ■• ' • ^ ■ . 




Figure- 20 



It is found th^t;' if ■ AB/ AC, . arid 



W W , . and. W upits 'respectively, then the fourth 



Exjferiment confinns our expectations. 
AD* are of length 

-vertex D- of the parallelogram 'witli* sides AB> AC is such^that AD is. . 

-units and D*,- A, D, are collinear^ ■ . 'In, short. If AB, AC are vectors' ' 
representing. component forces in magnitude and direction then the diagonal' 
AD " of parallelogram A^^ is* a vector representing their resultant in mag- 
Aitude .and 'direction. . " . ' " , ' / 

V. Of course an element of idealization' is .attendant < upon this experiment 
as (pn any other. . In supposing: .the., weights to' exert forces - W / W^, W on 



A, '" we assume the &tj;ings.tb be .weightiest ' and perfectly flexible^ Vthe • 
.little puliey wl^eeis to be ''frl^tibaLess''/ tod ' so ■ forth. , The nearer . actual ^ 
conditions a^^ made t^ a"j5prox.iE^te ''to^ the idqal,; the more exactly- is the " 
Paralle*lpgrani veri-fiedl - . r" . 'SI: . ■ . ' 



' 2..2r.l ■ . Inclined'. Plan^ . ; ^^ ^7:7.. 

Consider .a' bofly ofKeighf .1^. in 'equill'bi^um' c^h-.a •Irigid- frietionless; 
inclined ■ plane-, of a^ -r ' .. 



o^f^gl 



ERIC 



■. ..^"• ■v:^■■ 




• ^■■■''v>^^c- , 



. WlthHhe usual 'Ideallzatlpn, TO infer' that the teris'l^^^ ■•. 
throi^out.- What/ is w 'in terms of ■W?.-, ^ 

■ The •body" ls;ii>j equliibsfliiiii imder.'th^' action c^^^^ its own ■ .'V/r-''- ' 

. weight W- e^^ tension . w in ithe %tr^^ • 

.,v -up -.the plane* Vnd ; R th^ reaction of the plane.,;; Sire e we . suppose there, tb ., " 
he no friction between the body and- the- plaiie, R cannot have a- component ;. 
fore e aloog the. 'plane; R must- he normal to^tht plaueV Also;.. R-' miast he • ^ 
a force of opposite direction .(hut equal* magniti^Le) to tfie resultant of the : 

Other two forces, put, hy th,e Parallerograiji 'Law o^^f jbrcel^ the direction ' ♦ 

/ ■ ■ ■ ■ ■■^ • ■ ■ ■ ■ , . . . . ■ ■ ■ 0 ■ . 

: Of the resultant of the other* ^ two -forces (as well .as its 'magn-itude) is rep-- 

' . resented-, hy the: diagonal through*',-, A- of the parallelqgtam whos^'/.sid^s. with ' "^ '^'^ 

^ common ye rtex , at A represent -^Z and w.- ;^Q6nseque}ntly/' the diagonal t 

::fA- -:|s ' normal to' the ' inclined plane. S|5e fifi;^J.,22(a), ' - ; • ' ^'/f" '. 
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'Figure 22(a) . , * . Figure 22(1d.) 



Fi^Dm:Fig. 22(b) we have tha.t /-jB^, J?iEF are eg-ch complementary to ZEAB, : 
"so -that- ZBAP = a , and. that since BD " j j AC, ZBDA" =. 90?-. Hence, since \ 
'AB = 'W units, BD = AC = v units, considering AAED, 



2 = sin a 
w 



■so^hat 



W • sin a' 



-Although Stevinus fotmd this result . in ^ most excitingly. original way, his ^ 
underlying priri'clpie. has the disadvantage that it is far less- readily . appli- . 
cable to, other .problems than the Parallelograjn Law, 

2,-2,^ , Pulley . , ; . ' . 

' , a" system of pulleys enables us to lift weights^ too heavy to lift by., 
unaided .ihuscle power," Suppose, for'^ample, you must remove the engine . 
from, your car for a ma jot overhaul, vflather thaa try to lift it, you could 
• leas strenuously hoist it out by thev pulley system illustrated by Fig, 23. 
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Garage Roof 




Automobile .Engine - 
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4 



Figure 23: 



As usml, we' suppose ^idealized circumstances i ^that pialiing at"' O will' 

. ' •'■< .•*>'- 
. lift up the engine rather than bring down the roof.. With frictionless 

pulley wheels (the center of A being fixed- in position.) ajid* weightless 

rope^ a downward force of w at. C will give the rcJpe a tension w , through- 

i .out, so that K when in equilib^'ium will be in equilibrium lindfer two upward 

forces of w^' and.' a downward for^ie of '^-W, Thus, ^ * . . ' - . . ' 

• . . - w + w = w ' ' v . ■' 

giving; ; ; ■ "■^ ; \' ' ^ C . ^ - ^ 

« With any increase iri#- w/ tne-fcengine is hoisted, 

■ v ^ Note that' this rfesult." is a consequence of the Parallelogram. Law of- 
^ Ibrces if we -^neglect the dimensions !of .the pulley. The* resultant of the 
two upward forces, each w, is given by ' completion of. the parallelogram, 
-Seeing/ 2lf, • . . , ^ ' _ ^ . ,. V • ' • 
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, ■ ' ■ Figure 2h . 

' ■ ' 7. ■ 

*Hei*e we suppose the forces w to be equally inclined at an ang^e Q to the . 
vertical AE in opposite directions and investigate the position of D when 

■ 0'. decreasts^o zero. When 'AB, AC collapse on to AE, B' and C . "become 
coincident, and CD, ^since it must remain parallel to AB>* "Will lie on AE, 
But 'CD^ must remain eciual in length to- A^, so that AD will lie along ■ AE 
and will be twice the length of ABv Thus, by tfie Parallelogram Law the re-^ 

•sultant is a force 2w acting vertically upwardfiC^ 

It vis left to the" reader to show by means of ' the Earallelogram Law 

that the resultant of two 'equal but opposite forces is zero. ^ * 

' ' ' ' ■ ; ... .ir ' " 

2,2,3. Lever .■ ^ 

■ ; ■. We already have some idea of how Archimedes deduced. his Law of the Lever. 
Let . us derive thi^. by applying the Parallelogram faw.. 

. . But first a wprd about rigid bodies:. It i^ evident.- that a rigid body ■ B 
will be in equilibrium under the action of two equal, but opposite, -forces ^ 
acting oh the same particle of it,' say, that at A, See Fig,' 25,; ■ " 



. Figure 25 . • ^ 

Yet ve all know that in a tug of war, different members' of our team piill' on 
the rope. at different places. Does this matter? Of course not, B, will 
still ,'lDe in equiUbrium if the points of application . of the equal and ppposit 
forces are at, sky. A* - - and A", ■ instead of both at A. See- Fig, 26, 




Figure 26 



It does not matter at all where the points of application are, provided that 
the- two equal opposing forces have the same line of actipn. The trans- ■ / 
missibility of the forces a^ A« and A" is due to. the rigidity of B, 

The reader will more fully appreciate the importance of this princi- ^. 
$1^. of trarismls Sibil ity. when he has seen how it enables us to deduce the 
coii4i"bions of equilibrium .6 f the lever 'from the Parailelogram Law.' Oto this 
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deduction we now tixm. 

The general problem iiii&y he stated as follows. 



What are the conditions 



for the equilibrium of a rigid weightless levei^ AA' with weights -w, w" ' ' 

suspended from A, A'?, At what/JxDint of AA» is the fulcrum- F, and Vhat* 

force must F exert oii the lever?' 'Archimedes' Assumption (A), illustrated 

by Fig. 10, su^ests p^';of the answer. In this special symmetrical c^ase 

where w and , w' are ^ijfl, an upward force equStLj^o the sum of the w4t^ts,^ 

acting at a fulcrum at^^^^i^Jidpoint of^ M% ^receives eq\iilibrium. Does not 

^his suggest in ifhe general* case an upward force of w + w' " at some point 

F in AA*"? Yes, but whictt point?* Wtien w and w' arenneq\aal, symmetry 

is destroyed, F is not the midpoint. 0\ir introduction to Archimedes V 

-t " ■ ■ ■ - ■ 

treatment o€ the lever sMouO^ enatle the reader to anticipate the specifica- ' 

** • •' '. ■ • ■ ' . ■ 

tion of F, \ . - i - V ' 

To apply th^ 'Parallf logram to de-fermine the resultant of ^ w sus- 
pended at A and^w" at ?*^.", we re)present these forces by lineQ' AB, A'B', 
drawn vertically downwards, of. w. and w< units respectively, thereby rep- 
■ resenting these forcfes in both magnitude and dijfection. Immediately we are 
confronted by a difficulty. Since AB, A'B* are parallel lines, no matter 



_ Since 

how far they are extended they ciannot Eitersect; we cannot construct a para 



llelogram t1 
m 



S obt^i: 



n their resultantT See Fig. 2?. 
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Figure 27* 



The difficulty ±b ^readily overcome..- If the forces w, w" were not* 
parallel, there would be no difficulty.^ We must substitute equivalent forces 
( i.e. V forces with the same effect) that are not parallel. Can we compound a 
force with w and a force with w' to give non-parallel resultants with 
the same effect as * w and w' now have? Suppose that at A we introduce 
two equfil but opposite forces; one in the direction A*A, the other in the 
direction AA*. ' Each of t*^se ann^^s the effect of the other; equilibrium 
is undisturbed. But. by the principle of trarismissibility, the point of : 
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application of one of these ihay be transferred io A* provided that its 
magnitude and direction are unaltered. Neither .forc^ wins the tug 'of war, 
Tj^e vector representation of the new situation is given\by. Fig, 28. 

V • 




,The vectors t AC, Ay 
the vector* iarailel5i 
tions. AD, 
'resultants 
. compq^neritg 




Figure- .26^ 
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forces. . C^sequently^;'. It- .'-^lie' I^^ werey^in^/e'qulli^3fe|J^ ^ T 

. is;/:^..fll^1idva surmount;^^!^ ^^^^ ' f . , 

^. vrljB^tr^dt^ f^irther-,;:i^$al^^ the levej^^ AAV tq :\ 

'f'^econij^n^^^ weightl^^^, nc^^triew . 

fopbfes .1^^^^ so^^tHa^-^tlUilibrii^ ujJtJtisturbed; beAg^'^igid)^' 

fo?C9S^^^''5j^^'o^^ tfej^'iMssibi'e,,. soi.Jhat ..Ifhelr ,^ints | 

may. b^^v^^i^^^nea^i^^ theix diree-^or^s^;^' wliJ^ 



IcEition 
r^fi'e.et:^;-.. 



"■f '.7 yV: 
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^imrds J. i5i:!fcers|^ct at*^ ' M^^we . caii^t'fe-- point intar'se.btipii\Xk^^^^ 
M wili n^t 'in .general be above the mid^e of..^-.AA'j^^'^:-^ 

•point) ^en' we v^^y^^ithout 'ct^^ .of e|:f^G^,;>replace the^ forces 5^-^ ' 

■ points ©f ajppl<lcatipn\j||pTr a^^l^A^ by fo^Js 'j^' thf same . n^gnitude-irid" -.^^V 
i.whcwBe coffcion/i^'int 'of .^plicat^ibn is .Mv^.Th;^ ^^c^i^^ 



direction. 



where 'of ^if^se j MD = ^D; V 



. acting at . M ■ are the directed lines 
and tffi»= ADji'.H,* ' i^V. ^ ' • . ■ ■ ' 

But MD/j^y resi^^d .in|QL tw?) component veitoys tdentickl'"''tr^^ 
component vectors' oS AD ^pPKcept^or poi^ of applic^;tiQrl'/).. for tffi ^as'/ 
the same fliagnitude aad -direclSion as .-AD. Similarly, '''^^■•V^s t'Jie 'com^pfeents 
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\ . • ■ . Figure 30 - . 

_:t the tug-of-war forces represented by .AC, A'C annulled one another; 
consequently the pair asepresented by MC, MC also annul one- another. Thus 
the resultant force acting at M is the resultant of forces w and w' 
(equal to those originally at A and A') acting vertically downvards.. So, 
by the Parallelogram Law the resultant force at M is w + w* acting ver- 
tically downwards',^ ^ • - 

= The interesting question is: Where does the vertical line of action of 
■this resultant cut AA'? .Consider Fig. 31» 











N ■ A 



Figure 31 



We recall that a" line parallel to the base of a triangle di^J^ides the sic^fes, 
proportionally. So, considering ^AAMN, , 



. . - V M-_ BD 
0 W~ iS 



and cpnsidering M'MJl|jj| ^ 



M.' _ B'D* 



(2) 



M • MB =.MN • BD. (3)' 



• MB' = MN • B'D' 



From (l), 
Prom. (2), 

But.' ■ ^ ; •• 

^ ' ' . ^ BD = MC = AC = A«C«"= MC' ^ B»D' (as is illustrated ; 

by Fig. 30), so that • 

• MN • BL = W • B«D» . . ... / 

' Hence from (3), and (U) • , ' . 

• . jm ' ^ = M' • MB' . (5) 

We have the answer to our question, . The verticial line of action -of the re- 
sultant cuts • AA' at a point N such that (5) holds, . ^ 

But> again making use of the principle of transmlssibility, the replace- 
ment of the resultant acting at M by a forc^;;T>f the same magnitude and • 
direction acting at N, leaves the effect on the lever (or extended rigi-d, 
*but weightless body) unchanged: ire have shown. that the resultant of the 
original forces w and w' acting vertically downwards at A and A', 

respectively, is a for'cfe w + w' acting vertically downwards at But of 

course the lever would be in equilibriimi.,uj:i(ier two forces of w + w» at N, . 
the one acting vertically downwards arid lihe other vertically upwards, Conse--. 
quentiy, if a fulcrum F (sufficierit*' to support w + w' ^^^Is introduced at 
N/ then the lever Is • in. -equilibrium under .the originaO^Jorces That , is ^ by, 
(5),* as F = N, the lever- wi|l be'.'in equilibrium if ' ■ ' 

' 'T FA^-m = FA« m'; 'd' ^ • 

Recalling that • Ml = AB- =.w^' = AB'^ =^ w», an^ putting FA = a, ■ FA« = a« 
(where a fbands for aririfc *we|p^ finally, \ 

a " w= a* • w*, ' 




We have^ used the Parallelogram Law of t/^^ctors to#derive Airchimedes* La9 
of 'the Lever.. 
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2»2»^ Archimedds'. Application of His Lav of the Lever 



V^' We have already seen, In rough outline, how Archimedest.i|^^c&vered his. 
Law of' . the Lever, As you know, he .was the greatest of the .Greeft.' raathe ; 
tlclans; Indeed, he was One of the greatest matheniatlcians .who'eV^^ 
■the chleT basis of his fame Is his discovery of the beginnings of 'the^ Inte,- 
gral calculus, a discovery brought about , by a most ingenious application of ' 
his Law of the' Ij^ip^:^ ■ ■ , ^' r 

.The ali!is,,'ithe'.b^^^ which ^vf. rise to the integral cafl-cu- . 

lus, are those of : XQjnp'^trj.ng areag ' and volume^ which are enclosed, not by 
straight lines iillPpplygqn^^ planes like polyhedra, but by curved 

lines and curved sui^acesi'- For.v Instance, a^ problem '^mandlng integral calcu- • 
ius is determination of the volume, of a sphere.. ^^^|||||^^ is*' it the most 
natural alia.' most .exalting prabli^m about volume; also it Ij^ one of the most 
difficult. . Archimedes was 'ihe iirst to solve, it. •. Why. is it so difficult? 
Whal: on '^artliv has this tp do with levers? 

One question -at. a, time. Why. ;S0 difficult? Compare the sphere with, 
other volumes, say the cylinder and cone,' Whereas -the sphere is jxiiond in 
every direction, the latter are, so to speak, merely half round. The ♦lateral 
surface of. a right ' cylinder can be cut along the straight-line element AB, ■ 
peeled off, and ^flattened out into a' rectangle without distorting it. Se6 
Fig. 32.. ' .. /' . ' ■ . ' ■ 
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' ^ . ' ■ Figure 32 - ' ■ ."v.,'. • *■ 

■ Similarly the lateral surface of a. right, cone cdn be ctit along the straight^ 
' line element OB, peeled off, and flattened out into a circijlar sector' ^with- 
gut, distortion. See Fig. ^ 33- . . ^ ' . . ' 



92.' 



■^— ^- . Figure 3:5 ' . ' 

■Not so, the surface, of a sphere,. . We have all peeled oranges^. That . the 
sphere has aVincrre .con5)licVted sort of surface; suggests the computation of * 
its volume to be: more difficult, . ' ■ , . , 

The second .question/ "What is the relevance of levffrs to determination ■. 

.of- the' volume: of ,a sphi&tjat", cannot; be answe3f*ed immediately, Eveiy- problem 
is- viewed relative to- a framework of associated ideas, 'First we must ask 
outselves: WhAt, for Archimedes, ,was the Context' of' his problem? How did 
Archimedes, his mathematical contemporaries, .and their mathematical p^e- 
deCeisors. cbnceive volume? ■ 

■ ■ •We^Ll,. of what volumes do yoi> know the. formulae? ;, Certstin volumes, a'^^e^ ' ■ 
easy;.. to find j; for instance, . that of a rectangular parallfetopiped-- in brief, 
a box. Its volume is .'the product of its length, . breadth, and height/. '-And . 
do you know the formula for a right prism? But first, ,.\{hat. is a right -pi^ism?. 

. It is a solld^with. a (plane) polygonal top congruent and 'parallel -to its . 
l^se> arid'lateral faces (parallelograms) perpendicular' to its base, Jts ' 
volume is the ^oduct of its base area and Tie ight. Note that a box is a 
prism (with a rectangular i)ase). an4 therefore, the formula for prisms, is appli- 
cable, A tight cylinder is a solid closely related *to the .prism, 'Is it not' 
visibly evident that as'-the number of sides of the base of a right prism whose 
base is a regular polygon is increased, the pri^sm ap^n^ximates' more ..closely^to 

„ a right cylindQ;r?. Doesn't this suggest ihat the same formula applies to* 
right cylinders? ' ' ^ J v 

^ A pyrsimid presents a much more difficult p?roblem,;v The formijila for its 
volume is one-third area of its base times its height;. Here, likewise, it 
is v£sibly*evident that as- the number of of a pyramid with a regular 

polygon as, base .is increased,- the pyramid approximates, more closely to a^. ■ ■ 



conew-; -Surely' ve must anticipate that the f6nnula,for pyramids applies to" ^ 
cones* ' , . ■'0 

• Historically, who.- discovered the volume of the box, q:he prism, ••and 
the cylinder, it is Impossible to say, ' But these formulae — and even those 
for . the pjftiramid and cqne — were- already known to the Egyptians, They had : 
no strict proofs, but the formulae- wtere known and were used. There is, 

■ I . * • ■ ■ ■ 

hoveyery something definite to be said- about the cone, 

.The volume of- ihe cone was discovered by.'Democritus,''who lived' about 
i^OO B,C. He did not prove, it, he guessed it;',', the evidence is. that "his 
guess was not" a blind guess-, rather it was a reasoned conjecture. As Archi- 
medes has-^ reni^rked, great: credit is due to Democritus ■ for his' conjecture ■ 
since thfk' mde proof much easier, Eudoxus (I108-355 B,C, ), a piipil of ^ELato'^ ? 
..subsequently gave a. rigorous proof: . Surely the labor .of writing limited • 
" his -manuscript to a few copies; none has survived. In. those ''jdays » edit lorfs 
did not run to thousands or hundreds' of thousands of copies 'as modern books — 

' . • - .. ■ . . ■ .-^V' ■ ■ . . 

especially, btid b66ksr-do. ..However the" substance of most (34^ what he viXDte 
is nevertheless • available to us, Euclid, who ^ived about,,- 3.0&.^B,G.> wroi^e, • 
to the. knowledge' of every schoolboy of my- generation. The Elements of G^me- 
try ,- Euclid's great achievement was the systematizatlon of the wo ^ks of his " 
■pred^essors. His compilation includes CLuite a lot of things besides geome- • 
try; the . Greeks .understood the term in a more generous sense, The^ Elements 
preserve several of Eudoxus* proofs, • ^. ., 

■ Archimedes studied and pondered deeply the' works of his predecessors.; 
these are thje. context, vithin which ^^he conceived "the problem of the sphere,. ^ 
Herein lies the clue of the relevance of levers td volumes, c ' 

To ^f ind this clue we go ' back to Democritus, If you ha v^j heard -his 
- name before, it is more- likely" that you heard it in a philosophy lecture . 
than in a mathematics, course. ^ He»is much better known as a philosopher, as*.* ^ 
•an originator of atomic * theory, Demoaritus^ conception o'f an'atJpm'was some- ' 
t h ing al t o gethe r d if ,f e rent if rom to day * s phy s i c i s t s * , Fo r 'hipi, , "as f o r the 
modern physicists, tjie whole world consists of atoms deppite the^'apparent 
continuity of, matter-. The crucial difference, is that the dtoH^as Democritus 
conceived it, could not be split, fitter could, conceptually at any rate, ^ be ■ 
chopped up into little bits, -ifhe little bits ■feto smaller bits, until finally, 
■ atoms were, obtained; thes'e- little bits were held to be the smaliest possible 

^ ^ ; ' ' ^' '. ■ 

--indivisibles:' one coiQ.d chqp no smaller. ' 

-'It is worthwhile to sl^op for a minutfeor two to pcfilder how .^emocritus ' 
conjectured the volume of the cone. . What ,c:an be said is necess^wiyj- yef 



^'not solely, speculative; "ti^ere are a.-few extant quotatipns to support us*. • 

. ' First, jrecofisidey Vrfe. .vojum^. of . a" rectangular .paralle.lppiped ; or 1dox, 

^ How would Ve ■ demonstrate to a cjiild that a block whose: edges ^are 3;. and ; 

5 inches has' a volume of 60 cubic in<ih"es?, ' Siarejy; by; s^^^ into. ^ . 

^- ' ■ ■ ■ ' ^ -.v : . •: >- ;^t-;;. . . ■ i ■ • ■ • .... . 

60 cubes of \init edge .arid by pointing^ out that we^^vagreie -to? consider the " •"^ 

' volume. of. any such cube to.be unit, volume. We't/ould, "in.^hort, consider 

the unit cube to be a.n atom and ^ihow that- the- block in. /question'* is made Up ■ 

of 60 atoms. The :only objection is, that iiC'lusing atom ifi'DemocritusV sense 

.we would be implying - that a unit cuBe canno«(; be ■ split into smaller cubes : ■. 

a' vie^ to which we".-, need' not commit ourselves to «effect ou^ derapn^tration. 

>% Next, could we -..demonstrate in exactly the -same way that, a block 

'3o"'K^" X 5" ha^Sa volume of 70 cubic* in^es? - Not ^in exactly' the same wfeiy 

. since- an edg^' of 3^^^ -^^Xp^ot form. an edge of an integral number of Unit cubes 

The necessai^ modification is obvious. We... chop thof block- into. 560 cubes 02^ 

atomc of- edge and then reassemble them to form 70 'unit cubea. Thus the 

problem 'of ■ de:termining the volume of a solid boils down "tb - counting the . *' . ' 

number of its. cons titueht. irtoms . Sui^ely this^was jDeiocritus * basic idea.. 

.Oh' ye's, the idea is. simple,.. but the application can be arduous.:- Suppose 

" that we are to demonstrate the volume of a .block 3^'; ^ ^75" '^' 5^"" 

■ counting 61 . 321.. atoms,, cubes of .edge, is -.much, quicker siaid than done. 

One counts up to 37 ,.^28*;. forgets whether: that was the' number of the atom just 

counted or the one about .to be counted— ^nd starts all over again. .-^ So y -gwhat 

do we do? We f.acilitafe enumeration by dealing .Vith large numbers of them 

en bloc — no pun intended. Ey multiplication we know immediately that a 

block with .base 3 by if. and 'height 5 has! 15 atoms (unit cubes) .in this' first- 

• . layer, 12* in the second layer, ...,:and' so 5 *. X, X2 atoMs altogether. We 

enumerat^ the -atoms by first dealing -with one .layer ot cross section. . Surely 

■ Democritiis thought -of this too. ' ' . ■ ' " ' . . 

■ 'Wha?t^ for the cone, is*a natural layer or cross section? Yes, "'a layer. 
. paral^l' to the ba^J. So a .'cone .is" conceived as made up of adjacent circular. 
' ;disc^ just one-' atoni thick. ^But he3:e: there is a complication. Altljough as 
for '.^if rectangular block thj successive lay errs or cross sections are all ot- 

■ the same shape > t^ejr are'-ncit all of the same size. The labor' 6f enumeration 

'] '--■ y . ' V, : ■ ■' • • ' ^ < ' ■ ' 

* would -lappear, " to ^forfce 4pon,.us the notion, of a> variable cross' section. 

^- ,, /: - -V^- '.. ;. . . , ' ,'"'.>' . 

i^JistpShow -f ar ' Dfembcrii:iis developed this' h6tion*'we do.n'pt kii'b^.' Suirely- 
n. ' ■ ■ ^Z- • *--:' ^ ' * . ■ - 

A he' kr^ew that a cub'e can be dissected into three tl dent ical pyramids,, sd-that 

• • . , " " ■ S ' '' ^ ■ » 

the yoliime " of a .pyramid of thiS' special shape is -r-. base- X' hfeight^ ■ surely -.he - 
rfiust' l^a^" conjectured .thi£Lt othe^ pyramids and their J.imititig cage^ the cone/- 



* ■Be t)iiS' as if may, .Eudoxus gave a 'rigoroUe p,roQf;. The proof iiS - diffi-':' ; , 

cTJlt and several lectures ...can pro fit ably '.be given 'to ' its detailed -exposition^,; 
*i|Kie reade r. may • t ry t o rea d . it in . th e t 1 ft h b, odk ■ o f Euc 1 id * s •■ Elements . , ^ * "^^ v . 
. Here, we have' the .context, the conceptml backgrduhd, of.'Archi^^ 



1|S . 
e^d 



a 

'^wa, 



blem to' determine the volume of the sphere/ .'A -problem similar . to, Yev.des•-^••^. > ^ 

■ •• ] ■ .-jtf^'* * 

• p it e s imy.ar ity , di st in cjly . mo re . dif f i cult • t hian y ' that of t h e , c on e • " The. ; *y . -^/.Z 
sphere, unllike the cone, is founded in all- directions/ .. .^ 

to -the challenge, - . ■ - :. « ' . V 

,. ■ , His method? .A brilliant applicatidn^f. his Law Cqf Equilibrium) .^^^ '. 
; U ' •■ ■ ' ■ ■ ■ * • . • • • • ■ • ■ ■■ ■■ . 

' •'•Ij€jver»-.--_In' accordance';, with , his law .he a^c^usted th^ length; of "the arms p"f -a:;' • . . / 

' .. lever, so that the cross section ,of a sphere' cbfcterbalanced both the. corre$-J^ 

^^ponding cross section of .a cylinder and the' corres;^ndilng; cross sect^-on.- of . . ■ - • 

3one,- Simple? ■ Although he called his^method the M^chanifeal Method , ,116 " v ■ 

no ' artificer of metals counterbalanciai^T^.ne chunk of. 'She'fet*fmet|Ll;4^ainst' v 

v.: .r^.-;3air. of- xihiJ^ . .He worked w^K ideas, nof with tin;- hia^jroBt^ ' 

-■^>,Vce.])tuai,. His coffesponding' cross sections were- just orie .atom- thick, Pj^y • 

tej%:me, hoW:thibk is an atom? . Oh' no, it .is ■^hinner>, much thinner ^thkn . 

-the ,t.'-- It 's' s6 . small that if it were any. smaller it'Vo.ul^ be'/no^s^ze at., all,- 

• Anic. what did Archimedes do?. With an'lnsolence to logic ^qualef^jxiy % the ■ 
•* nu]aib6r\o^f "^toms^ he. conceived, he irfferred that the infinitely many c toss-/- ■ 

;*' .sec-tipns that , fill the sphere would counl^rbalance both the ' infinitely, many 

■ (corr^spojiding) cross sections that . fill, the cylinder ^ndAthe infinitely . ' ; 
many •(feorres^bhding) cross sections that, fill the- cone, . He inferred equilib-? ^ >. 

, ,-. . ,^ ri-um-i Qf the . solids • from ^equilibr^ujj^ of* their cross- sections. •. For, f]^! de- 
"■■ tails ' the irlterested reader is referred tp Vol, 1, ■ppi .l55-15B, of %rbobk- 

■ * ■ - : . ■■ ^- ^ * i > V . .. \ • . ■ • 

Mathematics^- and Plausible Reasoning . • * \. ^ ■ v' - *- ^* ~ 

-^^i '.^J^^ . ■ , : ~ \ ' ^' . '" ■>':• 

- r must-add that Archimedes was too' good'-a mathematician to, leave ' it * at. ' • 
•■■ • ■ • --^ * • ■ ' - ■ •- ' ' ■" ■■• V ^ ' 

- ;-. that,. 'He. -used the. resiat'''obtained>.by ms Mechanical -Method only .to discbvef 

■ the formula for- the sphere : -from discovery, he ^ijroceeded.'tq'-rigorous . j)rbbf , 

•■ AisQ -i must' remark in passing that the riotion of a variable cross' ■ 

• - "Jiectiori/has had-a long histpiy'.. More than/2,000 years' later v we. ^ meet the >-.^^|i 

idea W Qavalieri --^ in the "terminology'.' of'"' Leibnitz r- of pa ssing" fr^^^ infini- 

' ' tesimal element to integral wh^le: the. idea of proceeding from ifctegrarid 

'V '-^ ' 

[' ■ f(x) • dx -tCJ integral ^(x}; • . -, ■ ' • « - ■ ■■ 

•, \ /Mthough Archiiiiedes' discoveiy oT the- iQ^gral calculus Is^. "by ,»far .-Jihe . 

■ mos£ important a'lJBlication of. his Law (of the^;;E|uTlibriumX^ . ■ 

• there -are a- multitude of other 'interesting, appil:cat*ions/ I shall ■ co'nclude 
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my selection from these with an answer to the perplexed schoolboy's question 
T^hy does minus times minus equal plus? ' . 

One answer to this qiest ion is its proof; its detailed step-by- step de- 
duction from the axioms aid definijiions of algebra. But this is not what , 
your pupil is- asking for. The proof, if presented, would go unappreciated; 
it demands sophistication! beyond him. 

His younger brother, - yho is learning to county wants to know what 
k 7 is, , His mother tellsUiim, only to be driven crazy with his incessaiit 
"Why?", "Why?", "Why?", Is he demanding a resume along the lines of Whitehead 
and Russell's Principia Mathematica proof that .1 + 1 = 2? Or does he vent 
the comforting assurance of a demonstration that four apples together witb 
seven apples makes eleven apples, followed by similar demDnst;rations with 
or^ges, his building bricks, and his mother's cups and saucerj? ^Which 
answer does poor, distracted mother attempt? ... 

Doubtlessly the "Why?" of your pupj,l, the older, brother, though less 
incessant, is more demanding. His question inay be many questions, "How was 
it discovered?", "What' is its use?", yet .the dominajit demand of his "Why 
does minus times minus equal plvis?" is for tangibility. It is no accidental 
figure of speech that we speak of grasping an idea; you m\ist mojher the 
brother. The lever. meets his demand for tangible illiistration. 

Consider the equilibrium of a (weightless) lever, acted upon by weights 



^1' ^2' ^3' 



at distances a_ 



1' "2' 

crum F, as illiistrated by Fi^ 



respectively, from the ful- 



A 



— 




Figure 3^ ■ 

Either a weight tends to rotate the lever about F in a clockwise direction^ 

(as do W and W ). or to rotate it in tne opposite, anti -.clockwise, 
T-^ ✓ I 3 

direction (^( as do W^ and WJ^),. The measure of this tendency, the turn- 
ing moment, is the product of the weight and the length of the am from the - 
fulcrum to the weight's point of application. More briefly, 
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^ . . . .- • weight X arm = inoment. 

More precisely, .this t.-uming^, moment is termed static' moment, in contradis- 
tinction to that considered in dynamics. Let lis characterize a clockwise ' 
moment as positive ^nd an anti-clockwise moment as negative, . 

On what does the characterization of a moment depend? Clearly 'it does 
not depend on the magnitude of the weight used; to increase W^. is to in- 
crease the moment, not to alter its characterization. Nor does it depend 
upon the . length of the arm; to shorten a^ is to decrease the moment., not . ' -- 
to changaiits sign," To alter the si^i of the moment we must reverse the." 
^direction of the force due to (say) W hy introducing a' pulley, 'or hang it • 
from the opposite sivie of the fulcrum. To take Recount of thes^ pertinent 
considerations let us term a weight whose force acts vertically downwards 
from the lever (as do ■ and Wj^).a positive weight, and ^n contradis- 
tinction, a weight whose force- acts vertically upwards fit^m the lever, nega- ^' 
tive (as do and ^ W^), And to- distinguish between a weight acting to .the 

right of the fulcrum (as do and W^) and a weight acting to the left 

(as do and W^)^q^ introduce an. x-^xis coincident .with the lever, with 

origin at the ^fulcrum, so that each arm a is. a horizontal, directed line ' 
segmeiit. As in drawing graphs, we consider to the right from the origin .to 
heV positive and the opposite direction to he negative, 'Thus the arms a^ and 

a- are positive; \ and a,, negative, ■ 
■ 13 ' ^ 

Fig, 35 indicates the signs of the weights . and the arms of Fig* 3k and . / 

the pharacterizations or, signs of the ^corresponding moments, ■ ' ' " ^ 

. ' ' - -A • ■ ' 



As 



w, 



1+ 
+ 



Force * ^ 



0 
Arm 



0' 
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w. 



1 



.Moment ... 



Figure' 35 
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•W- (tositive) acting at a distance a^* lo the fright of. 0 (positive) has. 

• a- tendency to give the levei* a clockwise, positive^ rotation; i.V> Prod- 
uct" offe positive, weight and'^aTposTEIve'^arni is a positive moment. And re- ^ 
.membering- the Cheshire cat who disapi>eared so hastily that he left h^^grin./ 
hehind, we may pub the matter schematically [ . ^ 

• There is a superstition that mathematical i;io|iation be always perr 

feet. But En^ish with never a 'colloquialism'^ heyer^^ellipsis is unehdur- 
ahle; it leaves the reader )^thing to 'do "but pas^i^^ly listen. As with En^ 
gllsh, so with mathematics. • JEiet us consideryt^', grins without the> cats:, 
What is the sign. of W^? Yes,- negatl^vej And the si^gn of a^?-; Yes, 
■positive. And their moment? Yefe,-anti-clockwi'se: So^ ^ ^ 

It is left /to the reader to satisfy" himself — ahd suhsetiuently his pupil—. 
..that consideration of and a|^ gives ; • ; .* ' . • 

^knd. of and gives ' \^ . ^ . > 

/ i 3 . M ;v . ■ 

/ -.- = +, - : . ) 

/ Have we proved it?' No, we have not deduced it f i*oitt the definitions and, 
/axioms of algehra, ■ But, we have shown that it ^as an jbituitive interpreta- . 
' tion, that it is applicable to physics; above all, we have made it tangible. 
Of course, any physical phenomenon whose magnitudfe is the product of the , 
magnitude of two physical quantities^ will serve to illustrate the ralq pro- .- 
vided that each magnitude is capable of taking both positive ;and negaljive 
signs. Yet what can be a more elementaiy, or a more intuitive; illustration 
than that furnished by the lever? And is' it now so -very difficult to con- 
jecture how that minus times minus equals plus was first discovered? 

2.2.6 Von Mises' Flight Trjangle . . ■ t 

We . have disciissed instancesv. of equilibrium, namely, incliijEd plane, 
-puil?y, and leve:r, in terns of vectors. Our next e:^lfe>' although strictly 
speaking a prohlem: 6f dynamics, is so simple that we include it in our vec- 
tor .treatment of statics. Our problem is how to determine the air speed of 
an airplane. 

First, what do we mean hy'; air speed ? We do not mean ground speed. 

• The former is the speed of the plane relative to the air it flies through? . 
the latter, its speed relative to <he ground i*' flies over. . This distinction 

• is vital tQ our problem. To fix it clearly in our minds let us ponder the 
following illustration. 

Suppose that ah airplane,- flying at constant speed, goes from San. 
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Francisco to Los Angeles in k hours! For easy aritbmetiyf let us., take 
the distance to be" IvOO miles. It foUowg that thq -airplane *s ground speed- 
er, if you prefer,, rb^d speed- is 100 m^p.h- That is, it ^ets there in. - 
. the 'same time an^ at the same speed as a motor car .would, if automobile en- ^ . 
gines were just a little more powerful, the San Francisco-Los Angeles road 
much less congested, and the California speed cops^ less vigilant. Clearly, . 
ail ai;rplane that keeps ^ce with a ,car racing to Los . Angeles at- a road speed 
' of lOa m.p.h. must itself ^have a road speed of lOO; m.p.h. 

aiit what ifi the air speed.of the plane? :That depends, on the speed of the 
air.' If the air is stilly then the plane flies through/the air. at the same 
speed as it flies oVer the ground. Its air speed is iho m.'p.h. , the' same 



as its road speed ' ' ^ 



IText' suppose that the car stop^ for gas and that the plane overhead is 
battling against a ^200 m.p.h. head-on huriricane, ''The plane, to. continue 
to keep- pace with the car, to remain directly above' the filling station 
while'the car refuels, .ipust. be ^Lylng through- the hurricane at 200^ m.p.h. 
Althou^ the.plane's road speed is ,now zero- (as is the car«s),. its air speed, 
its speed throxigh the air, is now 200 m.p.h. When the .car, refueled, ton- ' 
tinues Its joutney at 0.00 m.p.h:,, the plane to keep pacei with.it must.3(becaus,e 
of the'li^^ on ^hurricane ) increasfe. Its air speed to 300 m,p.h. In sh6rt,.the 
air speed of, the plarie is the rc/ad speed (pr, if yQu prefer, gr6}ind speed) it 
woiil'd. have i.f flying ifi still stir. ' , , 

* / Let us now use. vectors tc^ make visibly obvious the relation between the 
plane's road velocity, V (i.^.v, a road speed V in the direction PL), its 

yair velocity a (I.e., an air-speed a in the direction PO')^ the ^/wind's 
velocity ^ (i.e., .air moving with a speed wV in the- direction PO), See 



Fig. 36. 




Figure 36 



The situation i-g analogous to that, considered'earlier, of a matorboat 

the pli 

100 



crossing a riv^. With no wind, the plane would, in, say, one mi,.nute, fly 



r. 
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• from P*'to" b.J. v Wi;tti"^no.air;sf>#ei^^a balloon wo\ild^, in the same: time, 

. driit- Vith *the ^ind, from" f ^ .oJrV'aAnd .w^ h^ive already' seen^that ^ tjie re- 

BultaUt of BimMltaneous\ displacemi^ft^ is -as* if they •had been coriBecutive, 
, • ■ • / ' ' ' ' . . ' ■ V t'"' • ; - ' 

, ThuB^J.the actttoi' path of .the plarie iis PLj^ .J-tSf -roiid. velocity V Is the re- 
•'^\ ' f .. ' • ^ * t , 

auitant'ofdts air .'velocity a, and tHe wirid-'^s^ velocity w. As we«aJatici- 
. * a* ^ • . . . 'i. ' . 
.pat,e, vhen^ there is no -ylna (so/fehat'^ PQ' is zexp and L and 0' coincide). 

the. actual road velocity TL \Lnd the air velocity POl/ of the plahe, are 

. 1. ^ - . ■ ■ ■ * • 

.'identical, > • ' .... 

"v- ■ ,• ■ ' ■ . • ■ 

Soy "tS dete'rmine the. air speed of a plane it is sufficient merely, to 

determlnfe'-dts majclmum. road speed on a calm day. The- sns^g is the ^ spar sity 

of windless days. Airplane ; maniiifacturers want to make money as well as 

, I - ■ . ■ • 3 , 

/ .yplanes^v and so cannot afford to sit around for six months waiting for still 
aii^ over some hundreds of square. miles in which to test fhe performance of 
tKefr. machines. Impatiently, you exclstim, "Why wait for a windless day?" 
TlTie if w can be accurately measured, as well as V, then a is readily ■ 

• calculated by means of a vector parallelogram of velocities. The snag, here, 
' ii^ to measure w accurately. The practical problem is how to determine, 

from the road speed of a plane at full throttle in a wind whose velocity w 
is not known, the maximum.- roa(} speed of the plane when there is no wind. *■ 
Quite a problem. It was solved by Von Mises some fifty years ago; this I 
. well remember as I heard it from him at that time. 

We are now ready to befein introducing his method. An aiirplane flies at 
full throttle from A along a triangular covirse ABC> a flight triangle, 
whose vertices are chosen tobe easily identifiable landmarks, preferably 

few hundred miles from one another. The lengths of the legs AB", BC, CA, 
being known, and the time to traverse each one of them recorded, the road 
speed for each is readily calculated. But of course the directions of-the. 
legs are, also, known, so that we know the three velocity vectors, say, V^, 

since the plane wa-s flown at full throttle, its 
air speed a is its maximum air speed. How is a to be dete mined from 
the data? 
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J ^ Figtire .37 " ' • / • 
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It is i^nportant 1?o note that ^although* the velocity vectors are Tepre seated • 
in direction bj^he side of the fMght triangle,, they are not, except -^liien 
there is no wind^f^all, represented in Magnitude ^ theAi. We ttse arrows/ V 
in Fig. 37, as a graphical 'device i to indicate the road velocJ.ty in ^direction ^ 
and magnitude^ Suppose, for exaittfeleT^hat in flying the longest; 1^ BC | 
'the plane has a head vind. In consequence, in flying 3C thfe airplane's . 
road speed is slower than on either of the other two legs - - assumipg, of^ , 
course, that the wind remains constant in "both speed and direction. ^But, , 
i"f the least road gpeed is represented "by the leiigth of the longest side, ' 
the greater road speeds would need .he represented by sides longer than- the ^ 
longest. Agreed? . . • - 

•So, to make the data fvilly visible*^ starting from isome point P, we 
draV lines PIi, IM, PN, to represent , V^, V^., respedtivelyj. three vefiitoxa 
(in Fig, 38) which agree ^ with the three arrows iri'^Fig. 35. magnitude as - 
well as, In direction, especially PL | | AB, IM | | BC, PN | | CA. . 



/ ' ^ ; Figure 38 - ■ ' ^ : 

How are we to utilize this vector diagram to determine a,,? the maxlufbm 
■^air speed of the plane? Can we introduce a vector for , a? Alas, no. That 

tlie plane flies around the flight, triangle at full throttle merely implies 

•that its air speed a, the magnitude of . a, is constant. It does not. 

imply that the direction of a is constant. We must' thii&Jc again,. 

Can we introduce a vector w- for the wind? Doesn't this suggestidn seem 

more fruitful? Remember our assunrption ttot the wind velocity remains con- 
* Wtant throughout the entire flight, so, that one directed line segment fnpm 

P . should serve as a vector component of the ^ road 'velocity along ^e.ach and all 
•of the* three legp of the flight triangle. As in Fig; 37, let PO/he a . 

■ directed line segment representing w. ' But wait a" moment;:^ V,^ altfiou^gh con- 
. stant, is uhknqwn, Ar4 we haffled? Think a moment. Do ,w^, in aJLgebra^ 

d^iay esmbodying an unknown, x, in equations until we have fet^rmlned Its 

value? No, to the contrary, we put in x in order. to deiermilne Its -value. 

So? \ Tentatively, we insert 0. See Fig. 39- . ; ' • ^ ' !^ 



' '. ^ , Figure 39 . » ' / ' , 

What noyi Reference to Eig.,-36 suggests con5)letion of the parallelogram 
of rig.' 39 of which JO is a side and EL a diagonal. However, in,Fig»' 36, 
•6l. is^parallel and: e^qual.to PO', an equivalent" directed line segment^ so ,' 
that a could 4lter^tively be represented by. OL and, ,the vector parallelo- 
gram di-spensed with '"in' favor of the vector triangle PO^l ' Thus, in Fig. 39, 
OL wiiL -be an -air-speed vector which together w'ith w has the' refik-tant 
. ■ Ind what of triangles PCM, PON? We hav& remarked that PO •' should 
serve as a component d'f >the road velocity along each , leg of . the flight 
triangle. See Fi"g.,'4o. f . . ' , . . ~ • * \ 



' figure kO . 

Note how delightfully the three vector triangles . "lirterlock" on PO just 
l^e pieces of a jigsaw puzzle. Not only is the resultant of w 

aiid an air-speed, velocity "OL; also Is \^ the resviltant of w and an air- 
speed velocity and the resultant of w aftd an air-speed velocity 

But the plane flew the entire flight at full throttle, , Olhefefore Its. 

. ■ ■ ■ ' • 

air speed "a (hut not Its air velcTclty) was the same for-each leg. OTherefore 
OL, iM, have the sajne magnitude ("butyiot same dlrectlgn), -^Therefore 
0 is equidistant from, N; It Hiust "be th6 eenter of the circumscribing . 

circle of triangle MN, Construction of 0 determines "both a and ' w, 
Q?his is Von Mises' elegant, ingenious- solution, ' ' ■ 



, Whereas statics, we recall, is that part of mechanics which is concerned 
vith the equilihrium of hodies, dynamics ip thkt part which is' concerned with 
the^fflotion of "bodies. The former, ^s we have had occasion to'note, goes hack 
to the Greeks; to Archimedes'' discovery of the law of the liever and his appli- ^ 
cation of it to the integral calculus. The latter is relat^ely new; it starts 
vi.th Galileo, . ' 

. . Section 1 , Galileo - t ^ 
Galileo is known hy his first name; his family name is Galilei, He .was ^ 
horn i\i 1^6k and died in l6k2. To helievers in the transmigration of souls 
the date of his death is important. Not only did he die in the year in which 
Newton , was bom, - cprweniently for their speculations,-, he died shortly before 
•Newton was borri. 4r much more important date is* 1636, the year in which he 
con5>leted the book on which his fame so securely rests, the Dialogue Oon^em- 
ing Two New Sciences , Although many of his brilliant predecessors, begimrtng 
with Aristotle, and including that most versatile Of versatile geniuses, 
Leonardo da Vinci, had been interested^ in the free fall of heavy bodies, 
Galileo was inc.ompai:ably the greatest dynamicist of them all. He inherited a 
.dogma and bequeathed a science. 

His tomb is to be found in Florence, the Church of Santa Crgce, among 
those of Leonardo and Michaelangelo the Dante the poet, and 

ifeichiavelli the^ politician. His Instruments are also to be found in Florence, 
•in the Museum of the History of Science; among them the telescopes ,he made, 
used, b\it did not Invent, and the thermometers lie made > used, and did. lhdee(f 
'invents also his instruments for the study of dynamics, Florence is an inter- 
esting city, . . ^ 

Like his father, who was a physician, Galileo studied medicine. Unlike 
his' father, he was soon bored by It^ In those days the college course was a 
digesting, and the examination a regurgitation, of the texts of Galen, Galen 
had lived from about 130-200 aId, Meanwhile, his texts — presumably in Latin, 
for then as now few knew Greek — had been accumulating the dust of dogma for 
fourteen, centuries. In medicine it was sufficient to quote Galen, as to quote 
Aristotle in practically everything else. For Galileo, to. quote was not suffi- 
cient; he turned to mathematics. . * ' ^ 

! 

3.1>1. Heavier Bodies Fall Faster? / 
• Aristotle had stressed the importance of observation, yet he did not,, in ; 
dynamics, observe well himself. It is a matter of casual observation, well ■ 
known to mountaineers and pthers, that bodies free to fall, fall to . the grour^d 
To Aristotles" veiy casual observation,* the heavier the body the faster the | 



fall, 'Galileo argues to the contrary, 

^ Suppose two^bodles W, w to fall' freely from rest and to have velocities 
V, V, respectively, at the end of unit time. Then, according to Aristotle/ 
given that W is greater than w, V must be greater than- w ' But, asks 
Galileo, "What happens if the two bodies af-e conjoinedrj; Let V be the velo- 
city at the end;of unit time of the .conjoint body W ^^f. gince w alone 
falls more slowly than W, the w part of /V + w must restart the , ,W part; 
the fleet of foot has to slow down to help the il^gme along^ V "must be less 
than y. Yet, since W + w is greater than^ W, by Aristotles» hypothesis, 
V must be greater than V, Therefore V is both .less than and greater than 
V; ' vr + w falls both slower than and faster than W, This is" absurd. 

What has Galileo done? He has said, in effect, that'tier^ is a possible, 
lav, supported by a rathei* weak observation. Is it consistent? He has argued 
that it is not. Therefore it is unacceptalDle to mathematics it cannot be an 
ingredient of a^ systematic description of phenomena. ■ ^ - 

Galileo's argument was an important one; it made uneasy the. dogmatic 
slumbers- of many of his contemporaries • He spoke and wrote with an edge to. 
tongUe and pen. Like his father, he was quarrelsome as well as argumentative, 
and witty as well as logical — a combination that nfiade his opponents look silly 
as well as their arguments, unsound. He d^d not .endear himself to all. . ' 
3>l>2/lfot "Why?", But "How?'^ V 

Why? Why this? Why that? Such are the questions asked by the good 
shepherd Aristoi;le and bleated by his sheep down through the centuries. Why 
do heavy bodies fall? "Because," says Aristotle, "each body seeks its natural 
place/' He argues as if an inanj^te object were an animal seeking its mate. 
Are .you much enlightened by this argument? No, biscause you are bom in modem 
times; Galileo was 'not. He had to argue i^he point; such was the intellectual 
climte of his day. Galileo, frighteningly modem, asked. a better question; 
not 'Why?", but "How?", His question was* a demand for precise" description of 
the phenomenon under co^isideration, not speculative anthropomorphism. "How," 
he asked, "do bodies Sfall. freely?" His "How?" was much more.,. Behind his '^ques- 
tion stood his fundamental tenet, '*The greatest book is Nature'; it is always 
open before your eyes. And the true philosophy is written in it, but to read 
it, you must know the characters in which it„ is written. It is written in 
mathematical language, and the characters are triangles, circles, and other 
geometric figures," His demand was for a' precise mathematical law, no less. 
3.1.3 flow Dp Heavy Bodies lOall? 

Galileo asked the right kind of question. Finally he asked the right^ues- 
tion of the right kind/ He gave the right answer. In so doj^, he founded a 

^ ■ . ■ JO?: . ^ . . ■ ' . 



new science. ♦ " . • - 

I . How do heavy "bodips fall? The father, the faster. Even the most casual 
observer cannol! avoid the conclusion that the velocity increases with the dis- 
tance fallen. We all know that the greater the ^I'aprOf a hammerVthe harder it ' 
hits.'. We' all 'know that it is "better to "be hit o(i the head "by the "bone foi| the 
dog, dropped from the second story wi'ndow than from! the .top, of the Ebipire . State . 
Building. ,Jt can "be aade painfully evident that free-fall ^raot ion is acceler- 
ated. So what is the mathonatlcal law relatihg the vej-ocity to the distariee? ([ 
:What:is the simplest conjecture? That 'the velodity o? the falling hody Is^'* 
directly proportional to the distance fallen? This .wars Galileo's first que s- 
tion. It is the ri^;^ sort of question,. • , " , ^< . ^ ^ 

. It is likely that Leonardo and, a fe\f others "before cS^ileo liad raised the 
same question; the difference- is that Galileo took it mcSre seriously i Although^ 
not t6*be found in hi^ prj.nted works ^ .he discussed it at length in his corre-.. 
sp9ndence with. other natural philosophers. After some th/ee years of pondering, 
'he came to the ' conclusion that this conjectiire is absolutely untenable; it has* 
.the self -contrai^iatory consequence that the free fall could never get* started. 
His refutation, is not an easy argument and 'cemnot "be stated concisely or very 
clearly without calculus. For this reason its consideration must be postponed 
until you. are introduced to differential ^uations^ nearly at the end of^this 
course of lectures , The probability is that Galileo had thought it out thoi;- 
oughly,. but could not quite succeed in putting it explicitly despite, his mathe- 
matical ability. He had it clear enough in his- own mind to convince himself/: 
yet - could not state it^ well enough to convince €hos.e who, unlike himself , 
lacked the grasp of- the difficulty given by -fihree years of pondering. Ma'ch, 
for example, although a first-rate physicist, •failed' tO understand him,^ ^ 

•--So, Galileo' s conjecture, based on the undeniable fact of^ f ree fall that 
the farther trie fall, the faster the fall, is untejiablQ, The fall coul^d never 
get*' started,^ He" had to think again. But, it is also" an unavoidabl^e- observa- 
tion that the longer the time, ;.the faster the fall. The bone for the dog takes 
longer to hit you the heirder wheii.apbpped from the top of the Empire State 
Baildihg instead of being tossed from a second ^loor window, p:ee- fall is 
accelerated with respisct to time as well 'as with respect to distance. So what 
is the 'mathematical law relating velocity to time? What is the simplest con- . ■ 
jecture? That the^elfecity of the falling .body is directly proportional .to • 
the time? >That is Galileo's second question* It turned pi^t to be the right, 
question of the right kind, , 

^ "hoV did Gal^ieo verify his conjecture experimentally? Remember he did not' 
have tqday's elaborate photoelectric equipment with which to handle split-_ .. 
second motion. Stop a moving particle tp. take a longer look' and you. have 



destroyed the velocity you wished. to obeerve," Yet there is no huriy ih ". 
measuring distance; this can be. made at leisure and with accuracy. So Galileo's 
problem was to deduce the law relating distance to time implied by ( and imj)ly- 
■.iig) ^eloQ^l^^eing directly proportional to time, and hence indirectly to 

. verify the. latter relation by direct verification of the-former. 

So, to fully uQderstarrd Gaipeo's indirect experimental verificatign of 
his conjaQtyre, we must first ^askhow he deduced that. relation between distance 
and time which is impried by his conjecture. To facilitate deduction, like 
Galileo but unlike Aristotle, we shall use diagrain^ with coordinate axes : 
"essential characters of mathematical' language," as 'Galileo would' put . It . ^ 
Cj^lileb's investigation of dynamics was physical; AristotlesV was metaphysical, 

*B^t, unlike. Galileo-, 'we have the additional cohVenience of algebraic notation, 
/Had it been invented, in his day he would .certainly have known it; almost cer- 

/ tainly he would have been able to push his deve\oVnent of dynamics"much fartW, 
' Suppose that a heavy body has a velocity v wh^n ithas been falling 

:Qreely' for time t. Then Galileo's hypothesis is that -v is directly ^propor- 
tional to. t; that v is.a constant multiple of' t; that * « 
■ ' V = constant. X t , 

•The. numerical value of th^.. constant depends upon the units we use -for v ' and 
t, and the constant is nowadays usually denoted by g. Our prlmaiy school 
teacher who taught us that A is^ for apple^' should have added - that g .is 

'for gravity that made the apple' in Newton's o'rcheird fall, - Thus, algebraically 
speaking, Galileo' s con jecture is , ' 

But the distance s' fallen from rest in time t by the heavy body depends' 
upon t; s is. a specific, yet unspecified, function of t; . 

' ^ s = f(t) \ . ■ (2) ^ 

Galileo's problem is: -Given (l), to specify (2). > 

How did he solve it? ^Most ingeniously, by conceiving accelerated, noh- 
uh^lfrm motion as 'a limiting case of non-accelerated, uniform-motions, . . 

First, consider uniform motion, Jf you drive for two hours at a steady * -■ 
rate, of kO m,p.h,, you go a fotal distance of 80 miies. 

^ : ■ 80'= W.x 2- 

More generally, " . 

distance = uniform velocity x time . • . ' 

Algebraically, , . - ' ' 



s = V. X t {*3) 



where .v is constant, 
Graphical2,y, see Fig. 1, 
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' . ^ ■ ^s. ^■iri'r. ■ Fi'gure 1 ... * 

' ' ' ^ . \ 

The ordiha^te v is .constant, \ so that the graph of v is ja straight line 
parallel to the t-axis. Note \^that the area under the curve, i.e. , the area 
of t>ie shaded rectangle, is v\^X t; 'So, by (3); the total distance traveled 
is represented by^the area^unde^r the curve — vhen the motion is uniform. Oh 
yes., an obvious obsei:vation, but nevertheless important. \ ' . ^ 

Second, consider the non-uniform motion. What is the graph of (l)? 
This equation is of the fom y = mx, vith v instead, of y, -t instead 
of X, and g instead of m. It is a straight line through the origin with 
slope g. See Fig. 2. 




V = g • t 



• Figure 2 

Why is the velocity of a freely, falling body not uniform? Because its ^ 
velocity continually increases, t)f course. And an accelerating car does not, 
for example, move at 0 ft/sec for the first second, at 5 ft/sec for the second 
second, at 10 ft/sec for the third second, at 15 ft/sec for the fourth second, 
and so on. To "Che contrary, let us temporarily^ suppose velocity which con- 
tinually increases at a steady rate to be characterized by such spasms, of 
. unifoim jnotion punctuated by accelerating jerks , at the end of regular inter- 
vals. This grotesque caricature of the truth is illustrated by Fig. 3. 
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' Figure 3 

In the first second the car moves sfero feet, then instantaneously with a 
bone-shattering Jerk it accelerates^ to 5 ft/sec. After a second of gentle 
driving at this constant velocity there is a werhad-better-install-safety- . • .• 
.belts Jerk to 10 ft/sec. There follows a second* s driving at ''10 ft/sec; Jerk| 
a second* s driving at 15 ft/sec; jerk; a second* s driving at 20 ft/secj and so 

on. The distances . covered in the successive intervals are represented by the 

>' ' ' . ■ i 

areas of the successive rectangles. (The first rectangle is of zero height.) 
■The total distance trav^^led is represented by the total area of the shaded- 
rectangles, ' | 

Now suppose the| accelerations. and the time intervals to be halved. In 
the first five seconds the car now acquires successively, fl§r half -second 
intervals, the ten velocities, 0, 2|, 5, 7^, 10, ...^ 20, 2^ ft/sec. HIus- " 
trate this for yourself by a diagram of the same type as Fig. 3. The Jerka, 
although twice as frequent, are only half as strenuous, for the sudden in- 
creases in velocity are now onLy ^ ft/sec instead of 5 ft/sec. 

Now suppose these accelerations and time intervals to be halved too. 
Although the jerks are four times as frequent as in the initial case, they are 
only one-quarter as strenuous; the sudden increases in velocity- are now only .. 

ft/fifec instead of 5 ft/sec. With the Jerks eight times as frequent they are 
only one-eighth as strenuous; the sudden increases* in velocity are now only 
n ft/sec instead of 5 ft/sec. When the intervals are each jpf a second 

■ ■ ■ ■ . ■ •■^ V . . . 2 . . 

where n is large, the. Jerks become gentle Jerks, for the sudden changes in 
velocity have been decreased to ft/sec. The larger we make n, the more 

neaxiy ve siriboth out our ride. -By making n sufficiently large we make the 
smoothness of our ride differ imperceptibly from the glide of a car whose 
veiocity is continually increasing at a steady rate. By making n 'suffi- 
ciently large, our grotesque caricature becomes as exact a description of 
.continually increasing velocity as we please. ^ 
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Mutatis mutandis, these cons idei^t ions 'of coUrse apply eqmlly well to 
freely falling "bodies, And what happens to Fig. 3 and the f igxire thaib you 
havfe drawn for yourself when n "becomes large? As the rectangles "become more 
numerous they wear a leaner look and more completely fill the area under the . 
curve- of /v = g t t. By making n suf ficiently^large we come ar"bi-brarily 
close to filling the : whole area. See, Fig, h. 




Figure h 



Sq? Why, .of course,, the area under the curve" in Fig. 2 (i.e. , the shaded -area 
in Fig. h (ii)) represents the. total distance traveled in time t "by a heavy 
"bbay falling from rest. Despite the fact that the motion is non-unifom, 
.the tt^tal distance' traveled is, as in the case of unifom motion (illustrated 
"by /.Fig, l), nevertheless represented "by the area under the cu^^. But, the 
.area under the curve is a triangular area of "base t and heigh-ffft. So, . 



i.e, , 



s = -gt X gt 



This .is the way in which' Galileo deduced the specification of f(t) of 
equation (2). This is the'law relating distance to time implied "by yelocity 
"being directly proportional to time, (And is it not (evident that if the # 
area under the curve is igt^ for all values of t, then the equation of 
the curve . must "be v = gt?) The distance fallen is proportional not, as 
'Galileo first thoiaght, to the time, "but to the square of the time, "in dis- 
proving the former and deducing the latter, he. investigated two important . 
comers of. the calculus. 

Galileo*s "basic difficulty, we recall, was that he could not "freieze" the 
motion of a falling .body to take a longer look at its instantaneous velocity; 



his guiding motive, that distances are 
His final pro"blem. was to verify (K) ex^( 



easier to measure than velocities, 
erimentally, there"by verify inig ^ 
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.indirectly its implication, (l), Hoy . did he do this? 
Consider the following tabulation. 



Distance fallen in 
successive -seconds 



0 
1 

2 



k 
5 

The distances fallen in successive equal time intervals are in ^he ratio 
1:3:5:7:9 and sor on, 

Thiis if a heavy body dropped from the toil of a wall passes a chalk 
mark I' unit cKJwn at the end of uiiit time, it | should pass a mark 3 \mits 
farther down at the end of two more" units, a| mark 5 vinits farther down at the 
end of . 5 units, and so on. But bodies fall /so fast that, even these obser- 
vations are difficult; despite a legend to the contrary Galileo did not drop 
cannon balls from the Leaning Tower of Pisai. Isn't it possible to slow up 
the motion to facilitate observation? A reduct ion ' in the value of ^g 
would- not alter the ratios. A vertical wall is a limiting case of an in- 
clined plane; shouldn^t we expect these ratios to hold for motion on an in- 
cline? Unlike *a vertical, an incline tak^s some of the weight of the -body - 
sliding along its surface, thereby reduclihg the body*s acceleration. . Surely 
the smaller the angle of inclination' a,/ the slofwer the motion. 

Galileo experimented, to find out. See Fig. 5. ' 



Total distances fallen 
in t seconds = 



2 g 
1 

2 8 



2 8. 
1 

2 S 
1 

2 S 



9 

16 

25 



1 

2 e 

1 ., 

1 

2 g 

1 v 



.1 

2. e 



1 • 

V 

9 
7. 
9 




He found that a "ball let roll from 0 which moved from 0 " to A in unit 
. time, moved from B to C, . and from ' C to D, also in unit time. As 
• near as he could t^ll/ this phenomenon vas independent of the angle of in- 
clination of the\ncline. In this vay Galileo* substantiated his right answer 
to the right queertion. / . ' 

■ ■ . •. ' ■ ^ 1 

*3,.l. h I^a.Tn1 cs* of thfe Inclined Pleine ! 
.•; "When the angle of inclination > a is reduced to zero, the plane is hori- 
zontal and a body on it does rfot movej the plane takes the whole of the 
w^irfit. . The greater th^*angle a , the faster the body slides down and the 
smaijer- the pro]^drtion' of its'* weigh't taken by the plane. Finally, when 
a -.90^> the'^lane takes none of the weight; we have free fall. Obviously . 
-t^e proportion of the weight taken by the pljane depends on a as .does the 
condition for equilibrium of j a body oh it.. The condition for the* latter, 

' Which Galileo knew either fpbm Stevinus or by figuring it out for himself, 

■ "helped him to deduce the former. His method is what really amounts to an 

. implicit use of a parallelogram of forces. 

First, what causes a body to accelerate? Yes,, the force acting on*it. 
We all" know that to speed-up when driving, to accelerate, we have "to 'step 
on tlie gas", as we say. Our engine has to deliver more-force. And what is 

. the force which causes a .freely falling body^to continmlly increase its 
velocity? Yes, the gravitational* pull of the. Earth, its weight. We now , 
know what Galileo could riot know, that the acceleration of the free fall of 
a body to the Moon's, surface is only about one-sixth that to. the Earth's 
-'-surface. Although the substance of the body' is unchanged in moving it from 
tli^ Itoon .to the Earth, its weight is increased about sixfold. On the Moon 
it weighs less because it is in a weaker gravitational field. There, ^ith 
only one-sixth the effort to "surmount an overhang, rock climbing must be a 
less strenuous affair. And when. you slip' and" fall off you have only one-sixth 
the terrestial acceleration. The free fall of a body — its acceleration — 
is proportional to the force acting on it — its weight. 

Next, what is th^ g of equation (l)? Consider Fig. 2, the graph of 
this equation. What is m in y = mx? Yes, * m is the slope. More expli- 
citly, m is the ratio of the change ±n jertical displacement to the change 
iu horizontal displac'fement. So, mutatis mutandis , , g is the ratio of the 
increase in velocity to the increase, in time. . But the curve is a straight 
line, a curve of constant slope, so that the ratio g is the same no matter 

. how small the change in time. In short, g is the constant rate' of instan- 
taneous change of ^velocity 'due to gravity — in a word, the, acceleration. 
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g of eqmtion (l) is the gravitiational Qoristant, the measure 
of the Eef^/s gravitational field. The force exerted on a body by the' 
Earth's, tli^>Moon's, or any other gravitational field, is proportional to the 
constant for • that field, ^ 

Accordingly ,\let vis -take g \as a measure of the force acting vertictfLly** 
downward on a bodyfon an inclined plane. See Fig. 6. 




Figure 6 



Since the surface of the' incline is supposed to be perfectly smooth, the 
only, ^effect of the plane on the body, the plane's reaction ^R, must be:, 
perpendicular to its ^surface. But, recalling the geometiy of Number 2.2.1 
(Vectors, Inclined Plane) the vector g may be resolved into a force g cos a 
perpendicular to the plane (and so equal and opposite to R a.s there is no 
motion, perpendicular to the incline), and a force g sin a down the incline'. ■ 
Thus, the problem of free motion down a smooth incline becomes, in effect, 
that of a body "falling" in a gravitational field of g sin a (instead of g) 
which acts in the* direction OA (instead of vertically downwards).. 
The gravitational field being g sin a .instead of g, instead of 

> * . . V = fir . t' (l) 



we have 



But, 



..J^a cpHsequence of (l),' so that; 



9) 'y 



g sin a • t 



12 

g sin a* ^t.. 



(!•) 
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,( 



±Aa consequence of (l*). Taking t = 0, 1, 2, 3, it follows, as we 

anticipated, that displacements down the plane, ii^coijsecutive unit intervals 
are* in the ratio 1:3:5:7:...-. - ** . '^ 

■ This completes ovir. exposition of Galileo's deduction of {^')» His treat- 
ment was much less explicit. . - 

There is an alternative way of Ipoking at the problem of free motion 
down an incline. The velocity ^ v vertically dowhward'of a body which has ^ 
been falling freely for time t after being dropped from 0 may "bg con- 
ceived as the resultant of two mutually perpendicular compo^fcent velocities, 
namely a velocity v cos a inclined at an angle 06 to the downward vertical 
and a velocity v sin a perpendicular to it.- See Fig. 7. 



'a , 



•> A \ 
e^-- 



.d. 



' . Figure 7 , - * 

Now consider, what happens when a smooth rigid plane, inclined to the 
horizontal at angle a , Ifv interposed such that its apex is at 0* Since 
the plane is rigid, it prevents motion through its surface, so that the com- 
ponent V cos a is annulled; but .the. plane being smooth its reaction must 
be per^ldndicular to its surface /ana therefore has no component up or down 
the incline. In short, although the component v cos a is destroyed by In- 
terposing the inclined plane, the component v sin a in the direction OA is 
unchanged. .But, by (l), 



g 



so that 



V sin a = g sin a • t 



i.e.. 



' free velocity down incline of 

of 'angle 1 a = g sin a • t. 
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We -have derived (l'). ^ alternative way. 

From the relation (l) between v aha t for free fall Galil^'eo deduced, 
as w6 have seen, the relation {k) between s and t. He went on to ask. 
what is the relation between v and s. The answef^to this question is the 
elimination of t from (l) and ^k). Dividing (l) l?y g and sqmring, we 
have , ■' ■ " c. ■' ■■ ' 

6 ■ . ■ 



substituting for Vt in (if). 



1 

^ = 2^ 



2 

V 

2g 



so that 



2gs,' 



(5) 



Next, he asked the same question for free motion <iown an inclined plaihe 
of angle a. Remembering that.(l*) is similar to (l)^l5id (k*) to (k) in 
that the latter pair are the former pair except for. the factor sin a, 
what do you anticipate for motion down the incline? Do you not expect an 
equation (5 ■) which has th^same similarity to (5) as (l*) has to (I) and 
(k*) to^lf)? ,Yes, we conjecture, , . ' 



= 2 s in a • s 



(5'?) 



We have committed ourselves^; we must test our con^cture. 

Referring to Fig, 7, we suppose a body which starts .from, rest 'at. 0, 
i.e, , with V = 0, s = 0, and t = 0, to reach A,; the bottom of the. 
incline,, with velocity V, after traveling the distance S from 0 tp A, 
in time ' T., ^ E!y (l») 

. ' V = g sin a T ' — 



and by {k*) 



8=2^ sin a 



Dividing the former by g sin a and squaring. 



2 ■ , 2: 
g sin. a 



and substituting for 



so that 



in the latterj 



S = -gg sina • 
= 2g sina' 



v2 



v2 



2 , 2. 
g sin a 



2g sina 



(5') 
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This, vith appropriate change of notation, Is (5'?)v'^ .Our cohject\ire Is con- 
firmed. ■ • ' ^ 

•*(50 has a vitally important consequence for the entire development of 
dynamicp. In Pig. 7, let OB, the vertical height of the commenceinent of 
free motion above Its terminatlpn,. be H. Then, since OA = S, we have 



H 

sin' a 1= ^ 



Substituting for sin a In (5*)^ 



= 2g 



s • ^ 



1 



so J 



^ ' \- \ \ ■ = 2gH. (6) 

Hasn't Galileo's question a truly astonishing answer? .(6) makes no re- 
ference to the length of thq Incline nor to Its angle of Inclination. The 
square of the velocity- - and consequently the velocity Itself — Is Indepen- 
dent of these things. The velocity. acquired depends solely upon the height 
l^st from the commencement of the motion. And since the acquired velocity 
Is Independent of a > wd" should expect the formula to hold even when* a = 90^,^ 
I.e. , for free vertical fall. And doesn't it? Is not C^) the same lequatlon 
as (5) but for difference of notation? With the clarity of hindsight we 
now ;pee that (6), not (5'), is the truly enllglftening analogue. The questions 
of remarkable men have remarkable answers: even Galileo was astonished. 

3*1*5 GonHervatlon''of Energy . ' ^ 

From (6), ' ^ 

= ^ ;■. 

and Introduclhg mass m,, the substancopy^^ose attraction by the Earth's, 
-gravitational field, i.e. , whose weigfit is nig, we ^ have 

■ imV^ = mg . H* C7) 

. And Vhat is ^V^? Yes, the kfnetic energy, the energy of the motion. And 
mg • H? .mg is the force exerted by gravity on the substance m^ so that 

mfi • H is the work done against gravity in raising mass m^ a height H. 
When 80 raised, although not in motion, m has capacity fdr motion; it 
has, as we say, potential energy.' ^"^n m is let fall, ^ts. stored energy is 
utilized to produce motion; what was potential becomes kinetic. The loss 
of the former is the ga,ln of the latter. There is no overall logs, the total 
of used a^d ready-to-be-aised energy remains unchanged;- the. energy is conserv'e(i 

Although Galileo came close to formulating this: cdnceptj^ it nevertheless 
escaped him— and his successor for more tha^ two centuries. "He fully appre- 
ciated the inrplications of (6), but not those of '(7). He did know that the , 
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motibn of (6) is reversible; that if a body in sliding down a perfectly- 
smooth plane from rest loses height' H in reaching the bottom with velocity^ 
V, it will when projected ftom the bottom with velocity just reach the 



top 'oi 



cline of heigrit ^ H^ This he demonstrated by letting a body 
'slid% ddwfi one incline and up'another of the same lieight." See Fig. 8. 
0' - ' • 0 




Figiire 8 



To prevent the sliding body when on one incline at A from jamming 
against the edge of the other, it is of course necessaW to round off the 
*cbmer at A. Actuat- conditions being less than ideal, TXhere being some 
friction despite smoothed and polished inclines, the particle from 0 does 
hbt q_T^te succeed in reaching 0*. Were it successful it wo\3p.d retuin to 
0, ;^&^^frcrm 0 to 0* again and again. Perpetml motion is an idealiza- 

' tioxi^, not a reality. A fact that reminds us that absence of friction is 

^^ential to conservation of energy. With friction, some potential energy is 

'changed not into kinetic energy, but into heat. ,• 

To* eliminate friction Galileo mad# an experiiaent jiistly regarded as a 

classic. What is needed --apart from the genius to ..conceive it? ■ Tvro nails, 

string, a heavy bob, and a lighted candle. Se^*^g.' 9- 

, Nail 



n 4 



Auxiliary 
Nail 



Candle 



Figure 9 
i -I 



111 



Why the"^andl(|s? To bum through the auxiliary'string, thereby releasing the .. 

r^pendulum from .reat* ' Although ever so careful in releasinig by hand, ond might 

Inadvertently pull back or push forward; the "object is to let the' bob start 

of its own accordv What happens ?,- The bob swings down from, 0 to L , and . 

■ 4 ' ■ * ■ ■ 

then back up - - almost - - to the same level at 0 ' . Almost, bub not quite 

. ' . ■• ■ ' " ' . ■■ * .■ ■ * , ' ■ 

to the same level, because there is just a little friction between" the not, 

perfectly .flexible string, and supporting nail and frictiin of air resistance ' 
to motion of both string^and bob, IiX,thus avoiding tbe^relatively ^gross ^ 
friction of a pair of inclined planes, Galilea' s experiment closely, approxi- 
mates the ideal, ' . . ' ^ ■• . ' :// 

■ ' • ■ • •> . ..^ . ■ ■ ■ ■ . I 

'Did you anticipate the result? Oh yes, I know you are tedi^u&ly famil--^ 
iar with the^swinging of a pendulum. The point is: did you c^ticipate 
this result as a consequence of the inclined plane result (illustrated b^ 
Fig, 8)? Or did you froni the all -too- familiar swing of the pendulum infer 
the result for (idealized) incline planes? It « takes genius to Bee the com- 
mDOplace with discerning eyes, ' 

What did Galileo see? At any point of its circular arc the bob is moving, 
momentarily, tangent ially to the circle at P, It Is, ii! effect, moving — " 
just^ for a moment along a very short segment of an inclined plane whose 
slop|^ is that of the tangent at P, For other moments the bob is moving 
along other inclines; other inclines with other angles of inclination. But, 
precisely because the motion is independent of the angle of inclination it 
matters not whether the; bob traverses two or two hundred planes. Isn't tHe 
/circular path a limiting case where the motion takes place along infinitely , 
many planes? .. .Fig, 10; is- suggestive. Think about it. 




Figure 1 
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Have you ever discerned the" swinging of a penduliun as motion ^ong infinitely 
many inclined planesf? More iipportaiit, would you have seen its implications? 

Vary the data. GeJ-ileo did. To repeat his additional series of experi- 
ments we need additional apparatus; we need another nail. See Fig. 11. 



V. , ^1 



4: 



Figure 11 



,The extra nail is fixed verticallj^ "below that suspending the hob. 

What happ^>\s? When>the boh reaches the lowest point L its siaspending 
string gets caugS^t against N^, so that the subsequent motion of the bob is 



clrculari 



'arc of radius N^L about instead of N^L about N^. 



along a 

But its motion at "L is simultaneously tangential to both circles Since here 

they tiave a common tangent,. so that there is no disruption of the continuity 

* *■ ■ ' ■ ■ ■ 

of its motion. There being no disruption, there is- no loss of veloQity. 

There being no loss of velocity we expect the bob to ascent to almost its 

original level. (Remember air resistance and the imperfect riiexibility of 

the, string.) It does. Additional confirmation is reassuring. See Fig. 12. 
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Figure 12 



. Continue to Vary the data. Vary the hei^t of above L/ What hap- 
pens "when is midyay between L and H?' The hob just about reaches 
H.i It has, in effect, climbed planes of all angles, between 0° and l8o°. 
And if ^ is nearer to L than ^H? See Pig. 13.. - 



0' 



\ 



\ 



\ 



\ 




p.. 



Figure 13 
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*teie physical constraint of the string prevents l;he bob from going any higher 
than H^,.. where H^N^ = N^L, The bob is carried beyond H and the string 
begins to wind aixjund the nail N^, thereby demonstrating that the bob has 
; a res idtial velocity at H^,. that it vovld have gone higher but for the 
constraint. 

Here is verification, elegant in its simplicity, that a falllag body ac- 
quires sufficient velocity to return to its original height, Do. not be 
deterred from making these experiments- for want of a. nail; for want of a nail- 
4^Ha kingdom was lost. The whole apparatus can be purchased for a quarter of 
' a dollar or half a crown, Yet remember it was the man behind the experime;it 
who made what could be an idiot's plaything one of the great experiments of .. 
. physics, 

3*1*6 Law of Inertia ' \ "... 

What more is there to say? ' That depends upon whether you think about 
these experilnents.with Galileo's Intelligence, We reconsider the situation 
lllustratisd by Fig. 8, We know that with idealized* planes a body let slide 
at 0 would regain its original height no matter what the inclination of 
AO' to the horizontal. Now suppose AO' to be nearly horizontals ^ What 
happens? The slope is so gentle that in regaiiilng its 'height the body has 
to travel miles ..and miles up the incline. The more nearly the incline Is to 
dead level,- the farther along it the body will slide to regain its original 
height. If the incline is precisely horizontal, the bo3y will have to travel' 
on, and on^ and on, ^ . . * 

• What about its velocity? y§ all know, willy-nilly, without experiment,, 

• that the steeper. the incline, the greater the deceleration of 'the body 
ascending it; the gentler tbi.e incline, the more, slowly a body ascending it 

' will lose speed, • -If AO' is cOnly just uphill the ■ dropping of f of speed 
must be a veiy gradual affair> yet if -AO' were downhill ever so sli^tly 
th^ re would be an Increase, of spee^. ^♦So,.wbat HappeVis if AO' is dead level? 
There can. be; 'neither .a slowirife d^m. nor a spee.ding up, .So? The body must 
continue at constant velocity, \^^^^aw far along the H^izontAl' incline must 
it go- to regain the height -of gl^^It has to go on, and on, and on, Sa? It 
must, go on, and on, ^forever, and er, ' \ . . 

; Galileo*B theory being consistent with our coTmtion experience, we Antici- 
pate that these conclusions may be drawn from his theoretical equatl^ons as 

• ^wellvfts from his experiments. • In deriving (5*) in-. Number 3.1,5, we obtained 



i.e. , a body with. velocity V at tlje foot of a plane, of inclination a will, 

under idealized conditions, reach the top in time T, where 

■f ■ 'v ■ ' 

' g sina " • . 

Consequently, since sin a tjends to 0 as a tends to zero, T becomes in- 
finitely large when the incline becomes horizontal. Also,. we recall that 

* • ■ ■ ■ -J. 

the body ..In question is, in effect-) falling freely in a gravitational field 

^ sin a , i.e., with an acceleration g.sln a. When a = 0, sin a = 0, so 

that, g gJ^ a*= 0, i' i.ei, there is no change of velocity. 

"What from, all these experimental and theoretical considerations do you . 

cohciiide? Galileo's conclusion is the liaw of Inertia. A body will continiae 

in its state of . rest of of uniform motion in a straight line until acted 

upon by external forces (e.^, gravitjiy, friction) to change that state. 

The astute reader may protest that we have tacitly used the Law of Inertia 

■ • 

.in deducing it. Such protest misimderstands the situation: Galileo was not' 
making deductions, from Established theory; he was establishing a theory. . 
Tacit .i^se is a step toward explicit U3e; inarticulate experiience a step . 
towards articulated experience. * And the steps? Varying the data in accor- 
dance with the concepts of a fertile imaginatibn.^ * * 

But why is this law described as Law of Inert i^ ? An inanimate body^ un- 
like a person or an animal, does nothing to control its. bwn motion. Whither 
it poes and how it, goes are at the mercy of external forces. It is 'inert. 

Galileo invariably considered the Law of Inertia within the context of 
his discovery; he always thought of uniform motion along a straight line in 
an infinite '.plane. Never could he escape the teffestial; his thoughts were. 
Earth-bound. Of course he knew that the Earth is spherical, yet' he never 
thought out the consequences. He knew what little in his'iiime there was to 
know about the stars, he was one. of the first to use a telescope, <^but he 
never came to the idea of applying his Law of Inertia to the stars.. A simple 
idea, yet a. tremendous Jump forward. It is as if Galileo became a victim of 
hii^bwn law, bound- by the inertia of a fixed context. It is remarkable 

.Galileo did not make the Jump; it would liave been more remarkable had he done 
so.. Galileo was Galileo, not Newton. ; 

■ 3.1.7 A Cfiinnon Ball's Trajectory 

It was in Galileo's time ^t hat firearms were inventedi cannon became the 
final argument of kings. Although a deadly subject, the efficacy of new 
^methods of killing for one^s country is always a lively issue. What is the 
path of a cannon ball? The question was of great scientific interest as well 
as of practical* imjwrtance. Characteristically, Galileo was engrossed by. the . 
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■ptdbleky characteristically, he solved it, . The outcome of his ingenuity we 
know today as the method of superposition. 

Like GeLLileo, to reduce, the complexity to the manageahle, we neglect 
the dimensions of the cannon "ball and consider it to he merely a material 
point. To further simplify we neglect friction although air resistance to 
a cannon Jjall is by no means negligible., Galileo did not have the means for 
precise measurement, ^and remember that a first approximation is a step to- 
wards a better approximation.^>>Uiilike Galileo, we are able to facilitate his 
solution by using a little algebra and an orthogonal coordinate system. It 
is vital to his solution that the one axis is horizontal .ai.d the other verti- 
cal, - ' 

■ See Fig. lU. ' ■ ' . [ 



V 




Figure Ik 



The initial velocity of the cannon ball when leaving the cannon's mouth. is • 
represented in magnitude and direction by the big vector from 0, Q?his^ vec- 
tor is resolved into, a component u along the horizontal x-axis and a com- . 
ponent v along the vertical y-axis, (Note that the letter u ' comes before 
V as does X- . before y, so that , u is associated with x .and> v with 
^y: respect tJie alphabet). So, timing the ball's motion from the cannon'^' 
mouth, at x = 0, y = 0, when ^t = 0, its horizontal, velocity is u and 
its vertical Velocity v. What are its component velocities in these direc- 
tions at time t.? ^ 

Galileo's deep insight is that the horizontal motion is unchanged. The 
horizontal component of the ensuiilg motion is that of a particle 'traveling 
in a gravitationless' field. Remember his Law of Inertia. This component 
remains u. So, at end of time t, the horizontal displacement x is given 
by 

. . X = ut. (8) • ^ - 



And what about the vertical component of the motion? Likewise, if there 
were no gravitational piill vertically downwards, we would have 

. - ■ . ■ ■ . y = vt . - ^ 

But this is'' contrary to ftict, so let us be mindful by writing the letter . y 
with a superscript, viz.,j ' 

" ' ; y» = vt . ir) 

Next, taking gravitation into account and ignoring the initial velocity, 
f3X)m C^) we have ^ ^ 

where 'the pcisitive y-axis is vertically downwards. So, with positive axis 
vertlccdly upwards, 

y = -^fffc . ■ . 

Yet, to be mindful of our neglect of the initial velociijjr v, we write the 
letter y with a double siqperBcript, viz, 

y" =..lg.t2. (9") 

It Is at this stage that Galileo makes use of the principle of superposi- 
tion. He argues that the total upward displacement y (in time t) of a - 
particle leaving 0 with initial velpcity v and decelerated by gravity 
will be the sum of the- displacements and y", i,e», of the displacement 

( in time t) with initial velocity v but no gravitational f ield' cind the dis. 
placement ,(in time t) with gravitational field but. no initial velpcity. 
"What is his argument? First, suppose the displacements to take place consec- 
utively; in time- t the particle is displaced y|; subsequently in a simi- 
lar time the particle is displaced a farther distance y"# Clearly> the re- 
sultfiint 'of the consecutive "displacements is their sum, the joining on or add- 
ing in position of the latter to the former. In short, superposition fs ^ 
obviously applicable to the displacements resulting from th^ successive mo- 
tions. The crux, of the matter: Js superposition applicable' to the resialtant 
displacements if the motions occur simultaneously? Whether or not a particle 
has €in initial velocity -is independent of the presence or. absence of a gra- 
vitational field, and a gravitational field is independent of whether or not 
a particle has an initial velpcity. So surely both motiohs may occur simul- 
tfiineously without either altering the other, so that the displacements due 
to 1||ese motions are unchanged by the simultaneity of the motions. Siiper- 
position is still applicable; from (90 and (9") we have 

y = vt -'|fft^. ' (9) 

We can describe completely the cannon ball*s^^^;t^jectory if we can 
eilways answer the question: Where is the cannon ball now/ t seconds after 
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being fired? The pair of equations (8), (9) give precisely this answer; from- 
(8) we get its present horiizontEil displacement x, from (9) its present 
vertical displacement y; i^e. , we get its present position (x,y). Told, 
when, we can compute where. Ibr any when, .(t) , we can plot the where (x,y) 
and so. obtain a picture of the cannon ball's path. 

If we knowthe cannon bsLLl's present horizonteG. displacement x, by (8) 
we c^j^ind when it was fired and so by (9) find its present verticeil dis- 
placement; given X we^can compute the corresponding y' via the go-between 
t. Mathematically speaking, t ia said to be a parameter, x . and y are • 
said to be given parametriceilly. Somewhat analogously, if X is the !Cather 
Of T and Y - is the only son of T, ^^..^-^''TT^jbhe parameter, the middleman 
between Y and X. ELimfnating reference to U\ . the middleman, we have 
that Y is a grandson of X. It would be convenient to have y deal* 
directly with x. Can we get rid of the middleman t? ' 
From ("8) . ^ . * . 



so that 



t = i 

U 



t - 2 
u 



■ 2 

Substituting for t " and t ' in (.9) g 

y = v.^-ig.^. (10)- 

U 

What sort of curve is given by (lO)? Can we transform this equation into 

a more familiar pattern where graph is .known? To make +1 the coefficient 

2 2u^ ' ' 

of X we multiply throiogh by --r-j giving 

o • ■ 

2u^ .2uv ^2 ' 

2 2 . . • . ■ , \. ' . . • 

Adding I , ,the square of half the coefficierit of x, to each side 



g 

2 2 2 2 2 



i.e.i the square completed^ 



But this is of the pattern 



where 



2£ y = X2 . 
g 



1 P7 



;li9 



^ = ^-}z and 



V uv 



Ue., -a'paraboia with vertex X = 0, Y = 0, and axis .X := 0. When X = 0, 
x= u • ^, and when ^ = 0> y = ^° (lO) 1b the equation of a 



parabola with vertex 



/uv v2\ 



and axis 



• V 

x .= u • - . 



.At :flrst sight the coordimtes of the. vertex seem 'unenllg^tening. What 
is their physical significance? Think back. 3y equation (5) we know that 
a particle^ projected vertically with velocity v will*)ust reach a height 

of the vertex is at the maxiiiium height of the trajectory,^ But a para- 

"UV 

bola is syitimetrical with respect to its- axis, so? Way, we must expect — . 
to be half, the cannon's range. Is it? Wien the cannon ball returns to the 
horizontal plane y = 0, i.e., in (lo) . . 

but the ball, having left the cannon's mouth . x ^ 0, ' therefore 



i.e. , 



rm. "UV 

. Thus — 
Fig. Ih. 



^0 = V - -S . ^ 



X = 



2uv 
g 



is indeed half the cannon's range. 
It becomes Fig. V^y 



We are now able to : conrplete 




; . ' r Figure 15 . 

ERIC 
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How did- Galileo verify experimentally that the cannon ball's 'trajectoiy 
is a parabola? Have you not seen perfonning dogs, and even seals, jump 
^through hoops? Success is assured "by" placing the hoop where the jumper, is 
going 'to ^ump, Galileo used this principle. See Fig., l6. 




. Figure l6 

. ' ' r ■ ' . ' ' ■ V . ■ ■■• 

The inclined plane is a device to give the "ball a predetermined velocity 
u along the horizontal A'O',, .so that it hurtles horizontally into space 
as if at 0' in Fig/ 15; Its neat passage through -a series of hoops whose 
centers are on a parabolic arc confirms his theoiy. 

Yes/ a little naive 'byymoderh standards, but who with the technology of 
Galileo-»s day and agex^g^Uld devise abetter? Speaking of ingenuity, refer 
back to Fig, 5, I never told you how Galileo measure^; time ; .watches were 
nonexisteht. He glued tiny slats across . the incline at A/ B, C, D, big 
enough- for the sliding body to be audible, i^hen hitting them, yet not suffi- 
cient an obstacle, to impede the motion appreciably, ' His ear his metronome — 
like his father he was a good musician — he judged the intervals equal. All 

physicists use their "heads; the best also think with their' fingers, 

. " ■■ ■ - ■ », 

Section 2 , . Newton 

Inevitably, Galileo leads to Newton, - Newton was bom on Christmas Day, 
l642, some eleven months after the death of Galileo j a fact the transmlgra- 
tionists among zn^f readers -cannot .fail to remember. Never has Santa Glaus 

X2\j ' • 



Drought 
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Drought the .world a more enligntenihg Christmas present. Newton died in 
1727, yet the^ppixant date for us is 1687, This is the year in which he 
was finally goaded by his staunch ^friend Halley into- publication of P^lhcipia 
Mathematica Halley paid Ton the printing. Never before or. since in the ' 
history of science has a man with so much to say been so reluctant to publish, 
Leibnitz, said that of all the mathematics that had ever been done, Newton 
.hfitd done the greater part. Thijs remark was made before, they quarreled, 

. Newton* s personality was less colorful and his career less dramatic, than 
Galileo*s, -^ Unlike Galileo he was shy pd retiring ,and hated controversy. 
It is. said that when asked to allow his name to be put forward for election 
to the Royal Society, he at first declined on the grounds that election would 
necessarily enlarge the circle of his acquaintances. His life is his works, ' 
His body, like Galileo's, lies' in the Westminster Abbey of his country; his 
System of the World, his Law Universal Gravitation, his mechanics, have 
become an integral part of educated common sense. V 

3.2;1 Apples, Cannon Balls, and the Moon 

■g is for gravity' that Bpade the apple in Newton's orghard fall. That 
this is an old story- is certain, that it is a true stoiy is not certain. 
Certainly it is a good story.,; 

When Newton was a young man up at Cambridge there was a plajgue.; To ' 
escape it he ..retired to his parpnts' farm at Woolsthorpe -in Lincolnshire, 
There in a year or so ot countryside peace he made his greatest discoveries: • 
the concepts of universbil gravitation and the infinitesimal calculus. Whether 
or not he was hit by a falling apple when meditating in the Woolsthorpe or- 
chard, he was certainly struck by a great idea. Although Newton approached . 
the problem of gravitation with an open mind, he did not apprpach it with 
an empty mind: thousands of people have seen iapples %b11 without being -struck 
by Newton's idea, • ^ 

•^at .did':Newt6n have ^n mind when meditating in his orchard? A, diagram 
in an appendix 'to Principia entitled "The System of ' the Wprld" must make his 
train of thbijght an open secret. He knew certain things about apples, cannon 
balls, and the Moon, things that were common knowledge to the-pli^sicists of 
his time. The Moon, like the apple, is roughly spherical and presumably 
'heavily/ so why doesn't the Moon fall, too? The apple is pulled to the Earth 
by the'ifi,-^^^ attraction^ Why not the Moon?. What makes the 

Moon orbH'abo^ the 'Earth? Galileo * s Law of Inertia implies that the Moon 
^ would continue with uniform speed, in a straight line" were it not acted upon 
by a force' to change this motion. What pulls it from, its would-be straight- 
line path to move on a curve qoncave towards the Earth? 

'< ■ ^ : • 1 On 



- But how on earth can one relate the path of a falling apple to the ellip- 
tic ^rbit of the Moon? Straight lines are so different from ellipses-; apple 
paths so different, from Moon paths. . Could two curves be more dissimilar? 
How -cy)uld both possibly be exenrplifiqations of one law? 

Newton saw th-e possibility; he had. the insight of genius. His jgreat idea? 
Cannon bcLLls. Yes, cannon balls. Had not Galileo/shown the, trajectory of -a 
cannon ball to be; a parabola? Isn't a falling apple a little cannon ball 
fired with negligible horizontal velocity? So, isn'-t its trajectory -a limiting 
case of parabolic motion? And the Moon? Isn't this a large .cannon ball? 
Isn't this a large cannon bdl fired with great horizontd velocity? 

Consider a cannon ball fired toward -the ^cific from a mountain peak in ' . 
the Andes, Given a high muzzle velocity, isn't it conceivable, that < the ball 
could -be fired right out into the Bacific? With a hilgher peak to fire fronf 
and a greater muzzle velocity to fire with, wouldn't its trajectory be a 
larger parabola? Couldn't ^he ball be fired clear. across the Bacific Ocean? 
But if its trajectory could reach halfway around the Earth, why not three- 
quarters? Imagination costs nothing; if three-quarters, why not four- quarters? 
How exciting to see the cannon ball score a direct hit on the cannon from 
which it was fired. For more excitement, more muzzle velocity. What now? 
The cannonjbaill does not lemd on its cannon 8Lfter circling the Earth; it blows 
the gunner's head off and keeps on going. An ending parabolic trajectory is * 
^replaced by an imending closed curve;, we have a cannon ball moon in orbit. 

Newton had the fertility of mind to see the continuous transition from 
apple to Moon. Surely *this must be the most spectacular argument by aiialogy . 
in the history of science. You will find a copy of Newton's Priricipia diagram 
in my Mathematics and Plausible Reasoning ^ Vol. I, p. 

If the Mpon is kept in orbit by a force exerted by the Earth, bxb not 
Earth and th^ other planets kept in orbit about the Sun by a force exerted by 
the Sun?, To let imagination run riot is one thing; to back up highly specula- 
tive conjecture b^ what finally becomes an overwhelming accumulation of 
supporting considerations is entirely another matter. Newton. had the capacity 
of mind to do both. 

3.2*2 Never Snoke Without Fire • 

Apples knd stones fall; the farther, they fall, the faster they fall... 

X» . • ' . ■ .. . . • 

What causes them to speed up? Supposedly a force exerted on them -by the Earth. 

Yet a force is not scmething that can be seen. If it cannot be seen how can 

it be measured? By its effect: smoke is evidence of the valley fire the 

other side of the hill.. What is its effect? Acceleration, the increase 

< 
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in' velocity it causes, \; ' 

Prom Galileo, for a body falling from rest, ve have _ - ^ 

' V = g • t. 

If time r • latier the velocity has increased' hy p , then 

/ • • ■ • ' . V +p = g(t + r ) / 

Subtracting the fonner from the latter > 

* ■ s • ^' - - ■ \ . ^• 

• • '\ • > 

we have . ' ^ . . 

i»e» , - • . 

o _ increment, of velocity c . 

. '= ^ increment of time * 1 . 

But if , for eXELmple/ an increment in velocity of 6 ffc/sec otcurs in 3 seconds, 

this is at the same u]jiform rate as an increment of 2 ffc/sec- occuring ih^l. 

second, i,e/, ^ - 

- g = , increment of velocity per \mit time 

/ = acceleration, « 

We know that -Galileo ^f^quiid g to he a constant, yet remembering the 

necessary imperfection of measurement we must he cautious. At or near the 

Earth's surface g is a constant within the errors of measurement. It turns 

out that this emswer is a veiy close, hut o^ily a veary close, approximation. 

to the truth,' 

ppwever^ the crux of the matter is that acceleration is a measure o^* 
force, . What hearing has this oh the motion^ of the Earth and other planets .. 
around the Sun? What woultf be evidence that each is , kept in orbit by a force 
exerted on it by the Sun? Its accele;ration* towards the Sun, 

3>2.3 That the Planets daApcelerate Towards the Sun \ 

Let VB suppose that the Moon accelerates towards the* center of th? Earth 
and that the planets accelerate towardjs. the center , of the Sun. What are 
the consequences of these suppositions? What sprt of orbit will Moon and 
planet have? This is a hard mathematical question because the acceleration 
takes place continually and is therefore difficult to 'take into account. How 
•are we to deal with continual acceleration?. Wellf how did Galileo deal with 
continually Increasing velocity? Look at Figs, ^2, 3,- and' 4 again and think 
about them» . - ; 

Yes, Newton as Galileo > and we as "both Newton and Galileo, must deal with 
the continual, the continuoios, 'the gradually changing by starting with a 
caricature, discontinual, discontinuous, discrete jerky jumpy change and 
thep by increasing the numiSer and decreasing the jerkiness of the jumps, 
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make ^the jerky change become less and less perceptibly different from gradual 

.change. Thus fiction becomes reality. To treal; the continuous as limiting ^ 

isase of the discrete is really the fundamental idea behind the integral calcu-. 

lus, Newton invented it precisely to facilitate thiig treatment. Of course, ' 

he inherited much from Archimedes, from Cavalieri and fjpom Fermf^t, yet his 
• - ■ . • . ■ ■ ■. ■ ' ■ . . _ ( • 

contribution was defifcitive. History Justly claims him as a founder of the ' 

calculus, . ♦ / ' : - ' . - * 

We may be certaiii that Newton obtained his results in mechanics, by 

j< integral calculus, but in* his published exposition, Principia Mathen^atica , • 

he insists on not using calculus even thoug^i he invented it for himself . 

He argued" that his readers would find his mechanics shock enough without the 

difficulty of learnings calculus. Whether this made Principia easier reading 

for his contemporaries I cannot tell you; iinquestionably.it makes it harder 

for us. The elementary but obsolete methods used therein can compe'te with the - 

calculus as successfully as the abacus wi^th the electronic computer, 'However, 

fortunately for both author arid reader, Principia contains one deduction i^ich ^ 

is as simple as it is iniportant. ^It is the answer to the question posed above: 

Whet is the orbit of a planet which^conti^nually accelerates towards a fixed 

point C? We turn to Newton's answer, * 

We suppose a^ planet ■ P the instant it is at to be moving at v 

ft/sec. Furthermore we suppose that during the ensuing second it Is not acted 

upon by any external force. What , happens? In accordaaace -with Galileo' s Law 

of Inertia it continues to move , uniformly in a -straight line with a velocity 

•of V ft/6ec. Consequently, since velocity is space traversed in unit time, 

one second later it is at a point A^, v feet from A^, and thie directed'. 

line segment A-;Ap represents*, in both magnitude and direction its velocity ' 

during this second, . ♦ • ' . 

Also suppose that the moment ,P reaches A^ it receives an instantaneous 

acceleration, towards. -'.C . (;C is for Center , say, th^ center of :the Sun). What 

does now happen? Had our planet not receiVed this .acceleration when at A^, 

in. accordance with the Law of *Inertia it would, of course, iiave cbntinue.d at 

V ft/set along A^A^ (produced) forever. One second later it would have 

been v feet from A^, . at F^ such that A^A^ = A^F^ (F Is fo* Ficticious - 

P, never 'eictualiLy gets to \F-). ; See Fig. 17. ' • 
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But when at our planet received em acceleration towards C.. which is ' 

represented in magnitude and direction hy (say) the directed line, segment 
AgC^. Thus the resultant .velocity of P on leaving Ag is represented by 
• the:.diagonal*^ A^A^ of the vector parallelogram illustrated by Big. 18, • 



Figure l8 • 



/ 



What happens aft^rwards?^ Remember that the accelerating impulsp which' 
acted Qu^, p. when at • A^ . aQted only, for an Inistant, "When P left A^ this 
imptase no lontger acted.* So, , after*;^ea^^^^ A^, ; in accordance with the' Law 
of. Ihe^rtia^ ,p contiJbe^; to move in the 'direction' A^A^,-^ . :tra»ypr&lng a dis- 
tance A^A^ eveiy second - -^til, it is 6ub[;jected to another' extenial impulse. 
One second after leaving A^ our planet" '^Actually reaches A^^.* v (A is for 

Actual).; . ^ ■.. . -^^ V " 

At Aj we^suppose our planet 'W recei'ire 8^ instaiitariequs lii^) 

'-''tpwai^^' .\C; Similarly/' tM^ a second instantaneous change o^. velpclty. 

ih^ actual velocity of » P ' "bn; leaving -k^ is likewise represented .by" th.etr;,, ; 



diagonal of the vector parallelogram illustrated in Fig. 19. 




Had P. not recelv^^ an accelerating Impulse towaris c/when at a],; 

• It would by the law of Inertia have continued along A^Vff produced) to^ " 

• %ach Fj^ a second. later. Had P not had a velociy/a|Aj when it .received 

^^^^ ac«slefation towards C, it. would havevi^wed aloifg A.C .to reach , 
■■• 'Cj^ a seQ6na,;i^^er. With both velocities P. actually travels along A A, : ' ' 
and reaches '^A^' a second later. It is unnecessaiy^.for us to considerlhe • 

•next accelerating impulse given to P- at. A, ■ 

' ^x' . ■ ' h it. ■ 

Pareful consideration of the consequences ^of these discrete discontinual 
accel^atiops of P towards ^e, is 'the key to.det^mination of the conse- / ' 
quences pi;;%ntinual acceleration of. P towards C. ' ^ ' ' 



Note: 



.^:,;that in Fis^.^lS, A^A^ = A^F^^ and that ' Fj^A^ || A^^ (because | | 
to A^Cj^); . .W-us-'redraw this figure with a new emphasis: rig, .20. ' 
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Figure 20 



Because A» s CA^A^ , 6^3?!^' have* ^tiual tases . A^A^, A^F^^ ■ and- the same 
fiitltude,vthey>j9i:e equaX' in area, ^^^^b^^ 



! • ibd because .'A^^^^^ CA^Fj^ CA^Aj^ have the samfe" base- CA^. and equal altitude^,; ■ 
4 (because .t^^ lie between the same parallels F^Aj^, A C), they also are- e^U^i,; 



in areal: • -. V- . 

' f • 

lierefore/ ., . 

VJhat do*' -we ^ISbnclude? What is the relevance of this result to the- known 

)tion? That in two consecutive' seconds (actually:1jlie sec- 
this -is not 'important) the radius. -Ci^ector Joiniiig .the cen- 
ttt'raotion ' C tdVour^planet P sweeps out equal areas,.:" 'But isn't 
cllar" that the' argument would hold iff we too,k some other uriit of time instead 
of .a second? Alterhatively we .could, take a tenth of a second^ 9r at-, hundredth^ 

• • or. a »millionth,, or a bill'iSnt^,: or a. -criliionth,. or • • • • .As the- equal' 
intervals decrease in duration in effect of jerky Juraly. discrete central . . 




accelerations differ less and- less perceptibly from that of continual 
acceleration. 

What must we concPude? That, if a pl^ist P has a continual central 

.A ■ ... * . - 

acceleration tovards C, then, its o rh it al motion is such that its radius^ 
vector K, sweeps out' eqtial .areas ■ iri equal times,. But precisely ^this is 

. Sel^b9jMs:.,^uc;,la'a- &im^ had such import^t repercussions.- It 

■convinced.:'^^^^frtbIlr~m convince you --that the. planets ai^ accelerated 

towards thi^ijSun;^' Regap^ 19 and 20 with respect: ' they link, together 

the mechanics of t arrest ial and interplanetary space, ; ' - 

3*2, If Whatsis the LaTi^:^^^^^^^ Gravitation ^.. 

We have^^een' how "by discerning a^ continuous transition "between the' 

fall of an ai)pie,Vthe trajectoiy of a cannon hall, and 'the orhit of a planet 
was led to . cpn jecture that .the plaftets have .accelerations towards .the Sun as 
do falling aj^^i^^s "^^iowar^ thi^ Earth,-.-. .-And how di^ he adduce strong support 
for his conjecture^ : thati-Kepler ' s Second' Law is a necessaiy conse- 

quence? (it is just ^qss±iorle,^ %ha!t 'K&^ler's Law 'cou^d he a n,ecessai^ .conse- 
quence of an alternative -conjecture, ) . . 

What is the ne:qt step? 'Granted that the planets do accelerate towards tlie 

Sun and the Moon towards the Ee^rth, surely, hecause of the regularity of their 

orhitsy these accelerations cannot be haphazard affairs, hut must he s.uhject ■ 

to some law, - And isn't the . whole point of Newton's - insight the continuity 

■ — : : ■ 

of the trariaSpj^ion? Surely.' 'sijidlar -effect similar causes. Surely the 

Earth's gravitational pull on the a'pple, the cannon hall, and the Moon must 

he of the same nature as the Sun's- gravitational* pull on 'the Earth. Surely 

thefe mus-t he a •Law of Ifei-O-ersal Grayitation, The next sjidp is to' specify 

it, ^ ■■ \- . , 

At school, I TOS-;;6heated hy my physics teapjier. Conjurer Newton puts 

up the most spectaciflbar show on Earth — or the's^lar ^stem-^.-hy producing 

the!; gravitational rahhit from the universEil^hat. And whe^t^^d I get? A 

hland statement of the Law of ' Universal Gravitation wlthoiit^.'-iihy indication 

of how the trick was done, * , 

Hpw di^t^the rahhit. get into Mr?; Newton's hat? To appreciate his legerde- 
"■ ' v.* ... . / ' • 

main you must first I'eaira.a basic ti^ick of orbi«tal conjuring, namely deduction 

of^ the, central ^cqei'eratlon of a body moving with 'uniform circular motion. 

The niplS't;, elegant method of dealing with the latj^r was fouijd, subsequent to 

Newton's "derivation, by Sir William Rowan* Hamilton (1805-I865) the inventor 

of th^ Calculus, of quaternions, To^r William's method ve now turn. . . ' 



, 3*2*5 Unlfonn Clrciilar Motion; » Hamlltoa^ s Hodograph 

We consider 'a p€trtici*e, (oi* .plwet) . P to move with uniform motion in a" 
circle of radius r center. . C? • Sinqe i P moves in a circle, the dirge t ion 

of Itt motion (tangential Vs .t^' circle course, continually changing, 

and consequently, its veldcity is cdrit.ihually changing also," But, since, P's 
motion is uniform circular, motion , it moves. equal dditances in equal time, that 
is, fts speed v (the distance it goes in unit jtlme irrespective of direction) 
•is constant. Therefore, if the velocity of P at . P^- is represented. In both 
magnitude and direction by P^A^ and its velocity. at any other point P^ is;' 
represented in both magnitude and direction by ^^2^ then both directed line ; 
segments must have the same length, Furthennore, this common length must :be 
equeLL to v, the space traversed in unit time. See Fig, 21, 




Figure 21 



/ ^ ■ . ... ► .'"i?. . 

^..i'LTliat .t&ev^^ vectors^ W, ^ve the same mafi^jfeiiSe was of 

' jtjt^at interest to Hamilton, What is its significance? Yes, o^f course. It \ 
Implies that P -moves with constant speed. But ^at other significance does 
it have? . , Hamilton introduces a new representation to exhltit this other 
significance. He terms it a hodograph , ' 



Suppose duplicates of the vectors P^A^^ *° moved parallel to 

tlie originals so as to originate fixDm some fixed point 6v^, See Fig, 22, 



Figure 22 v. - ' 

Thus is the duplicate of P^A^* and\ OA^. is the duplicate of P^. 

And since the duplicates are parallel to the originals, the angle between the 
duplicated pair is equal to the angle 0 between the; original pair. Conse- 
quently we may thjLnk of Figs. 21 and ^22 as the dials of synchronous watches — 
synchronoxis in the sense that as an am CP rotates xmiformly from CP^ to 
CPg on the original dial, an am OA rotates frogi QA^ to .QAg/on.the 
hodograph dial. It follows, that OA will rotate full circle from QA^ back 
to OA^i in the same time T as OP rotates full circle from OP^ back to 

OP. . , • . . ' 

J- * 

What follows? In time T, traveling with unifonn speed v, P . traverses 
the circumference of a circle of radius r . So, * ^ 

'>■. . ' - Tv -,2jrr. 

Similarly, in time T, traveling with unifonn (because synchronous) speed 
a' (say), A travels the circvimfererice of a circle of 'radiiiis. - v. So, 

■ Te. ■ = 2jfv . 

Hence, » 



i.e. , 



so that 



Ta _ 


2jfv 




2jfr 


a _ 


V 


V 


r 




2 


a = 


V 




r • 



(11) 



The simplicity of the mathematics belies the subtlety of its interpreta- 
tion. Whdt is a? a is, because xmifonn, the speed of the vector tip A 
at any instant; the instantaneous speed of A. ' And what is the instantaneous 
speed- of the vector tip A? a?he answer to this cjuestion is Hamilton's ingen- 
ious insight. It is the magnitude of the instanteuieoxis rate of change of . 



.velocity of. the vector OA, But, OA. is the.duplicated vectpV representa- 
tion of P's velocity. In short, a is the magnitude of the instantaneous 
acceleration of P, 

aus, (U) gives the magnitude of P's acceleration; But what is its 
.direction? Because of Newton's argument, that the planets do indeed acceleratie 
towards the Sun, you are no doubt prepared to accept the view that the acceler- 
ation of P is towards C. However, it readily follows from HaMlton's 
hodograph that such is the case, thereby bolstering up our conviction, 

' ■ The motion of A when at A_^, for example, is instantaneously tangential 
to the circle 0 at 'A^, i.e., peiTpendicular (down the pagej to OA in Fig. 
22, and consequently parallel to PC, So, the acceleration of P when at • 
P^ is along, P^C. But A^, P^ are (corresponding) arbitrary points. In 
short, we conclude that the acceleration of P is invariably towards the 
center C of its circle of rotation, 

What has been said in short about the magnitude of the acceleration, may ; 
be said at length --at the expense of spoiling a good short story. Suppose 
thiit OA ' is in the position QAg time t after ^being in position QA^. 
We complete the vector parallelogram QA^A^B, See Fig. 23, 




Figure 23 



cSTg is the resultant of QPl^ and oS, so that the. velocity of P at ' P^ 
has to be increased by "oS" for P . to have velocity QA^ at P^. . ?ut this ■ 

Increase of velocity OB occurs in time t, so that is the average 

rate of increase of velocity, i,e, , the. average acceleration of i; in moving 
from P^ to Pg. But, equally well we may take the equivalent vector 
A^. instead of OB, (Considering the v^tor ^^A^, velocity pA^ 

■ ■ ' / 



has to be increased by A^A^. to give Q^, Consequently, is the < 

average acceleration of P in moving Trom to • - '■ \ 

... ■ ./ , . ■' . • • ■ ' , ^ 

Next, siippose to ber arbitrarily close to • The closer Ag is 

to A^ the more nearly . ^ 

^ • . . . • * 

... length of A^Ag - .arc A^Ag of hodograph • 

and, consequently, the more nearly 

length ^ = :g . 

But, ' ^ . . ' . • 

length jo^arc A^A^ = a X t 

. fio that A A • ' 

arc ' . ' . . 

t = "' 

Thus, the shorter the interval t, the more nearly 

' . length ' ■ . . 
= a 

We conclude that the magnitude of the, instantaneous acceleration is a. 

3.2.6 Nevton's Discoveiy of the Lav of Universal Gravitation 

Newton's great discovery is specification of the relation between the 
acceleration a of a planet P towards' the Sun and its distance r from 
the Sun,^the provision of a formula for a in terms of r, 'Just this 
and the .audacity to suppose that every body in the imiverse exerts an ac^-^ 
celerating force on every other body in the universe in accordance with this 
formvila. What is the relevance to Newton's discovery of the formula giving 
the central acceleration of a body -moving with uniform circialar motion? A 
clue is the remindepr that an idealization, a good first approximation, often 
reduces the complexity of a problem to what is manageable. What holds in 
the simple case may perhaps hold in the general case, or be at least a good 
indication, , ' • 

According. to Kepler's. First Law eve 17 planet moves in an elliptic orbit 
with the Sun. at one of the foci. In fact the^ planets move in elliptic orbits 
that have' very small eccentricity -r orbits that are very nearly circles. 
Mars, of which Kepler made a special study, has a less circular orbit than 
the other planets except Mercury, like the other planets, has minor 

perturbations or deviations (due to the gravitational attraction of the 
other planets), yet its orbit is still a very good first approximation to^a- 
circle. Introduce simplifying idealization; suppose' that it is a circle. 
What follows? 
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According to Kepler's Second Law, the motion of a planet is such that 
its radi\js vector from the Svm sweeps out" equal areas in equal times. But, 
if the orbit is a circle, then obviously ^qml areas cannot be swept out in 
equal times unless the motion is uni:^rm circular motion. So.? , "Why, .of 
couriBe> '(H) is applicable. Suppose that R is the radius of Mars' circular 
orbit about the Sun and: v its uniform speed, then by (11 ) we have that the. 
—magnitude a of. Mars' acceleration towards the Sun, its centripetal accelera- 
tion, is given, by j - . ' 

What follows? We have , a. in terms of R 'and v; "Newton's ■ problem is 
to obtain .a in terms of R alone. Therefore we must eliminate v; we 
need a second equatio^* Cast \your mind back for a moment to the derivation 
of (ll). If T is the period of Mars' orbit, then- we have a precise analogue 
to an equation used to obtain (ll), namely . ' 

T . V = 2jrR 

jso that 

' • . V = -=riR 

' ^ . . • T * . 



Sqmring, and substituting for ' in (12),. we- have ' 



>^2^-;:lv 



. . . = V^.^ ■ ^ (i3) . ' 

We have j^iminated v /at 'th^^x^iense-oC^ Introi^^^ T. Are we really any 
Jai^ttier dSw Remember' that^' th[p. exisienpe of -a^ Jjlewton presupposes' a Kepler. 
Hasn^-I^- Kepler soinethJ,hg,,;^oiiletl3to^ • imp6rtant, ^ to jp^ay : about T? 

>" -A(Jb'ording to Kepler'k 'Third law. t'he'-'squaVe to T is proportional to the' 
cube of R. Put alternatively, T is proportional to R^' ; algebraically, 

■ ; ■'. ■ T=c . r3/2 ' .. . : • 

where c is a constant, independent of R. . ' 

Squaring, . 

; ■ ■ ^^ = c2.r3. ^ . ■ ■ 

. Substituting for T^. in (13), we have. 



a =- 
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so that a is inversely proportional to the sq-uare of the distance between 
^ Mars and the" Su^, We now know Newton's specification and know how he dis- 
covered it,. 

- 3,2,7 Scientific Attitude'; Verification 

The difference between conjecture, hypothesis, theory,- and law is a dif- 
ference of degree ^rather, thajj a difference of kind; The difference of ter- 
minology is one o'f emphasis, indicative of the well-foundedness of. the propo- 
sition in question, and consequently, lihe degree of conviction with which it 

" is held, . , ■ . ' V . . 

•The idea tha,t a cannon icould^ supposing sufficient muzzle velpcity,./be. 
its own target is a wild^^aonjecture*; that a ; cannon ball- could encircle the 
Earth to return to its own starting point is merely e ^ight- of the* imagina- 
tion, .-But when such a conjectured flight is seien in the context iri ;Wliich ' 
Newton saw it, as an intermediate case between the falling apple's trajectory 
and the Moon*s orbit, its status changes. The aspect of.continuous transi- 
tion gives the conjecture plausibility^enoizgh to be considered seriously. 
What, fancy free, might well have been taken from the' pages of Gulliver's " 
Travels or Alice in Wonderland , might peihaps 'after all be. a physical reality. 
Wild Qonjecture becomes sobei; hypothesis, '■ 

When Newton showed that Kepler's Second Law is. a (?.6nsequencQ/of the hypo- 
thesis that the planets accelerate towards the Sun^'he had a most substantial 
indication, that planets moving with a central acceib ration towards the Sun.'.'* 
would have the sort of orbits which they do in fact have, Iklling apple l 
and orbiting Moon have a common explanation; the terrestial and planetary 
pieces of the cosmological jigsaw puzzle fit together,. What was enter- 
tained precariously is held with some conviction; hypothesis becomes theory. 
Applying Kepler's Third law^ theory' becomes specif ic theory-; that the centri- 
petal accelei^tion is inversely proportional to the square of the distance. 

•Galileo, using the recently invented telescope, discovered that Jupiter 
has three moons in orbit about it. Later he discovered a fourth. It was 
found that the period of revolution of Jupiter *s moons^ as those of the . 
planets around the Sun, satisfy Kepler's Third Law, Here too, planets (i,e, 
the moons of Jupiter) orbit about their sun (Jupiter) in accordance with 
the law 

T = c R^/^ , ^ " 

"Here is a second planetary system to the same law, the only difference beiijg 
applicability; each system has- its own rvalue of c, the constant of pro- 
portionality. These considerations were of great importance to Newton; that 
Kepler's Third Law also holds is a firm indication of a second planetaiy 



, firm 

u. 



• - . ..' ' . ■ . , ■ . ■••tl35 . 

• ■ . . - . • . .... 

' * * . ^ . ■ . . . ■ 

.system in vllich centripetCLL acceleration is inversely proportional to the 
square of. the distance. But ifjbhis_ holds for two planetary systems, ^ 
" why no't for a third, a fourth, . . .? And so" Newton was led to his theory of 
. imiyersal gravitation. ^'n-^^^ - ' ^. : " ;<. >;; 

But. how in'^hysics dcSes theory become law? The act of "legi'^iation" 
that puts theoiy on the statute books of physics is* verification. And how ; 
could Newton make verification? 5y bringing his theoiy of the heavenly ^ • 
bodies down to earth, so to speak; Is iiot 'this piece of chalk with which I 

write on the blackboard, aa Xs the Moon, just another planet of the system 

■ ; ^ . ■ ^■■'^•..> , ■■ ^, ' • 

whose sun is the Earth? But when I let. this chalk fall it accelerates towards . 

, . ■ ■ » •• 

the Earth* s center with terrestial acceleration g. Is the values of g, 

the" central acceleration of our little planet, as deduced from Newton »;S theoiy 

the same as the factual measureme;at. of g? This is the crucial test. 

What is. the theoretical value of g? Newton deduced it in the following ' 
way* 5y hypothesis, centripetal acceleration of Moon and chalk ai^ each in- 
versely proportional^ to the square of^ its distance from the center of the 
. Earth, i.e.> "both satisfy the law (equation (l^^) with>notational simplification) 

, centripetal acceleration = ' .^-"^rr ; ' — ^ \ 
.': ■ ' Xdistance)'=^ . , 

•where c is a constant of proportionality^ independent* of the distance. ^ 

fit does the mind no harm to remember th^t^ c stands for constant and for 

vf *6^irtH?:ipetal J Let R be the distance of; the Moon ^f rom the center of the / 

^'"EaAhand g^^ (M is for Moon) the Moon's 'gravitational acceleration towards . 

the Earth's center, then • 



(15) 



Likewise, if r is the radius of the Earth, and consequently the distance of 
•my chalk from the Earth's center, and gg (e is for Earth ) my chalk's : 
gjuvitational acceleration, towards the Earth's center. 

Supposing the .Moon^s orbit about the^v.^rthV ^^^^^^^^^ orbit abdut> 

• to be a- circle, and consequently by Kepler *s'^^^^^^^ 
uniform circular motion,* say 

so, from (15) 
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and thus ' ; 

' . c = v^R.. ■ 

Also, since the Moon* s motion is unifonn circular motion, taking T to be its 
orbital period, 

.. . v^M. • ■ 

* T ■ 

Squaring, and substituting for v in the preceding equation 



that is, 



Unfortunately 



c = 



c =. 



t2 



c canr^ot be measured directly, but g„ .can, i^om (l5*) 



2 2 
T r 



(16). 



This expresses the gz^avltational acceleration at the Earth's surface in terms 
of the q\;antities rl R, T known to Newton, The principal ingredients of 
this deduction are Jiven in the following diagram: Pig, 2h. " 
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Figure 2^+ 

Does Newton! s theoretical value for g-. 



coincide with the experimental 



value? Does the formula check?. This you can find c^t for yourselves. 
Newton's, data are:^ 

the: rfi^ius of.the Earth, r = G^ZlQ^x-lO^ meters 
•the distance ;pf the Moon from the Earth, R = ^Qk.k X 10 meters 
(so that -the Moon distanop from the Earth is about 30 times. the Earth's ' 

diameter): and v _ _ 

the period of the Moon's orbit, T = 27,322 days. ' - ^ 

All the data are given to 5 . significant figures, exOept ,R, which is given to 

So work to 5 figures and your answer (supposing no/ar^hmetical mistakes.) 
will be reliBble* to Secondly, if you know the dimensions test, apply it to 



(l6) to che^k that g. 



is the sort of quantity it pujgit to be, namely an 

' -•■ 145 I 'm ■ 



t • -2 ■ ■ ' ' ' • • 

acceleration, LT • I shall illustrate the importance of this procedure -in 

the nexjb, section, Section 3. One more question: How cani be determined 

experl|jentally?. Yes, "by a pendulum experimisnt . ' This also we will consider 

in the next section. g„ is 9.806 meters/second^. (Cf. Frincipia , . Book III, 

Proposition IV.) 

, To Ws consternation, when Newton did the arithmetic the etnswer did not 
come out close enough to the observed value. . This set him back eighteen years. 
The thieory must fit the facts; this is the scientific attitude. 

We must mention that Newton was reluctant to publish for personal reasons. 
Sensitive, reserved. Indeed somewhat of a secretive nature, he had a strong 
distaste for controversy and with good reason, ^is previous publication, of 

.his Optics led to a violent quarrel with Hooke who was all too. apt to be. as, 
bitter as he was brilliant, and his discovery of the calculus to gimilar 
unpleasantness w3.th -its other discoverer, Leibnitz. Yet while it is true . 
Newton was reluctant for fear of further controversy to publish' his Frincipia , 
that his derived value of g^, conflicted against the^ factual value was for' 
him in^ itself sufficient reason not to publiSh. Because wrong in an important 

.particular he would not publish, yet if* right he would have been rieluctant. 
So much of Newton* s theory fitted so well that he asked himself if the 

•^data applied to (16) were well determined. T, ■ the period of the.'Moonj was 
known with fair accuracy from Babylonian and Greek times; the determination 
of r and R, oonsidejred earlier in these lectures (cf., Eratosthenes;, 
althou^ only roughly deterniined;-by the Greeks, were known -with but slightly 
better accuracy in ^Newton^s day. He decided that r was probably ill 
determined, and kwaited.its redetermination by a scientific expedition. of the 
French 'Academy to South America! for this purpose. Their evaluation of r 
gave his theoretical value of g^ ' close . agreemient with the experimental 5 the 
theo^, 'but not Newton, was ready for publication. : Finally, at Halley's 
insistence and expense> Fhilosophiae Naturalls Frincipia . Mathematica was 
published, is there an inverse square law of publication that an author's 
urge> to publish is 'inversely proportional to the square of his work' s merit? 
, The thoughtful reader will note a few nieglected circ\amstancesi for exam- 
ple, formula (16) is derived on the assxamption that the Moon moves uaiformly 
in a circle, yet if .Newtoji's .theory is correct. the Mo6ii*s motion will be in- 

• fluencfed to B very mino.r extent but nevertheless influenced —sby all the 
planets and all. the stars in all the galaxies. * Secondly, what is "the correct 
value of g^?y^ Since the Earth is not a perfect sphere, r, and therefore • 
g-j,,. vary, ^i!here is another reason; the rotation-of our ..Earth gives my 



falling ehalk a .centrifugfLl acceleration, so that g^. Is dependent upon the 
latitude. And then ,,,, "but you can. find others for yourself. Isn't it' 

a wonderful thing that idealization enables effective investigation? For 

.— ^ f - 

\otherwise, sturely Nature's conrplex^-ty would bury too deep:liet';iavs for man 

• ■ ■ ■ ' . >' '•■'• '^ '.■;"'■■■•>'?.■.■ ' 

to piohe, .-h •■ '}*■ yr''- '''^ 

^ ■ . ■ ■■ ■ >%:^:;^=^^ ;^-^> 

3>2>g Hindsight and tbresight /.""/^^.-fri'^^'r;^:^}^ ' 

; Newton. was not the only one, nor the fj^s."b/.'to conjecture the Inverse 
.Square Law. His brilliant scientific friends, Halley who oh the basis of 
Newton's mechanics made with spectacular success the first predicti9n Qf a 
comet's ret\im, Hooke who Is remembered by his Law of Elasticity tl^at the 
tension of a wire is proportional to. its stretch, and Wren whose soli^d mathe- 
matical achievements are overshadowed by his architectural, all thoTJ^t of it. 
The crucial difference is that they leLcked that combination- of insighib aind 
"mathematical ability necessary to lock it in with Kspler^^ laws, Newton 
turned the key, his colleagues couldn't; they cduljdn't find a key to tijm, '■ ' 
In retrospect, Newton's theory seems obvious. How could it possibly have 
been otherwise? . Oh yes, told that this is the key to turn, and this the way 

to fit.it into the lock, the rest is obvious. It is tempting to say that 

0 ■ 

Halley, Hooke, and Wren also found* the key-- but wouldn't' this be misleading, 
really? What use is-a key if you cah find no lock for it to fit? 

Keple.r also thought of the Inverse" Square Law; he thought of it^ firsts 
It is interesting to see how he arrived at it and especially interesting to 
see why he rejected it, ^ 

Kslpler regarded gravitational attraction as analogous to propagation of 
light. His analogue is concremed with the intensity of propagation. Let 
us- ititroduce this necessary preliminary. 

It ig an inescapable observation ^that the Sun emits light; . without sun- 
light there would be no life on Earth, ' Climate is relatecl to latitude, for 
on. latitude depends the angle at which the Sun's rays strike^the Earth,, and 
.on the angle depends, the area of tlje Eai:th's surface over which an incident 
beam. of sunlight is distributed. See Fig, 25, ■ ' ir 



.ri Figure 25'- 
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^ ■ ' ■ ■ ■ K^- • ■ ■. 

Because of tlie Sun's great distance from the Earth; -♦its beams, e.g., B, B', 
will he sensibly ^rallel. And supposing, as seems natural ^"^'^Jiat the Sun 
radiates Iigh1?..0i5,uklly in. all directions,, beams : B, B», if of equal breadth^ 
will cc^ain eq"uki q\3antiti©0:p^vsimlight.^ Equal quantities which<a^ dis- 
tributed over uneqml areas," for obviously area ac is less than a'c'^.. 
*Vith the sunlight, more thickly spfead, loaore heating; the tropics are' hotter 

than the poles. Thus the concept. Vi 

^ ^ x> -. 4 quan tity of light 
Intensil^ of sunlight ■ = ^— : — r- 

. ■ ; : ■ ^^^^ fj^^ i, ' 

naturally presents' itself. But, 20 units of. light fallljag' imiform^ on 2 \ 
,sq\3are centimeters is . 10 units .falling on each square centime^;g'j^i-e. , 
' . ^- intensity quantity of light per uiiit area. : "'^ . 
It isVnot necessary, for' pursuit of Kspler's line of thought to consider in 
detail how the quantity of sunlight is to be measured or the unit Jpi^employ. 

■ Consider now the intensity of light falling oh a pianet P at. a 'distance 
R from the 3un. Let S be the total amount of light emitted li^jT/.the Sun. 
Again, as seems natural, we suppose this to be radiated equally In a;ll direc- 
tions, so that the intensity will be the same at "all points distance R from 
the Sun. But- these points, or to be more precise, the inmediate neighbor- 
hoods of these points, constitute a spherical shell (with -center the STm|^.,,, 

* ■ ■ .■ ■ • 2 - ' 

■ .whose radius is R and whose surface area, therefdje, is ihrR '.. Con^'eijiu^ntly 

*k • • ' S ' 1 

. * intensity of radiation at P = ^ • . ' . / 



^Xi.'iSvi 'thV^ proportional to the square of the distance i 

•V between the . pl^^t^' T and the Sxm. See 51g. 26. g ' 




' Since light is radiated from the S\m* ctcpording to an inverse fi^iaare lay^J^ .; 
. -co^id npjt^gravitatio slMlarly. '^radiated"? Kepler thought- ;: 

carefully aWiiti; ihe 'po^^^^^ jras dutibW-- arid hso >mj,ssed a great . ; ; 

\discoveii7. ThaJ^*/.He.,did^^^ r^ttjep: 'that he was duMouisy'^i's to his credit; >, 

,he mistruBted ; th6 <t^ea 'Tor a', ve^tjr. gppd reason . Sis ■ reason? -^Mt;* ^i;hpu^.' ■ ■.. : 

during' a solar eel ipiie the. Mdpn- 151003^8 the Sun's radiation 'tbVpait;^ of ^^^^^ * . " 

Earth, there ±$ no diScDnjt^nuity; in-^^ Eai-th's motion. If gravi^^ 
■ attraction were radiated as light is ;- j?adiated , this tpo TOTjid-.b^/^ten^ora ' 

blocked by the Mopn, go that during' -the eclipse it would discpntjiji^iB. -i-fis . 

•ifelliptlcal orbit about the Sun. But, tt. doesn't. ' Therefore, 'gi^yljbiatl^^ * 

attraction is not radiated a^ light is iadiated. See Fig. 2?. I 
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Kepler's argtonfent is a good argument; do not let hindsi^t prejudice you 
agaii^t its merits •: ^ny fool can be wise after the..pvfent.^ Try. to view, t^ 
problem anew, Thait the Surf .;can keep the Earth in orbit and the Earth : the 
Moon without any material connecting link, is, to" say the least,.,, a most my s- . 
"terious affair. It has been calculated that a steel -G^Jjie, eqml .in -cross 
section* to the Moon's diameter/ would not, fa^tejied . from .Earth to 'to b'e 



can 



strong enough to replace the Earth fs gray itiationajL jjull on the Moon. ^How- 
empty space '.be stronger than steel? The notion haj3 the^imprdbatrility of 
H.. G. WeJ.li^' Time^ Miachine .stories. <. . 

' Only a lunatic or a genius could believe? the Mbon "{iQ be, kejft in orbit 
by force titosmltted throiagh empty space. "Kepler, not > lunatic, rightly 
'rejected the .inverse square conjecture; -Ne^vton, not a lunjat.ic, rightly°a"c.- 
•^6e1ited it. Kepler's conclusion was right relative to rhis partial- iinderstand- 
•' ing* (arid partial misconception) of ,,tj;ie pi'oblfem. Newton iwas' justiffe'd for 
he if you will pardon the colorful phrase - - .Ws np-fe^piis;Led by that ted 
herring;^: whi-jte light* * Her«,aw clearly\ what Kepler could ,ncyt ^appreciate j^v^^^^^^^ 
that ppnsedtwent . upon Galileo's Law of .Inertia, an orbiting body, Inust ihave' an 
■acceleration towards the'qpncaVe . sid^ Of -its" path— and *we> ate'-b^cjc tq. the ■ 
\ falling, apple, tile", c^ ' 

The rest Of the stpiy'w^\know''. eageif-utj^aizatlon of. Kepler's 
three'^laws. Yet it would be a mistake to suppose/that Kepler's workB^dis- 
played his laws for tlje convenience* of posterity; chameleoh-like they wer^ ^.^^ 
.camouflaged .l?S';ty^lr context. Keipler, tl^e last in the great lythagordaii--' 
trad3^t?ion> hkd the magnificent ambitldn ';t:t^^^^ the whole univet-seT-lockr," 

st6c5;^>;ahd barrel, in one devastating^^' ail-emVracJ^^ synthesis-of geometry, 
musi6, astrology, astronomy and epistemology, ; ; Ife^Abn'TO ambitious. In 

Kepler's Harmony of the . World (1618), the Sequel- to his Cosmic Njystery iXi'9J^)^ 
' '^aia'd t heV c ulminat ion of his lifelong o^s e ss ion • t o e st ablish the ■•harmor^. of - n 
the/'i^6eres (Tor details,- again:, see' IGpestler'sy ^rhe; Jifetershed ),.;^ laws -are 
//a.^small part of the flo1;sam and;pets^am.t:ast iip by Mfe restless: glides of 
^tKbijght* It r^aoaineci for- N^^ pick bvi^r* the'4riftwo.od. \He was a , . 

" l)eachcomber of geniiis. . .v... . .,.' ' . I ' v 

And how shall we best: reipemiber him? His friend Sir Christopher Wreri, ' ; 
, architect of, St. Paul'ff Cathedral and hosts of other; famdvid :>uildihga;/Va^ ' . 
fond of saying , "if you want to slee'ny .monimLents, .look around ydu," . Weir^' 
.;Sir Christoipher , alive to make that remark to Sir Isaac today; ' pne can well 
Imagine .the. latter's.retoa^^ .• arshrug of the shouCders fpjlowed by .a sly .jferk, 
of the-head. Iri/the directipn'of {.to^^ Sputni>:s, -fjuniks, and Telstairs. . Daily, 
■ his' monment^be^bme ;mor^ v ■■ •• ' - * ■, " y> ' 



'.•••:;•>;' ■ >.> ^ V' Section 3 > The Pendulum / 

r . — . ■ >; . . ^ — .......... 

Primarily for two goo'd reasons ve tegin this section with the '^'common or ' 
garden" variety Of pendulum such as makes ar^ -grandfather's clock go tic-toe, 
tic-toe, and was used "By^ Galileo in hik^experiments considered earlier: \ 
firstly, because derivatlbn. of tihe right kind of formula'''-fo.rviti3 period of * 
• oscinatiori'-is .^fie classic illustration of the dimeusions '"^est; secondly, 
because thij^, ^feormula is essential to verification of Newt on »s 3^w of Ifeiversal 
Ci;mvitaiion ty pendulum detep^ ' 

3>3*1 The DimensiQiis^Test ' ; ' ' ' ' . 

This; has nothing to do with the Hollywoo(i, directors »* measure of a female , 
'filmstar's pypiabl^^ljox office appeal; .it is. a' test to ensure that fo'rmulae • 
make sense, ;1jhat t||Q^quahtity indicated by the left-hand side of . an • equation 
is of the sam^'^kin^. or ca^fiegory as, or is syncategorio\is 'with, that indicated 
"by the right,' . ^ . - ' 

■ ' • r • ' ■ ■ • 

For example, suptjose? it- conjectured that the . volume- ^ 'v of a sphere is 
given' "by * ' , 

Vhe!re r is^. thevraiius' of the sphere' and ..c 'a specific (but here urispeci- ' 
fied) number independent of r. Since r -is a length, r is an area, 
aftd' c • r a larger or smaller area than r according as -c is greater 
.•qr^less than unity. In short, the,, formula states that a volume is identical, 
wltl^^an ar^a, or that a quantity measurable in cubic -units ' is the . same as a 
quantity measurable in square Units,. Isn't this aji absurd thing to say? The 
quantities are not ^syncategorious, they are of different kinds, 
Contrast this formujk;' foj^.^'v with 



. Hejte V and^ c • r . are both, measured in cubic units, so that the quanti- 
,,ties are of the same kind and therefore comparable,. The foimda is the 
right kind of forniula, it mak^s sense, If^ c'-= "lit, we have tlie right formula 
of the right kind; yet note that if .c is'\^aken to.be any'other number, say 
l6]t , -.the formula still '^makes, sense. ' It happens, to be false; we have a wrong, 
formula of the right kind.. Conceivably c .coijld have beeno- l6jt; what is, in- 
cqgceivable 16 that, for- example. 



^ V =-lojr • r • ' ' • • , 

or • ■ • ' . • A 

- • ' • .;. V Y = ^-^ ■ . ■ * 

It Just- d,pesn»t make sense to say that a vpjLume^ls equal' to 'an area; the 



quantities are not syhcategorious, tho^r cannot "be comijared. Likewise,. "the 

t^en-agfer who says that his age is fourteen hundredweiights has confused his 

categtg-ies. • .. * . • ^ • . ,. • 

The dimensions test is 'the basic "logical grammar of phyafLcs-, Although^*' 

unfortunately, it does nQt ensure thaf; our equations /must be true> -it '.does g 

■ . -I • ■' ' • ■ ♦ • 
ensure that they do .&ial^e sense, that they could ^conceivably be ^rue. Tlje 

' ' * ... • • » * • : 

dynamicist^s- working concepts, for example, velocij^ty, acceleration, . force, ^ 
impulse^ work,' mjpraentum, .eaergy,. power, ra^y each-'b^ defined ig terms of (^at 
most all three #r.) the .basic concepts or dimensions, ^l^ngth; mass, a!»d time.^ 
For example,^ . . . . , *^ 0^ - ^ 



kineti^ 'energy = ^ 



■ t 



. where^ of course, ;n is the mass and v the velocity A questior^. But,^^*'.- 
velocity is defined ,as displacemenip or length per* unit time. Taking^ as is 
usiiai, the letters L, M, and T ' f or ^.ength;, mass', arid time, velocity is 
indicated schematically by . ' • ' * 

■ '^-or L'/K ' ■ .• ■ • 

' It has'l dinfension'of length, -1 dimension of time'-- and, if you ^d.sh to'be 
fussy, ,0 dimension of mass, for it S:_ dimensions "could be indicated schemati-. 
• cally by / ' - 

. ' * • ^ 2 

Consequently, proceeding schematically, for-/ v we have • . 

. • . . (L^'* mO . iT^f or • mO . • ■ . : 

and, for kinetic energy 

or, respecting the alp^iabet and ignoring the'^pUre number ^ (since this affects' 
only the amount of the quantity considered, no^i its quality or category; 



-•. Next, let us check the dimensions of .(16), the fonmila so important for 
Newton's verification. Since acceleral^ion ' can be measured in pm/sec the 



dimensions of g„ may evidently be iridicated schematically by 

.. . L - ri 

• y . ^ or L . T . 

.* • * . ■ . ■ ' ' • 

But, proceeding schematically, ' ' ' 



■■ Check. 'The- test does not. sho;^.^th§it n^he fonnula is the correct fonnula, 
but It does show .that it Is the right soivt 'bf formula, that it makes sense. 



Had the test failed the formula could not have made sense, it woiiLd have 
been absurd. The test is a necessary but not sufficient condition for correct 
f orinulde • ^ " \ 

Let us sum up: Any physical quaiitity Q has basic dimensions, a, P, " 
and 7 of length, mass, and time (and there are no others). Schematically 

And, 'if ; 

Q and Q* ' are qimntities of the same kind (but not necessarily of the same 
amoiint) if and only if ' ' 

' d = a% p = PS and 7 = • 

3,3»2 Simple Fendulum-'s Time of Swing 

As with Galileo's pendiolum experiments 'we suppose .idealization, that the 
frictional resistance of the air, the weight of the string, and the dimensions 
o.f the bob may be neglected. It is of course essential that the bob be 
heavy; with a feather for a bob air resistance is obviously not negligible. 
We suppose the length of the string to be i * See Fig, 28, 




■ ■ , ■ ■ Figure 28 ^ ^ . 

Our problem is to find . T, the time of ^ swing, or more solemnly put, 
period of oscillation,; of the bob. By this we mean the time of a complete 
.swing, from A across to A* ■ and back to A, , as when' a grandfather's 
.clock goes, tic-toc^ti6, Uhls point is of importance as many textbooks give 
'a formula for only a half-swing; tic-toe without the succeeding tic. 

On what does T depend? We must make a conjecture; to jug hare, first 
cfittch your hare,: j 1 CT 
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Let us "begin with what we- know., congenital physics, v Isn't -there some 

analogy "between the swing of a pendulum and the swing, of the leg as one 

strides along? Even in this car-ridden country motorists become pedestrians 

to reach their automo"biles. Haven't you ever lingered at a street corner 

to observe hov people walk? Presumably ^Aristotl^ did - - for he observed 

• -v. . ■ ■ . ' * • 

that there is a minimum speed at which one can wEijLk, Also there is a comfort- 

. * ^ ■ 

able' speed for each pedestrian, when the swing is natural and unforced; 

short legs naturally" swing more* quickly than long ones*.- . Doesn't this* suggest 

that a pendulum's time of swing depends upon the length of its leg? 

The simplest assunrprtion, that T is directly proportional to i , is 

. disproved by a minimum of experiment. Yet T cleariby depends on i , so 

what is the next simplest conjecture? Let us suppose that T is proportional 
• . ■ • • a . 

to some power of i , say i • • 

On what else does T depend? Does it depend on the fiass of the bob? 

By experiment (keeping i constant) we find that provided the bob is heavy, 

theretiy keeping air resistance relatively small, it does not matter how heavy, 

V/hat else? If there were no gravitatiofial field the pendiolum wo\ald,not 

swing at all. So, supposedly undftr a very weak gravitational field it.,wo\ald 

swing to and fro erer so slowly. Doesn't it see^ reasonable to sujirpose that 

as g becomes greate», T becomes smaller? "But the dependence n^d not be 

simple inverse proportion; so let us suppose, that T is proportional to g^, 

where p is expected to be negative, - ' ' a 

■ Thus we* have grounds for con jej^turing^ that T is proportional to i and 

to g i> but independent of the mass of the bob; i,e,, that 

; ^ . , ' T = ci^gP, ■ . 

Have we taken all the relevant factors into account? Not being able to tjilnk 
of ainy others, let us apply the dimensions' test to this equation, . 
Schematically, for the left-hand side we of course have - 

''7 T = L^V, - ... 

And for the right-hand side? c is a pure number and only affects the amount, 
not the qmlity, and so may be ignored, g can be measured in cm/sec , so 

that its dimensions, as we ought to expect from Galileo's work, are those of 

-2 ■ ■ . 

acceleration, LT . So, schematically, : 



= L^P - T-^^ 

which, making fully explicit that the formula is independent of the mass of 



Ik6 • • 

the bob 

Consequently, T ar.d ci^gP have (as stated in the- last paiugraph of, 
Number 3.3,1) the same dimensions of length only if ' 

0 = a +p 

and the same dimension of time only if 

\ . ■ 1 = -2p 

(they already have the same dimension of mass, o), ' 
' Prom the latter equation 

negative as we anticipated, and from the former, ' ' 

■ ■ • ■ 1 ■ . ■ .■ ' « 

■■ . ' • « = -^i ; . -! ■ . - 

giving ' ^ " 

i.e., " , ^ ■ I 

T = c^ • ■ .(17) 

Oh yes, our conjecture vas daring — yet there was nothing worse at 
stake than the possibility of being wrong and having to think again. ' As it 
happens our conjecture was fortunate. It remains to deteimlne the numerical 
value of . c. 

.Mai^y dynamic ists .of ability tackled with unsuccbss. the problem of a for- 
mula for T- Galileo came clbse to solving it', yet never quite succeeded. 
Its conqjlete solution demands use of differential equations. Finally it was 
deduced with less than, full rigor by Huygens; his working knowledge of the. 
calculus was not quite adequate for a fully -explicit derivation. It turns 
out that c = 2jr and that the formula is accurate only if the oscillations 
are small. \ It would .not do, for example, to have the pendulum swing through, 
half circles, but wh^n the. pendulum string does not oscillate more than a 
few degrees from the vertical the formula is quite accurate^ even for scien- 
tific pu3;:po5ea,, Soj for small oscillations, 

4 

3.3.3'^Petermlriatlon of g by Pendulimi Experiment 
. An explicit formula for g is Immediately available. Squaring (18), 



T ■= atVI (18) 



ERIC 



SO that 



Thus g, (for here the suhscrlpt of in .(l6) may he dropped, witho^It / 

cpnfusipn), so essential to. the verification of 'Newton^s, theory, may he oh - 
tained experimentally hy ohservation of a pendulum's period ^f oscillation, 

Th^.accuiiate measurement of -6 is no prohlem, h^It how is T to he me^^^s- 
■ured accurately? Obviously, to take, say, one hundredth of the time of one^ 
.hundred complete oscillations is hetter than to time a single oscillation, 
for then the error in timing is, so to speak, dispersed over a hundred indi- 
vlduai; phservations. Aiid io determine the hohi's return to a former position 
it is hes't viewed against the hairline of a telescope. It would not do to . ' 
j3et tlie.^^irline at A (see Fig. 28 again), for air resistance though' small 
does j i§v ^a'^ on "^^^^ ^ ^^-^-^- ^^ they gr ad ually heco sg^ 

smalIe^^ ...Ehb^ obvious posit lonT for the hairline is B, along the vertical 
throu^'We' tbh's point of sujpport; for the motion, as we know from Galileo's 
experimelits, is symmetrical ahoiit it. 

.3.3.4 The Conical Pendulum 

The determination of T, the period of oscillation of a conical pendu- 
lum, is a somewhat similar problem to the determination of T for the simple 

.pendulum, hut has the advantage that we can solve it completely even with 
the mechanics of the preceding lectures. 

First, what is a conical pendulum? The apparatus is that of the, simple 
pendulum; the distinction lies in the ^th of the hoh. If the hoh swings to 
and fro on an arc of a vertical circle, the pendulum is simple; if it rotates 
in a horizontal, circle, the pendulum is conical. Suppose a hoh B to he . 
suspended from a naj.1 in. the ceiling N hy a string ITB and let C he. the 
foot of the (vertical) normal In the horizontal plane through th^* initial 
position B^ of the hoh. See Fig. 29. , ; , 
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Figure 29 

,Iiet B start, jfpx^^m-.re'lBt and it will swing to and fro in an arc from Bq of 
v-a:*:cli;cfe N and radius ■ NB (or .KB^) in the' vertical plane NB^C: 

have .a simple pendulum. Alternatively, give. B an appropriate push in 
. the horizontal direction perpendicular to B-:C and (suppo'si^. the string 
free to swivel at N) it will rotate -in circles of ^^ii'^rit^rHv 'C ' radiuis* B-,d , 
in the horizontal plane, through B^: we have a conijdi^t jp^|p^\ai\m\' Cj^,^^ 
circles C, NB generates the lateral- surface of a cone; ,the term conical ts 
appropriate; ' . p ^ , * ■ 

already mentioned when speaking of Galileo, as well as being simple 
the apparatus is Inexpensive. Here is another experiment you can. perfprm^for.- 
an infinitesimal outlay provided that you already have a/roof over yotirr* * 
head. ..Moreover, in contrast to make-yoiir-own-atomlc-pile' .es^periments^ . tii6i'6 ^ 
is no risk of burning the house down or blowing the celling up; althougb not'/ 

destructive. Instructive. ' . 

■f ■• ■ ' • . ' * ^/ ■■ 

Yet even without- performing any .fire-proof experiments we. already Jmow, . 
willy-nilly, something of the results by congenital' mechanics.. Supjc/se the ^ 
horizontal circle of rotation of B to be such that KB is Inclined at W ' 
angle a to the vertical NC, i.e., such that, a . is the seml-verticajL apgle- 
of the cone generated' by the string. If a is increased (with the leftgth of 
the string Invariant) .-will T, the time of revolution of the bob,' increase ^dr 
decrease? Part of the answer we can feel with our muscles; tbfe nearefr ^B«s.V \ 
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jpiiane of revolution to -the ceiling, the greater the thrust to get it started, 
'Could we get B to rotate in the plane of the ceiling? Can't you feel the 
^(Situation? No, not quite in the plane of the ceiling. To get B to rotate 
in a plane Just heneath the ceiling would require an enormous initial thrust, 
'Bon't. your muscles ache at the very thought of it? And with an enormous ini- 
■tial thrust B would rotate with enonnous velocity. So? We conclude that 
*the nearer a "becomes to 90 , the neetrer T hecbmes to 0. T depends 
on a, : 

On what else does T depend? Consider a limiting case. If, in the 
complete absence of a .gravitational field, B is started on -a. horizontal - 
circular path at the ceiling, it will continue on this path for there is no 
force to pull it down, ,. So shouldn't we expect T to depend on g? 

Next suppose that a is kept constant and. that ^ ,^ the length of the 
'String NB, is increased. When & is increased, the radius of B*s hori- ' > 
zontal circle of rotation is increased. With a short string, Jiist an inch 
or two long, would B heed a smaller or a greater* push than it the string. * - 
I wex^ several feet long? Your muscles tell you that the longer the string,- 
the greater the fprce; The greater the force, the greater the velocity. 
But there; is a complicat ion';*^ the longer th^Vst ring, vthe greater the circiim- 
fei^nce. oif the . circle of oscillatioriv. So,';the farther the hoh has to go to 
pomplete ail oscillation, the faster lt*goej5. Does the increase in velocity 
•mor^^thanVcoiAj^sate ;pr less than compensate for. the increase' in distance?' 
'Doe? T dec^^i^^e as V- i increases, or does it.:ihc;3:ea,'se? What seems unlikely jV- ; 
. isl'tk^" tjie-^^^^^ iijL velocity with increase; -ih^^^^^ for V^.;;- 

. the/liidj^se in'^^^^^^^^ T /rlnde'pendeht of 

:n]fi;'5Bie«t, it;^^^^^:^^ prima . facie that '-/iT .-depends on. i as well /as on • 

■ g and .^a;, ■ -"R^ formula for T* for-.tjie simple pendulum and remem- 
bering ^^the'dlmbrtsi^ \s it »;really too. Wild a conjecture that for the . 

■ . ■ .' v/'r^^ ^ 

where ffa) ' 4s^ o^^ .Bev1:hls ,as it may, it would ^.appe^r that 

a cbrreci:^fbiTnula1;lpn^p^^^ \;; ■. 

■ *^/.--^^w-%'-^ ^Qiven: 'a;/"-yg> . X'- -vi^r^'^^ Find .. T 

Take toother look; .^tJ^'Pifg^*' ^'.2^^^^^^ complete indifference 

• ■ . ^ ■ ^ ,.v^>'V"'- .i:rvv'!:-' ^^'^^^^^ ■ ■ ' ■ 

whether w6 start-the bpb.-ro^ Whatever forces are 

acting on B i initially^. will CD'ntipue!:to,'a^^ forces are introduced. 

By the Law of Sufficifent\(o2ri''$^sUf^^^^^ is no reason why the 
. motion should uot;be unif6?^^A motion. 
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Ve recall Newton's argument for central acceleration so that B inust have 

a centripetal acceleration- a, and that according to Hain±lton»s hodograph 
deduction 



where v . is the initial horizontal velocity perpendicular to B^C and 

But how is this acceleration caused? g acting vertically (downwards) 
has of itself "rib horizontal component; there must he a second force, J If N 
Is not securely haorane red into the. ceiling, it will he wrenched out by. the 
motion. There is a tension in the s.tripg. Thus a is the resultant of / 
two forces acting on B; g. "vfig^icAlly downwards and the*^nsion in. the 
string obliquely upwards, ^^y^c^m^lete thel^parallelogrELm of forces:^ .See 
.Fig, 30; ' 




From the obvious geometry of the figure BG ' 
riglvt ; ABN'C', ■ '^. -^ 



tan a = 



so that considering/ the 



g- 



We have related, a. , to "the- geometry' of the; figure, ■ ■. 

Our'problem, remember; -is to .find ..JT supposedly In term^ of . i, 

and g. So far, we do not have what we must ha.Ye^\^n etLiiatibn contairiing 

T. and we do have what ultimately we must not haie - -the intrufidon of v 

g,nd r, We must introduce T *tod eliminate v and rV-"* Can we kill two-^ 
i> ■ ■ • - ■ • ■ _ ■ . . 

birds with one stone? Since the.motion is uniform. circular motion, 2jtr 



0/ 



being the .circumference of the circle of oscillation of radius r,: we have 
\)y 'definition that • 



2jtr 
T 



Do we now have enough equations to find T?^The business of solving 
problems is so iiirportant to ipathematlcians, amd the business of getting into 
formulae problems stated in words so important to many who are not primarily 
; " jnathematicians (such as engineers and chemists) that it Is well worthwhile 
. . to empjiasize by tabulation the role of our equations and how we obt:ained 
them. We tabtiSalir^: / , . ' .-^ . • • 



a =-r 



-gr' tan a = - 



g 
T 



from dynamics: the principal equation 

by geometry of vector -^triangle 

■ ■ • ^. . • 

by definition. ■ " _ , ' 



. y Ebw many quantities , are there? Six,, namely, ^a, y, r, a, g> and T, How 
mfibby:%Q£» these are knowii?^^, Two, pamely, a- and g*. v' So that le.avea f oux un- 
.:■ •knoWs/ '^nomely;,'. a, v, '^■t, ' and T. Primarily we are interested in T. The 
I .offievpf/a'. a, V, - and r,-/ are only means to an end, so' let uB:- t.<5ria:them,auxilr ;- 
, V i^r^; ,;un^ their role^s to help solv^ the problem, Yet'claj^ract.erizirig-.;^ 

will not alter ''the ;fact/,ijiat w^ we do have fqur.\^^iriowns. we 
l^Ve 'ohiy three equations,. We ne.ed a fourt ■ ■^'■•^ '''' \; 

What quantities oughtVthe f 9.1^^ In mathemticaj.yif ■■■ 

^ot /in 'metap%.sics, it i^''.^^^ to be clear .yhat you. are doing. Agstin , 

. We xecaiS'ithe/d^ . ' • ' ; '■• 

'Find T • ' 



•;.Nbte that^.pi^^ of six quantities dpes^^not contain 

• 'is given, it lias ''not been taken. So look at 'WB' in Fijg. . 30. 
relation involving £f is . 

■ - • ■ . r ■ ■ 
y >. . . sin a = - - . 

■ -We have obtained a fourth equation which introduces & without intrjaducing 
.ahy new unknowns. Ibur equations, four unknowns; the stage is set for the 
determination of T. • , • ■ 

• it is my personal opinion that there is nothing of greater importance to 
. be taught in matheinatics to the high school student than th^ business of 

setting up equations,^ For better oi for worse, whether we like it or not, 
" we live in a technological society that daily becomes increasingly so. . , 
Although your typical student will not become a professional mathematician. 



Given' ' ,a>' g, i 



' • Although 
An obvious ' 
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. .the hearer his future field gt endeavor to science, the greater, his need to 
inideiistand textbooks, aanuals, Jpumals, and articles in which mathematical *, 
foimu^ are steadily "becoming more numerous. And unless he is to rest con- 

. tent; tliiroughput the whole of his life as a non-contrihutor to his chosen 
field, lie T^ill at least need be able to set up similar equations for himself. 
It is not in" the nature of intelligent man to be a spectator to life. 

To repeat a point whose importance in view Justifies its repetition; 
without getting ;Jio^ understand what a problem is about, and what is relevant ' 
to it and (when appropriate) translating it from words into formulae, there 
is no mathematical education;' OThat most of .the word problems in the tradi- 
tional textbooks are so boring an'd useless does not ,4|nvalidate^i5i/' point: of" 
course,; the problems must b e intell igently de^i^ied. Is it not 'significant 
that even at a time when .technology was att^hdiilg an antenatal 'clinidy 
Newton, . Euler, and Descartes each thought:; tte^^^ of solving "word 'problems 
and the setting up^;9f equationsk:::suffl:ci:er^ to Justify hij^^uthor- 

" ship? • ' . ■ ■ r • :.^;-';c\v''^■■^^ ' ■ * . • V^t^r^ . 

.We retiira t^i.tH^^.^ of ViPv ^iSrom' Jthevsecq^^^ 

■ ''-^^ ^ ■ gtan d = 'aV . * ■ • ^ ' ' ' ■ ' . 

Substitut*iri^g.•for^?"a- ' ih the first equation, . • • 

■ ■ ■ / ' : ■ • 

. g tan a = — ^ 
Squaring the third equation and substituting for v , . 

gtana =^..- = ^.. r..c 



so -that , . 



g tan a 

Finally,, from the fourth equation, 

r = i sin a 

sortliat ' ~ 



ro. 



giving 



g . tan g 



(2a) 




That (20) is- of the foftn 
where .f(a) =..^cos a and is of zero dimensions confirms bur conjecture.' 



A consequencie of (20); as a- ten^.^ to 90 , cos a , tends ttf^^yV em4 ' 

•consequently so does .Tv^ For tbe .bob to. rotate in the p^ane^ "qf ^the . c6l!^ ' 

lts'*:v6locity would nefed be Infinite., Mathemt ical dedutiiion" sup^i?ta ^ 

perception. • . . ' ' V - 

.•■ And the other limiting' case? As^?ja tends to ' '0, coe d tends^ tp', ly-; a3aa 

• • . TT i'c.' J ■■ .-wN. ^ . 

consequently T tenSSi W^^ Thus, morst curiously, when the circle .of- 

Oscillation becpmes :^^m^'a^ the period-ts;. the .same as that of the. B«iinple 

p.endulum,. '''zf^ ■ ' • 

-■'*^: ;.,In conclusion^ ^jio"^^ of the conical pendultim for.^ewtcgi's 

Theory. ' He'ife'.i^s s ljn$iev?^jTionst^ io n o f the- necessity for a c^f^jripeitaT 
acceleration ifor^uni 



^ ;^l^c\LLeir motion, a limiting case of planetajjiy' motion'. 
Reconsider. the circumi3tailces..of Fig.' ^O/^a in.Fig. 31.» . - 




Figure 31 



The force Of gravity g * acting on 3 may be decomposed into a force BN*^ . ' 
acting along WB aijd a force BC along BC, as is indicated by' the paral-. 
lelogram of forces^*"^ The 'first coi^nent is utilized in keeping -t;he string* . 
taut. What about the "spare" force along BC? This provides the centripetal 
acc elerat ion nece 8 saiy for -uniform circular motion. 



' . . ' Section 4 . Escape Velocity 

This, section, despite its title, is not about the rate of departure of . 

a convi6t over the penitentiary wall. Our concern is much more excitingj . 

0 . • t ■ . . • ■ ... 

namely, the velocity necessaiy fox a space capsule to escape the Earth's 



16; 



•15*^ 



■ 'K 



gravitat ional piai • ■ Mt hough; coiivicts have- .TSeehVeiscapipg f i^^^^ ji^riit entiafies , ' 
for as long, as .theTe have' beeii :p'^^teft^^ e'scape'-f rom,\\lt ■ .. 

within the last few years' *t'hat techn^ 

erat ion. of the 'fejctremely high velocities';.tD. |)Xit satellites into , bfbit abcxut •. 
the Earth and to, send- rocKets.to the .!tobn';and to. but^ What! was . 

..science^l^fiction is 'rapidly "becoiijdLng faci ; the other \side , of the toon has been . ; 

..photographed. The space race is supplanting ■the^^:^^^ in public in-. ; 

.terest'; we.^live in the. Satellite Age^ \ | : ^ ,;. . - '". ' • : \ • ^ 

Wi^th ever increasing frequency projectiles ' are into'-Space', " / ... 

Your studenl^s, st'lmiolated by newspai)er, radio; arid television, reports, will . , 
have eager curiosity to know more. Your.. better students will dsk you better 
questions; among others^ questions bearing .on- the relevetnce - of mathematics to., 
space ti^vel, " The answer to many such qiiestions^ a ^difficult cQinplex of 
differential equations, but happily there ar« .^pte such 'topics of ;^ / 
mechanics amenable to elementary treatment, ..An- especially ami^rjabie topic •S.s • .. 
the velocity of space capsules, so let »\is' consider it, ' / ; .V -.'i' Si' 

We. begin by distinguishing between orbital .and escape velocity;* by .th4 v^' • 
former we mean the velocity of a satellite in . orbit :about the Ife'i^ti^y.'^b^^^^^^^ 
latter the velocity necessaiy to escape from the 'Bart,h*s grayit^tioiial-'f i|id *" 
to outer space. . Alternatively^ we may use the self-e^cplans^toiy ter^ ,. t.' 

around and go- away velocities. See . Fig, 32, ■ ; ■ ' '..^ ' ■ " 



Go-around ' ' i i 

Go -away .,■ 




' Figure 32 ■ ' . ^ 

Which velocity do you suppose the greater? Many persons reply "The gb-away 
velocity, obviously," Here "obviously" is all too apt to. mean groundless con- 
viction. You .have grounds for your conjecture? Either way you have committed 
■yourself; the question m^st be answered. Since the^ go-around velocity'' is ' 
easier to conrpute, let us deal with it first. 
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. 3..k. 1 GO'^Aro\an4 Velocity . ^ : ^ ■ . . 

■ : Suppose a satellite in orbit 'aboirt .' the Eafth,^ skiiiiming the/chliimey 

■ potSf Not a veiy' realistic supposition J VeTy dang^ixjus for the ti^e tops; . 

■ Moreover, although we do not feel the friction of the air when stro^lipig, 
•aiorig, tiie friction af'^the EartTi!^s. -atmosphere is tremendous at high velpci- 
■ tlSs and horribly . complldatfis our problem. So, idealization is imperative ; • 

we suppose no atmosphere. Also, thiit the orbit will be prec.iee-ly a circle 
■" instead of . ellipse §^nd that the' velocity will be exactly uniform. JWow 
the'main idea/ of course, Is that 'the 'JSarth^s gravitational attraction must 
prb^gjp^e oiir satellite with a centripetal acceleration,. .We recall . Hamilton * s 
Ijodbgraph derivation of centripetal ^accelei^ti'oh, namely 



■ V ■ 

a 



i- /■ V: . . {Ill ■ 

r .-. f ■ 



■ \ftiat, foi* our present problem, is.; r? Since our satellite id ' skimrriing' the 
"roof top8> ■ r is the radius of the Earth.* And what ^is - a? a is the ac- . 
.' Geletation due.t,to the Earth's gravitational pull.. But the strength of this - 

pull depends 'upon the distance of our satellite from the Earth, To be, pre- . 

'cise- ^'a - is the acceleration due to the Earth at: the Earth's surface^. TO . 
jvi^ndnd ourselves of this,, as in 'an earlier content-, Ve denote .this- accelera-^: 

Hlon by ■ fe_ rather than , g, (E' is for^ Earth «$iid for Mg^felsy) We have 



2 
r 



so" that 



\r . ' (21) 



■-.We have found the go-around velpci^by at the Earth's stirface, -. _ 

' - More realistically, let us. .consider a satellite in' t<?ii:cular orbit, say," 
• 300 kilometers etbove the Earth's surface. At this he|.glit' bur satellite is ■ 
above the Earth's atmosphere, so. that friction, if^ajiy, .is^;^^ . 'Tffe' 

. car) Ipnediateiy write tthat v^qO ' go-around vejocity at 300 kilometers 

.•• above the ■Earjbh'g/s is , given ^by.' -/ : ■ ■ ■ ' : 



■ ''^vhere g ; iV the accel6'ratipn due toMhe EaAh's gravitational attractioni:< 
•^:/kiiomete#'^bove^^i surface, and r^^^ ' the orbit radius (30a kilometers 



"nigP*thafi th0C>t^ius of the^Ea.ith >,,; Ilae ■ pr^^^ r^uced^tp • 

^h^j^roblem tofind. . g^^ -47. . . ^ >'^^-v- 




kiloineters/above lit, -Since,! the nfcfciorjs ,are;iupJ&Sp(3QLy /u^^ " 



where r^^^ = r +^3<30, r being measured in- kll^^^ Hence 



i.e/, ^ • , 



,00 r 



' ■ ^300 ^ ; ^300 

%i this stage Wjmake use of Kepler's* Thlirl ] Law 



^300 -.ro? 



From this last pair of ''equations , 



V 

300 r 



SO that 



1 300 

aad from the first of the pair 



V3oo=W— (22) 



.. : : ■ , .,, T3oo=(^f22oJ^^ ^, (23)-/ . . . 

We leave as. an exercise calciilatioh of the go-around :velocity and period.' . 
of sp^c^ capsxiLes in. orbit 100, 200, 300 and k kilometers ahove the Earth's 
surface.' Surely students will be keen to work out in this way the avel^ge go- 
around velocity and approximate period of any orbits actually being made, to 
compare their answers with ^t he figures publicly announced in newspapers and 
on radio and television. 

3.^.2 Apropos Go-Away Velocity 

As ajiready remarked, the calciilation of -the go- away velocity is more diffl-- 
coilt. MDre difficxilt, because, the Earth's gravitational pull.on a rocket head- 
ing for outer. space is not constant, but varies with the rocket *s distances 'from 
Earth. The answer depends upon the instantaneous deceleration at eveiy point 
of its .path from the Earth's surface to outer space. In calculating the go- 
around velocity v^qq we were able to avoid determination ;pf S^qq^ ^ deter- 
. mining the escape velocity we cannot avoid knowing the various g*s. Yes, the ' 
problem is more, difficxilt. - v .. 

•. • • • -. ^-r • • ' . . ' ■ ■■ ■ • 

Wha-t is. the Earth's gravitational pxill at^ a distance x kilometers from 

I^LW of 

1.6*0 



its center? According to Newton's, I^w^of Universal .Gravitiiat ion the '^pull 



. . ■ ■ ■• - 35.7 

gives otir rocket a deceleration inversely pfoEprtional to the sqmrl of the 

distance; i.e,, proportional to — ^ , Hitherto^ ve have been concerned witl> 
' » ' , " X " * ■ h . 

the effect of grav^^y^ acceleration or deceleration; it is^bnly indirectly 

that we ha^e been concerned with its, cau6e, the force of gravity, Ir^ -our 

next problem it is • c6nvefiient to deal with gravity in terms of the forfep ^t 

exerts rather than in terms of the change of velocity it effects, 'Accbrdlingly'' 

we now consider this necessary preliminary, • ' j*' ' 

. • . . • . •• ■ ' ■ 

^ . • ' • . . . - 

Z^KZ The Force of Gravity . ' . . * 

Let liQ suppose that you ar$J weekend climbing^he mountains of' .1±Le -Moon. 
There, as here, your rucksack contains spare socks and a pint^. flask "of brandy 
. for medicinal ^^ufposes. Although on the Mbon^' your spare socks are s'?iir 



still fills the flask, 
pull is about one-sixth 



.the same ^ze and the brandy (before the emergency 
each article wo-ighs less; the, Moon's gi:9,vii^tional 

that of the Berth's, Whereas njass remains the .sam^/'the force to whiol^ it. 
is sub^cted does not, 4 The weight of the iflass or Substance 'is the ra;easure' 
of the force exerted on it. If on Earth the' force! exerted by gravity on a 
pint flask of brandy is 1 pound- weight, on Moon ^it 1 weighs about ipund..weightj " 
int either place two^pint flasks of brandy weigh twice as much as one does* If 
when climbiag in either place Jrour flask is let slip, you can console yourself 
with the thought that» two' would have, fallen jiist as fast. Although, two weigh 
iCtwice^a's' much as one, although gravitational force exerted*on two is twice 
thajtr* exerted on one,' the accelerations are the same, A force of 2m • . 
actteg on a mass 2m' ^jrro duces in it an acceleration as/does a force 

m • g„ .acting on" m; . a . force 2m • acting on a mass 2m produces in it 
an accelerfition g^^ as does a force m • g^ acting on' m, ' conception ♦ 

of force", mass and acceleration is embodied in Newton's Law 



force = mass x acceleration (2^) 



41 



And wet recall that Kepler's laws are valid for Jupiter's J^ns as weL 
as foi* the Sun's satellites, so that as a consequence of his third^law th 
centripetal acceleration of each of Jupiter's moons towards Jupiter, is in- 
versely proportional to the square of its distance from* Jupiter, just as 
(in consequence of Kepler's Third Law) the centripetal acceleration of each 
of the Sun's satellites towards the Sun is inversely proportional to the 
square. <3f its distance from the Sun, " Likewise, the Moon's centripetal ac- 
celeration is inversely proportional to the square of its distance from, the 
Earth; The moons or satellites of each system each have a centripetal ac- 
celeration such that ' • .' 

c ^ 1 

centripetal acceleration proportional to ; -r 

( distance ^'^^ 
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or • . • ■ ' •. > ■■• . • ' . 

* ^ centripetal, acceleration = ^ — , 

• \ (disteuice) . . " ^ 

The point to note is that whereas- c, the constant of . proportionality, .is 
the samQ for all the moons or satellites of the same. system, it is different 
for different systems. How did Newton get a truly universal law, a law in ''^ 
which the.^consteint of proportionality is the same for all systems? 

Combination of {2k) with (25) enables us to "consider gravity in terms of 
the force^ it exerts instead of In terms of the acceleration it causes. Com- 
bining these, equations, a planet's gravitational pull on its satellite* is 
di^ipctly proportional to the satellite's mass and inversely proportional to 
the square of the satellite's distance. Let f be the force exerted on a 
satellite of mass, m' to cause it -an. acceleration g at a tii stance r from 
its attracting body. By (2^) : ' ' 



and by (25 ) 
so-: that 



F = m • g 

f ■ 

,r 



.F^ = c (26) 
• . . . r : 



Note well that the attracting force is a function of the mass of the attracted 
body as well as its distance. \ 

^ The Moon is attracted by the Earth-, the Earth is attracted by the Sun. 
II? is natural, but audacious, to conjecture that every particle is attracted 
by eveiy otfer, that gravitation is universal. But, if particle A attracts 
particle B and every parti^cle attracts every other, .then also.^B attracts\. 
A; also A is attracted by A. If every particle attracts every.^other, \\ 
then every particle is attract?ed by every other.* ' 

Consider 'the simplest universe odS this kind, namely -Jhat with Just two 
.particles, say .m, .ra' , distance r apart . See Tic. 33. . " ■ s 



m . . 

<r ■- r *i ^ . . „ ■-■* ' ■ . 'V- 



f ■ m ■ 2 \' 2 

' • ^ *.■ r 



. . ■ ^ » Figure 33 
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.If m is regarded as a "'satellite" in the gravitational field of m', then 
the force exerted on it is directly proportional to its. mass m . and. the . 
square of its distance from m' , i.e,, ■ > - " 

F„ = c . X .» (26) 

. r 

where c is a constant of proportionality for m' 's gravitational field. 
Likewise, regarding m' as a satellite in the gravitational field of m, 
.the. force F , exerted on it is given by • 

in. c. 

where c' "is the constant of proportionality "for m's gravitational field, 
Which exerts the greater force on tll4 otlter? It is natural first to make 
the simplest conjecture,, namely that.-they are the same. But, if 



by (26') 



m n 



^m - — 5" 



so 'that F is directly proportional to m' (as well as inversely . propor- 

* • m . . 

tional.to'the square of r). But the bas^-s of our argument; (26), is that 

F ie directly proportional to m and inversely proportional to the square 

m . ' 

of r. What must we conclude? That ♦F^ is directly proportional to m», , 

.directly proportional to m, and inversely proportional to the square of 

r. That. 

. Gm'm ■ ' ,'\ 

. F = — p- (27) 



m p 



2 

where G is a- constant, of proportionality/ 

But, for which gra:vitational field is G a constant. For m's? Or, for 

m''s? Since F , = F , we may with equal propriety write (27) as 
m' m ' 



2 

r 



(270 



No matter whether we consider the equation as applying to m'-'s gravitational 
field or as applying to m's, the constant is the same. The constant applies 
to every (i.e., both) field of the universe. Being universal, it is appror 
priately termed the universal p:ravitat ional constant . , " ^ 
]foj;e. that (27) becomes (26) when; 



■* . . c = Gm» 

and tflat (27') becomes (26') when 
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■ What is the significance of these equations? The first states that the con- 
.stant of proportionality for m''s' gravitational field is proportional to 
m'; the second/ that the. constant of proportionality for m's is proportional 
to m. Combining these eqxiations 

■ .' ■ 4'='£: = G, ■ • 

the constant of proportionality for the gravitational field of a given "body' 

%is proportional to that "body's mass. Surely, this is precisely in accordance 

with our conception of ^force, . mass, and^ acceleration. A flask of "brandy 

weighs more at a given distance from the Earth thazi at the*- sfeme ^distance 

/^from the Moon "because the Earth has greater mass.' ' - ' 

Supposedly it is along some such line of thought that Newton arrived at 

(27), his Law for the . Force of Gravitational Attraction^ from his already ». 7 

established hypotl^sis that acceleration due to gravity is inversely proper- * 

tional to the square of the distajice. 

'V r 
To "be preci&e/' this law is taken by Newton to - hold only for particles of 

matter, that is, for "bodies whose dimensions ^are negligi"ble.*' ,It is a conse- 
quence of this law- - which Newton had considera'b!Ce difficulty ^in proving - - 
that the resialtant attraction of a uniform sphere is as if the whole of its. 
;^mass were concentrg^ted at its center, do when dealing, for example, with 
\the' gravitational attraction of the Jlarth at a distemce r from it, we must . 
take r as the distance from its center, not its. surface. 

3^4.^. That Kepler's Third Law is a Consequence of Newton's Law of Gravitation 

We recall that the crucial step in Newton's foiraulation of his Law of 
Universal Gravitation is that em inverse square law of gravitational attrac- . i 
tion is a consequence of Kepler's law that the square of a plemet's period • 
T is proportional to the cube of* its orbital radius r. We shall now show, 
conversely, that Kepler's Third Law is a consequence of Newton's. 

With close approximation to the* facts, we suppose a planet to move around 
the Sua.with miform circular motion. Let M and m. "be mass of Sun and 
pLajiet, r the distance between them, and F the gravitational piill of the 
former on tlje latter. ^Any letters subsequently introduced are to be given 
cxistomary interpretation'. ^ Newton's Law of Gravitation, 

. ,■; ... t ■ ■■' ■ r ; . ^ 

I'l since the- motlcfti' is uniform circular motion, the centripetal .acceleration 

% ■ ■ ' *; 2 ■ ■ ■ ■ 

■■|iven bjr a =1- . (ll) 
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and by {2k)y for the centripetal force F, ,ve have 

F = ma: ' (28) ^ . " 

It remains to introduce T. Since the motion is uniform circular motion,, by 
definition of velocity " 



2jtr 



(29) 



, Our problem is to find the relation between T and r. 
First we eliminate a. From (ll) and (28)" 



2 

V 

F = m — . 
r 



Substituting in (2?) to eliminate F, we have 

, (Ma 



so that 



m — = 2 
r 



2 (M 
V =- 



'and m also is^ eliminated. 

2 

Squaring (29) anft substituting for v , 



p P 



so that 



(30) 



is independent of T and v, so that 
GM ^ . ^ \ 

T^OC r^ . 

as was to be shown. . 

The attentive reader will note that this deduction, as that in Number 
3, 3. It to" determine -^he period of oscillation of a conical pendulum, readily . 
■ lends itself to detailed "Word Problem" development: .What is given? What is 
to be foimd? How many equations? 

■• ■ . ■ . ■^ ." 

3»k.^ Planetary Mass 

From (30), making GM the subject of the formula, we have 

• '* ' ^ * CM = Uit^ ' ^ . . ' (31) ' • 

The produce of G and the mass of the Sun M is a function of , r and T, 
the. orbital ■rad;Lus and period of a satellite, but is independent of this, 
. satellite's mass. And of course the formula is equELLly applicable to any 
• other ^un and- a satellite of that. sun, Jupiter has moons, so .let. us apply 
ifit t.o Jupiter and one of its moons. If m is the mass of Jupiter and r' 



l62 



and T' the orbital radius, and period of a moon of Jupiter, we have 



4* 


. , Gm = 






So that 








• « 


Gm 







i.e.., 




(32) 



Thus, .we_can compute ^-t^e^ ratio -pf tlie masses of 'the; Sun and Jupiter.' .• Simi'- .'. - ' 
•larly, ^nce the' Earth h6.6|ajmoon, the/ratio^-of the:'S\^ the- Earth 

can i^e detern^lhed, ■andic6n3equently,^: ite msses 'o^'Sim,^. J^^ 

'Earth; ' " * ' ' ■ '^'V. '"^ '-.V ^^^r 

■ . .'.>••■* . o • • . ■ .'; . . ; : : ... ■ ' . 

To '/find ,M,,. ^th^ actual, riass .of the.*Sun, (31) is^ of bbuiipe -dnQufHei^^^ 



■ Ve need t o- know/ ' G] 



Prom (27^)> '.vhen m 



=;,i,,r=-l,- 



we; have 



■That is.-,to .say , that G is^the gravitational force' eixert.ed'.by^^^^^ • 
=unlt.;masWt^unit kiste^ ' So, in principle,' ■■VG i-cotiif by 
'measurintg the jforce o^f^Vttraction between the^e%twd tits of ^ ^b^^^^ 
Hq^ever,-th^^f^ is. sq^^eiy^small. that It is' rat'h^i: imi)racti^ to deter- 
. ■ was determined, with, accuracy ;^y. il 
>hysl^^t von Jolly> and .othersV- 



•mine :lt 




igiish phjrslpist^^i 
fpi'sh' to 'me^t loij:'^"- '■ ^- ^ 
^determination, . using the , torsion. bq;ijjjEFfe^'' .was d'evis^d .by^^^^''\ 

;my,teacheai :ax' tfi'e., ' 



-a. brilliant lecttorer. 



fist Eotyos" 

b'st', ' *■ _ , ,'" 

•not exactly correct, -i 
tcceleratipn- of unifonn 
it presupposes that ,th'e 
ot^ nailed to a point In pp^^i^i 
ticjk.; from the Eart^i^ and^\^Ji 

. acttng on .su6h*a gigantic 
(L'though^yoi^ prancing does not cause ari -ea, 
recy . . iTakili^ the; Sun's motion Into ^ccoittity^^? 




relative velocity, it turns out that 

. A- .\ . 




:^s:;t3i[e.;.of /th6''.ipj^[ii^ 
motloit' f Ham'iltbri' s^ ' 
Tdttractfori! .i§. fixed^' "'■ f : 

When .you juiiijty.ntq; . 
53^6., such'^vsmail' . ■.'V*'^)^ 

* disti; 
:es the^qncept 9f:/.- 




5t be repla'qed by 



rocket must be' fired from the Earth's -surface to voyage 
tid outer space, 'ne-^^r, to return. With inevitable idealization 



That isp^:say t^^i^^t^ifelati-on b^^^^ T stnd r depends not 'only on the ■ 

■ mass M of the S^^^ut^/als^' on mii the mass of the attracted* satellite . And ^ 
just to indicat^J^|^?_.baye not-.^e:>aiausted the topic of planetary mass, let me 

^lii^k that it^is'rpbssible to determine the mass of Mars, 
Mercury, and 'V^u&^^ven though tjSey:.have no satellite moons. It is sufficient 
to know thel^^tjiifal ''p:eriode to the .'required degree of precision. 

' We/arr^M^^'^^ttie titular topic '.6f Section h: .to determine.the initial 
striaight of 

we 'neglap}^;^iSpB'^frictional, resisttoee. of the' Earth' s atmosphere. Also, we 
suppos:e l^^t'.ahd ro.cket , to be ,fthe -p bodies in the universe, so that the 
only/ f oj^fe^ i^lng Earth's gravitational* pull. Even with' 

these ■ Sii^l^fi^aU^^ 

v|^t^^^^n^^V^'l^ rocket blasts off, its. initial velocity 

treafefe; du^fc ' the . Eart^ The farther away 

i..the:'T^^PShe Earth Vs pull and the slower the ' rate at which our 
rocket Is yM^^i"t'y'-ljt^ffl^^ Yet; its velocity continually d^reases and if it 

mfi^O rest' way out. in space,, its rest would' he only momentary} 
J^^^T^^yp^l^S^^m^^ the only force, would. begin to draw our " 

■ :>ocket~ Vack-td5afe^ The .nearer our rocket returned to Earth, the greater 

the Earth-^ sV'lJ^if^ hack, at the speed with which it set 

/6ut.'.-;%e i^pi^^'the matte!r' i's to determine an initial velocity just suffi- 
■\ejenti,^^^||l^nie .the effect ^ Earth's continuously decreasing gravita- 

tl . ~ ' 

l^^'are we. to set about Vcomputing this continuously variable effect.? ^t 

He dealt with the contina- 
changing in term^ of -tii^' unchanging. Caricature the continually changing 
a^inte'rvals of steadiness . punctuated by instantaneous jumps,, "then decree^ 
' - "ttie ,:intervals. and the ma'gni'tfude' of the jumps until the phenomenon, is smo^BSfed^^ 
^'^o^t into a gradual cbAtinual. change. Recall Galileo's treatment of the con- ^' 
^p^id^in^ of. free faU-, Accordingly we, as Newton, con- 

^Sr^eive of continually d^cire^sing gravitational pull as the limiting case of , ,^ 
:U3S,ervals of" steady pull punctuated by instantaneous decreases ' of pull. 

How are we' tg' compute.' the>ef feet of an interval of steady pull on our 
rolfket's ve.lojjlt;^? What:is the' key concept ^here? To this. we also find the " . 
^answer in Galileo: 'Number 3.1-5, Conservation of .Energy, ■ There we have 



•1 2 

ginv 



mg 



(7)' 
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, we recall, is the kinetic energy of a mass in moving with velocity v; , 

rag is. the force exisrted by gravity on this mass at the "Earth's surface; H. is 

the' height through which the mass falls. When the mass m falls a distance- 

its, loss .in ^oterltial energy, rag • H, is converted into Kinetic energy, ^"Imv . 

Alternatively put, gravity exerts a fprce mg on m oyer a distance of H in 

the direction of the 'force;, i.e., mg • 'H * is the work done by gravity. And 

since the free-felling m^^ starts from rest its initial velocity, and conse- . 

quently, initial kinetic energy, is zero. So (?) may be read as 

y gain in kinetic energy = work done in direction of the -force. 

Alternatively, ccnsidering the sequence of events to occur in the reverse order 
so that the mass is thrown up with initial velocity v and work is do;il\in the 
opposite direction,. (7) is to be construed as 

loss, in kinetic energy = work done against gravity. 

Isn't this just what our problem needs for each interval 'bf constant gravita- ' 
tional pull? We must add that Newton was' familiar with the conc'epts bf kinetic 
energy and work done, but he was, of course, unfamiliar with the terminology.. 
Contrariwise, many schoolboys are familiar with the terminology,, but not the 
concepts, • * . - 

Let M be the ijass of the .Earth; ■ r. its Radius, and m the mass of our 
rockets See Fig, .3k. . - " ' r 




* ' . Figure 3^. 

V . » • . ^ . ■ 

We recall that the gravitational attraction of a uniform sphere acts, as if the 
"vrtiole of its mass were concentrated at its center, so that the pull F on our 
rocket at a distance x from the Earth* s center is, by Newton* s Law of Gravi- 
tation (27)," 




Sii^ce we shall need consider a sequence of n positions of our departing* 
. rocket (as did Galileo of a free-falling body), it is convenient to. denote 



..•^he n position b'y x ;atid the forcfe exerted on our rocket at that point 



by F„ 



7 



_ GMtt . 
^n = • 

X 

. n 



(33) 



Also, it is 6oVvenient to denote the vork done against gravity by our ro^iket 



' in ■ moving; from x^^^ to by , n * " 



Since the initial position of our rocket at blast off is on the Earth's 
surface', we put x^ = r,, and we Suppose it to reach a distance R from 
the Earth's center* in the n"^*^ position, = R. (We let It. voyage fii;st to 
R, later to infinity.) Our problem is primarily to compute the work do^ne 
' against gravity by our rocket 'in moving from x = r to x = R, We g^aph 
the equation of the force F;_^ ©to • by plotting the points where ab- 



selssae are x 



and complete inner and outer rectangles in 



relation .'to these points; as shown in Fig, 35* 




\ 



r = Xp x^ .oc^ 



^ n-1 n 



FigCire 35 



What is-the work done against -^gravity by our rocket, in moving from x^^ 



to 



what is 



Xq , to Xj^ is (xj^ - Xq) arid' , 



•the 'initial force is F 



0* 



The distance from 
If this 'remained constant the work done would'be. 

So? 



X but we know that the- actual force continuously decreases 

0 . ' . 



It is clear that 



S I v 
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•:F cbntijiuouBly decreases from /Fq to -l^Plie least 'force exerted is F^, 
and that only for an instant. So? It is^plar that'\ 

.\ , ; • ;'^:. '. v^->o)<v'^; - ■ .•' ,'■•; 

Combining these results^ • . " 

^ : ■ - ^^^^^^ . 

Similarly /we est iimt€ .W-_., W^.^^ Wl, ■ 

. • ' /• ■ . ;. y-'^:..^::^^-2 -•^;< \2 < - -i) ,;, ; . : ';■ ■ ^ 




Addingj, what, do we get? / 

What is the geometric, significance of F^(x^ " ^o^^ This is the area 
of the^ rectangle with base (x^ - jcf^) circumBcrihed by the curve: 
F = GMoL Similarly, F^fx^ - x^) ' is the area-.with base '(x^. - pi^) 

• and height F^. .In short, the summation of the .left-hand side elements .of 

, our ineqtjallties is the area of the sequence of rectangles, ci'rcwmscri.bed* by 
. 't^ie curve. Let be . the area of this; inner staircase . of . n 'sH:eps. And 

/ what is the geometric . significance of FqC^^^ ' Xq)? ' This is. the area of ./^ 

the rectangle with base ' (x^. -'x^) , and he i grit F^.. And VF^.Cx^ - x^)? / : " 
■ Similarly the right-hand side elements of our. inequailities is the, area of 
: the sequence of rectangles circumscribiiig the curve, F =. (Mn • -i,^-'. Let 0 

-be the area of this outer staircase of n steps. Ad,dingj *,'.*..* 

■'^ ' ■ - ' " ' . ■ * 

' ' .■■ ^n-< ^1 ^ p + o + W ' ■ <-0 \ . 

, ^ Ojl 1^2 • 2,3 V n-l,n n 

•.^•e.,'. ' . ■■ . ..- • ;, , ■ : •■ - . _rj, ■ ■* \;. :'• ," • 

• ' ■ , ' • "^n^^^v;";.-/^'." ■ 

where W '^s the total work done, againdt gravity by our rocket in traveling 

• ;from^ to' x^, i.e., in traveling from x = r to ■ x = R. . 

; . What happens as n, the number of positions considered, is increased? 
The steps becojne more niamerous and inner^^and outer staircase more closely 
coincident. Isn't it clear that for sufficiently -large n, the difference 
between 0^' and I becomes arbitrarily small? ; But ; ;it is equally evident 

that ; . • V ■,: ^ •,, ; ■■; r, ' ; ■ • ,^ ' 

^ " . < area lander curve < Q^^ • (35") . * = 



. So. what do you conclude from (3l<-) and (35)? We must .conclude that for 

■ sufifipiently large- n, W and the . area under the curve are squeezed arh.i^ 
trarily close; that . ■ ■ " . 

vork done against gravity = area under curve from r to R, Symholically, 

'.'v ■w=[area] J . ;: ; . , (36) * : 

■ ?Ehe. problem to compute W heQomes the problem to compute the area under the ■ 

■ purve, ■ ^ . ■ ' ■ : 

Reconsider. (3^), (35)* These are of the 'pattern ' '■ - S ' 

■ V . ••" . . • I < X < 0 . ■ ^ .;■ ■ •■ 

f -The method is to find another X — and squeeze. . . , ' 

.. First, to find an X. ''(3^) is a suimnation of items sucsh as . 

•..„. •;,- y, • ^o)<\i <..^oK -'^o>^~ ; / 

• Can we, more mod-estly^ find an X' such that. 

If s6 --ahd' ±f similar^tiems can be similarly fom^V there will be. nothing left 

to do but add, ' • ; , ^ 

' .' • ' ' • ■ ■ ' ■. ■ ■ • ' . ' 

;^^at is F^?' Remember that we are dealing with the .curve ■ • 

.■ . . ■ ■ : ■. 'J'^' GMm ■ ■■ ' ■, ■. \ ■ ■ 

• ■. ■.. . ■■ ■•■ ■ ■ : ■ x , .■ ■ . ,;. 

(Do not onilt . m, tlje constant is not for fieneral Motors.)" 

"Bif^iz) \ ' : ■ ' ■ ^ ■, ^ 

/ ; ..... „ . GMm ' T „ GMm-'' .' ' 

• . ' .. / ^i-=^ ' -..^1°° ■ ^0 = -2: •■ . > 

■'.So, y - .. , \. ; ^ ' 



.X 



0 



. What' quantity lies be-tween- them? Not 'helpful? Weil, trj^a change of em- 
phas|. 8 . We rewr ite the " r i ght - hand s ide s 0 f ■ the s e ■ e quat i on s : 

• 'Gmi '-^.x ' l 1 and Gfifci I 




Helpful? Tiy anothe- - ^^^^^^y^. ■^^^^.^:^'-^^-^J';t^ 



ler chajige of " emphasis-; concent rate.' 'on^ j 
(or on: the dissimiiarities) / e 



168- , , . \ . ;■, ' r- ^ . ■ 

Iflaat lies ."between; them? Obviously something of the pattern 

.'■■.•*■'" ' • ■ ■ ' . ■ • '. ' ■ * ©. ■ . • . ■ 

The immediate problfem is to find a, Y such that. • 

^ .• • ■ . ^ ] ■ ■■ ■ ' .. .^1 • ■ ••■^0 • ■ . ■ ■ . ■ • ■ • - • 

■ ■■ ■ •■ ■• • • ■ • ■• • • • . '•' -•. ■ ' ■ 

''.' At this stage .one. needp. luclc.rand a keen 'sense of what is appropriate,, of the : 

. fatness of. things,. Isn't the foilowiiig. a more apt f oiimilation? . Find a \ y .■ 





^ 1 \^ ,1 
0 , x^ y 


:<i. ■ 


tbjere 


is such a y, 


then ^ '' 




\ ■ . 


2 ^ 2 




• ■ ' \ ■ 






■ 2. 2 ^- ■ 
y < x^ and 


■ 2-; 2 ' ' 

^o<yx. 



so that 



and consequently, since we are- dealing with positive quantities, ' v ; ' ' 

y < ' and ^o'^'-'^v'-* ■ ■ ' 

■ i-e,., • . ■ ' ' . ' ' , ' . ■ . \ . ■■ " .; 

, x^ < y < x. • ■ . • (37) ' 

These steps are reversible, sa^that* any y satisfyi^ng the latter condition- 
also meets all the former c6nditions, . ■ 
' . - Qan we find sueh a' y? .We do'know ■ . ■' , ^' 

■ . ' • - ^ ' ^ ^O^'^-^l ' ■■• . ' . ' • ■ 

. and tlie abundant otcutrence of squares does (whether helpful or not J sxiggest . 
, ■ * .■ . ^ • . / ■■ '- 2 ■ -0 ■ '■■ * 

' introducing x^ .and,, 'x.\,, • Multiplying *this inequality first by x^, second 

■ by; x^,_ we ha-^e \. ' ^ . , ' ': * ' /. ' ' ' x ' 

:-'.:so;thatt •• / ''^ ' v . >-'-'' ■ 

i.e:*. . y • X ■ . 01^ W = x-,x.' meet^ our rgquirement , ( 37 ) . 

. • 1 ^ ^01 ^ ^ 

In., short, since -x^ < x^ , . x^x^ v^s such -teh^i^t , 



i.e, , SiUSh-: that, with a' peculiar emphasis on . ;and . ' Xp- . . . . . ' • • . " 

I.e, ^ ,such''..that .. : ' .■ \ ■.■ ' " ' ■"-^ 

Of cours e we cdn deal ^with .the s e quent ial it ems ' s imilarly , " The palit em"; 

is obviotii^, ; -AllvtolijL, we have/ ' V;^ y ■ ./ . . • 



Addifiig, we , have- ^ 



F (x . - X ' ^ ) < GN&n/^-i-^ -^-r^ 1< F ..(x^ r .-x ■ .). 

:"i;:v. .,V^o- W^ ":'- - • ' • . 



"Note how. neatly all the; x's ■ other jbhan the fi^^^ 

and the last' of the last difference cahcele^d out. We. are luckier' than we - .. . 

.. E^v^yiori (38) jgives our fX ; to. complete .t*he ^method It i^smai'na t squeeze . 
I ^-'anjtl.^; .-together. Since for suffici^ntlyile^rge "n, . the di^ferenc'e; [. ''■ 
betiifeen the area of the inner, circ.iMScribe'd and ti^ .oute^^J-'cirCumEfcribi^^ 
stairqase of the.; curve become Arbitrarily small>';by ' ( 38) we' have 

(36)- , :. • '- -i^^^ - ■■ • 

And since , ' • '< 

loss .in ^kinetic, energy = work dpne agairi^t gravity • 



giving**- 

• 12 



or. 



where v is the initial velocity for our rocket ta. reach a point ift outer 
space '.distance R from the Earth's center before "being pulled "back, Jbr 
conrplete escape R . must . 
velocity ' v -is given "by 



conrplete escape R . must.be infinitely large and zero. So the escape 




v.. 



We have solved our prohleift.' In solying it wemiMHJe n t e ^^l^^^e ctin i q ue 
ofy^h}^^6t the ideas basic 1:o, integration. We ohOWP^ the old- fashioned 
va^vhi'Ch :really goes right back to Archimedes. To compute the required area 

we really needed tremendous luck; with integral calculus such problems be- 

• ■ .'4^ • . 
com^ merely routine- -"and^ less- exciting, I hope you will present this method. 

• f " . ' '■ ■ ' ■ ■ . ~. - 
. to- your> better students, i-t will pave the way for ;the integral calculus. 

J . t ■ ' ' .. . ■ . . _ . ■ 

Corld.eAtrate on the es_4,^tial concepts:' area uiide^. a curve, -successively -bet- • 

- ter approximations, giyi the specij^ic, .lucky inequality, 

^,^,7' Ratio of Escapfe and Orbital Velocities .' ' ^ • • . • 

. . . Which greater, the go-ava;^ or the go-ar<3und velocity? At 'the begirining 
, of this sectiort you were asked .to commit yourself to an opinion. We' are now". 
in a position, to determine if you. are right,. - . 
The roof-top orbital- velocity y is .given by.- 



And .m being -the mass of 'our rocket and M" the mass of the Suii, iby Nfewtjon^lg . 
Lay of Gravity/ (27), vis have . . ' ' . . 

' r ■): - . • • ■ ' -.J r ■ ^ ■ . 



i,e. 



; _ GM 
■ >Lv-- r 



Substituting in'(2l), 



And by (39) . 
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SO ti&t '^'f 



i Pern&ps 4r^ls obvious -that the go -away velocity, is greater thisin the go-around 
/,veltfci.ty, but it is not obvious that it is ■/2fp±meB as g^'ea^. 



f .^We have seen how Newton, primarily by relating the n^ion of, falling 
^ appl^, cannon ball, and the Moon to ifepler's laws, was led tp his Law of 
.Universal Gravitation and Theory "of I^ynamics. %re not the^Lfmiks, Sputniks, ' . 
and Telstars voyaging overhead a fitting memorial to, well as a vindication 
of, his genius?. - 

♦ • . ^. • ' ■ 



^ 
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ChapterJ^ 



Physical Reasoning In Mathematics 



To. date, what, have • we done? First we discussed measurement, especially 



• in astronomy; then simple "but pervasive topics culled from the history of 
/statica^ dnd finally, great discoveries from the history of dynanlcs - - so 
'many' of which hark "back .to the stars. We have seen something of - the role 
played "by matheiiiatics in the devel<5pment of, science; thAt the aim of physics 



is' to. condense 



:.ts knowledge into ^mathematical formulae;! that, sis Galileo so 
delightfully ex])re^sed it, the. book of Ifeture is written in mathematical 
characters. 

» • . ■ .■ » , , ■ 

Yet this vifew, although undenia"ble, is one-sided -.-or should X say vini- 

directio^l? Qf course mathematics helps physics. - But you' must not suppose' 

that help always flows downstream from .mathematics to physics; the river of 

thpught is tidal, My object in this chapter is to navigate ah incoming tide, 

to show how, help flows also from physics- to_mathema.tics. 

My lecture-room navigation will not be reproduced here as my upstream 

vgyage is already carefully charted in my Mathematics and Plausible Reasoning , 

Vol.: 1,. pp. 121-167, to which the intere^d mariner is directed. . 
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Chapter 5^ - Dj^fferentlal Equations and^Thelr Use in Science 

This^ my last chapter, presupposes the rudiments of the. calculus and aims 

to eaqplain what it .is good fof. It is more, instructive to' show than to say 

* - ■ ■ . ■ * 

w)iat "it.s" uses are; saying, no matter how illuminating, cannot "be a substitute' 

for^doingi.^. JVccordingly, .we begin with examples. 

Section 1 . First Examples • . . " / 

5.1-*1 Rotating^ Fluid 

One lump of sugar, or two? Cream? We have all observed a lady taking 
tea" What happen^? The faster she stirs, the higher up the side of her cup 
the t^a climbs. If she stirs too fast .she spills, it and mins an afteniopn. 
Her teacup contains a problem for ■ her and a problem for us, OUr problem is 
amenable to ma^ihematical treatment: What is the, surface shape of the rotating 
tea? , ■. . - . 

.First consider ^-mot-lb nless liquid,- We havis all seen a glass of water 
when .no- one is-ljiicking the table. Its surface looks flat,- yet closer examina- 
tion shows its surface to be not entirely horizontal; it curls up ever so 
slightly at the edges, due to surface .tension. For water substitute mercury , 
and €ur^ace. tens iqn causes precisely the opposite effect, a"curling down at 
the edges, A phenomenon distinctly visible in a mercury barometer'/ vSee ' 
flgS|. 1(a) and l(b), . * 



Wa'^er 



Mercury 



figure 1^3 ] 



Figure 1(b) 



The^ point., made sp many tlihes, is that mathematics succeeds in dealing with 
.tangible reality by b^.ing conceptual.. We -. cannot cope with the full physical 
complexity; we must idealize. ■ We neglect .the minor circumstance of- surface 
tension, we sup^se the surface of a non-rotating fluid .to, lie wholly in a 

■ horizontal plane, .' ' ' .•' ■ 

When a glass of liquid ^ rotated on a centrifugal machine, what happens?-. 
Water is a. convenient fluid and is more easil^ .observed if colored. At the 
(?eriter of the rotating glass the water is depressed, at , the circumference,. 

• ■ ele"vat^d.i .■ As ■ the rate of rotatiqn is increased,' the water rises higher towards 

^ ^- ■ ■ ■■■ ■ ' ...182.. ' ■ 



176 

"the rim. and sinks lower in the middle, forming a hollow. See Fig. 2. 




i ^ ■ .^^i6^^^2 ^ ■ . 

A cross section looks roughly as illustrate^d» With a "brightly colored liquid 
there is no problem to see what it looks like; the problem is to state what 
it iooks like, to give a mathematical desjfi^ription of the, shape of the rotating 
surface, * ■ 

A -fioo crude' description is . to say t];iat the suirface shape is hemispherical 
— a remark that introduces the notion of surface of revolution. If hemispheri 
cal, what wo.uld a cross section be? Yes, a semicircle, the same as any other ' 
cross section; the surface generat|^ by rotation of a semicircle about its 
central radius is a hemisphere. Similarly, the rot-ation of a circle about '.a 
diametier generates a- sphere,. And, a most -interdfeting case, what^ happens if 
a circle is rotated about a line which does not intersect it? An anchor ring, 
^'wedding ring or to be technical rather than nautical or matrimonial -- a 
t^rus, ..is generates*^; Torus is the Latin for ring. ■ See Fig. 3«^, • 

■ - :,-m' - : ' \ 
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SincQ hemlspphere, sphei^y ,6n&;?t<5 ai*e splidsr- genefe vare 
said^ jfiippropriat ely I , t"(gj-^i5^^bi ±^^_ of , revoiut ibn? BXitj-^ft^ 

faces -..6y\revoiut ion. ' To' i&^ei:T^ne 'a. surface of;- revi^lutton it .is o'bvioiisiy ^ 
-suffit^j^^t^ tp kno^.th^^^ vhich^is rotateJ^ ^aiid its posi- 

tioiit 'i^!Let±iy(^''td*i>hfe axis.^of ■ 4r6;j^feLtion. ""''.^W /.-^•v 

' ;n1i.^rts of 
ge lin shape/ 

tile; '.bunded 



* ■■ '^V^'R^j^ngM^^^ our: liquid."', 4; the mf 

the su35f?fce^!^3Sfl4^v ■cherQ-'dy ;ho-.«di#pemit]iB ■ 



■ nor .jwrdtixd of ,Ins\i|LCf icient Reason suggeat ■ one.. ^*6o? 

p>fac^^Sij|.':^is;;:5q surface ^rifpluti<^^ -AS -generaltei 

I /vbounda^^' of [ aiiy c rpjs b i iict ion t hrough^'^^e ax^s p-f ; ■ rotat ibi;^^^ . <0t ci rb s s .^p^e c - 




^•Jblons. d^P^iot trace but new &ljLds;' they .rei 



■SEdne 



deteiaiipe'*'ihe, surfgcQ^pf the 
^ ; getpi^i^iy .of «ny cl^^lsl^tion- 



ratatirJft^,liquid it i^ sufficient :to 'ife-^ 
ki^lh a v^rtici^ plane tlijK^ c 



n§ tlie 
of ife^fitibnX 



^ TechriJ.Caliy.^ ;the surfac^Jgenerating 'ct^ t6TmK|y: the lsDlid-genera!t^^ 



cross section is s'aid to-b'e'the meridian" 



)f the fluS 



g.term^ whien fiilly 



uhderstoodi^ is help^ftil. as/Vell as J^ecto|fflp.lA./; 

its origin, , The. LatlJi merldies (medius^Jmlddle +* dies, daj^^^-^ijhi'^ hecame 



French midi, - means' tloon ; a?he..peQjffe '^iSi^^ave'lioon at tip. saini^ime ' live on 



a noon 



n curve/or meridian.' San Frah(Aflcans — or whatever 

. ^1 D^^y'imd.: ... 




^they call themselves - have the Sim -[at '"^^ zenith y' vtw^lve^^^ 
t ime , at the* s ame t ime. • ,Ney Yo fke rs . hav&^ the 'Siin h i ^e s t i n'. the s ky \s dtra^ i'hrQ e'^' 
^^^hour^, earlier ;'>^hey^ different meridian, A meridiaii is' .iij. :> .! 

^- cifc-le connect^^ North -^d South PcJlesy. a curve that, if rotatedV\getiei^ 
the Earth's sPferical surface. Thus, our usage of meridian , ■' - ■ / ■ . ^ .vjX'.- ■ 
• The /upsli^t; our pi'oblem b'ecomes^ that of finding the equation of;.tlie;-*V- -, ^ 
J^' mexi'dran. How are w^'..tb. do this?' Yes, we. begin by introducing a;.rpcta^gig.air' ' 
^ Ik ' cod^rdinajte system. And. where: . are ! we to ■ put • the axes of coordinates ? ■ V Jtv\ee:esG&3' ^ 
•^./^ na^^ural to ra^ke.the y- ax is the (vertical) axis of . rotation, '•Corisequ'Qntj;5r.y;"1^^ . 
^ X-axis will b^ 'horizontal, . M J- what about the -prigin 0? The^re. remains ' sotije ' 
/choice, fbre seeing that thet axis- of rotation goes through the center bf "tl^sl^'' ' ^ 
holloi?^ it would- aptiear convenient .to make 0 ' tiJi.s cfentral point ^V' Yet Nx^bs'erve-'iiiils 
' ,that fillJhou^h we are?;free to put the •y-axis^^nywhei^p. " we .please and arie^peVV : 
■ '^o put ^6*''; Wyyhere' ori^he y^axis ' we please, ^he t^o.j^eedoms areJ^no^^jf<i^p/ tq.J^ 
;/ speak, .fqually freis,.' A^ript unnatural alternative choice f6r\ 0^.^1^^•^1/lae^pbj^^ > ■ 
^'^■'^6f intersectioh of the 4xls of rotation '.with the'^prigiria\Ho^izogtai '^^^^^ . 
. pT, -tlhe liquid, ^ ^ut what i^?an altfeVnative-. for the^y-axi's,?'^ ■.T^i^a^ej,' ''^^^Jj^ ^'^ • 

raa^e it .the edge 'of our cpnt^jJier, buf.-is this a gertj^ine al-t^teiatiVe? l^i&B T 
'^it^- reality ple^s'eMife? Al^houg^l|[)gica5J^' possible it ^Is; pliysi[.c^ abliorrent, 
' >1Jie reader who f Ads** this 'point jTaryetched. lacks fee3,ing<^fojf .ynai Is^^'p^ 



' loerddiah ^j^lfetive.to theaje*^ cycftrdindtes. While this.^^^ur iip^ediate 

».in1^re^t, l^et^s||Piii^lps|^i^t of ^Sur Igr^ter ambition,".*"' Remefflj^er"^ these 
Ijsctures.^are, ehtrtled "MMRiematical Methods* in §cie^itGelI''i'.ir-pur.-inajcir to 
le'am. h(& to apply mathematics to piiysics,'^. Yet wl|B*^.^e\-reflect tliat/there is 
no Qjd^tp liafe'of p^sical pro^^^ amt^abl^ 't^:i«a1bhematical^^^ ^ 



we shudier at the}s,jAnti^r$flniable prospect of consddfetl-^''th<sm';pn^'.b^fene,' But 
surely we ■ cannot sjfflbd- up^ur Itinerary by dealingv wit h-* them !twa ^.t a time? 
SureJ^y we can do pro§|etly only one thing at''ar.titefe? Hoir a,re ^we./to escape the 
horns of*ihis dilemma? Bf .corisJtLering- ' typicai pratolemav. . Aid Vhat is a typical 
.pr6bleji?» A is^ in»'So far.' as th^^^Jfthod for its f solution will, 

. with Xi|jb^e oi^o^'taSdificat'iony^v.^^^^ effect' solution of majny other problems, • 
In iht ell igAitly^ solving a specific problem^ we, in ^iip^ciple, solve •the other 
•prbblems'Vh^h 'iy^ ty]^fi^s^.^'^ we enter bift onfe solution to one problem 

. 'in;.our exercise ibook, if^f^ fully,, understan^^fet ve^a.te doing it is .^S' if 
. the folloying- pbgeJ^^ad .entriiss in^^^islijleSEKik "of more or less similar solu- 

tions to" more or l^s _ similar pro 06?^, To fully^imderstand the problem- iA 
".■ its wider context is to see t^e^KritlAg in coijjorlfess ink glow as a'neon sign, 

■■■■■■■ ?S36 ■ . ' 
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• "In 'addition to solving the. problem of th^ rotating fliiid we wish to se$: 
:it- in a wider context, to see ±\ as an application of "Mathismatical, Methods in 
.Science", OVpically, there ai^e three phases. Hhe first is entirely 'pr almost 
entirely a matter of physics; the -thii^d^ a matter pf mathematics; and ;j;he inter 
■ 'mediate; Shase, a transition from physics to mathematics. The sfii-st phase is 
■the formulation of .a physical hypothesis or con jecture r the second/ its trdns- 
■ ^t.ion' -intd equations ; '%he third, their solution. Each phase calls for a / 
-.different kind of work and demands a different attitude. .To exemplifV and to 
. amplify these remarks- we continue with -our problem. 

This Physical .Phase /. :. * ' 

'What are we to find? The ' equation of the meridian,' vhose rota^on gener- 
. ates 'the required surface of revolution. That much is clear. But what is . to 
-be our starting point? What are the data? This" wo\ild be an appropriate ques-. 
tion if we were dealing with a wholly mathematical textbook problem ;;.j)hysics 
is. not, so easy. Physics does npt give; we only get what we take. - 

■What are we going, to take? 'It seems natural to begin by noting that what- 
ever the shape of the meridian i^t continues to maintain that shape. That is 
to say that every particle of it is in "dynamic equilibrium". .There is no . 
movement of a particle up (5r down the curve over its neighbors; whatever the 
forces acting in it.> they remain Invariable. And if they were different?' 
With other constant forces supposedly the meridian woiad have a different 
shape. The meridian has such-and-such a shape because the point mas/ at .(x,y) 
on it is subjected to such-and-such farces-. The shape is conditional on the 
forces. To deduce the shape we rau^ specify the condition.- The usual mathe- 
matical problepi is of the form: Given '.A, find B;, or, ...find B. conditional 
iipon A. Here, we have to .JTind th^e appropriate condition A. This ' is the 
physical phase. ■ ' , ■ ' 

Condition A, when found, is necessarily of . a conjectural or hypothetical 
nature.' This, especially if you already know a little hydrodynamics, may seem 
to be an astonishing thing to say. :^":But we can never be absolutely certain .. 
that ^we have taken all the relevant factors even those sufficient for a ., 
good: first approximation to. the truth -- into account. It is, for example, 
pure supposition on our part that surface tension does not become a''6ritical 
factor at high velocities. Having thought of this point we^can of 'course test 
it^ what we cannot-, do is allow for factors of which we are , unaware. ' . And have 
we not spoken of a. "particle of liquid"? Is this a figure of speech, or d(^es 
a liquid actually consist of particles? If so, woiad you recognize onfei'iT you 
saw it? Or is it, that imagined particles are a convenient auxiliary^d'th© 
§olution of physical problems? Although it is not ourpurpose here to' inquire 

■■' • ' 186 A 
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into the ultimate constitution of matter,, these questions do serve to indicate 
that familiarity witfe^ terminology makes it all too easy to equate fancy with 
fact/ -Whatever conditic^t^A, ft; is in principle conjectural, 

• So much fdr the nature o^^^ cpndit ion . A, Our immediate problem is to ' 
'specify this coiilffic^. Possibly a step, in the right, direction is to inquire . 
why (neglecting.^rf^:ce tension) the surface of a non-rotating *liquid remains 
flat. There is- no tend^jjj^ for a particle to creep W^r its neighboring sur- 
face particles. We infer that R, the resultant of the various forces which 
act on it due to the .pressures of the contiguous parts of the fluid, must be 
perpendicular to the surface it must be perpendicij^^f .vjjo the horizontal • 
surface of the fluid at rest to counteract the vert'i^l^^^^ force 
acting on the particle, Buf will R still bfe perpendicular to the surface ' ' . 
when the liqui'd is rotated vith uniftirm angular velocity? We know that if '' the 
velocity is kept .uniform the surface remains invariant; there is no tendency 
for a particle to creep up or down the meridian over its . neighbors. Despite / 
the li quid *s rotation the particles remain stationary relative to one another; 
the configuration of the surrounding particles is' unchanged. So doesn't It . 
seem reasonable to suppose. th^^ R remain^perpendic\ilar to ,tlie surface? . 

What other forces act on a particle P of the meridian besides , R? Yes, 
gravity. And since the particle rotates with uniform circ\ilar motion it must . 
have a centripetal acceleration. What provides this, acceleration? See Fig, 



c 
Ay . 




Figure , ■ / ■ >. 
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Thus we arrive at the. desired Condition A: . that the. centripetal for^*|V^^ 
on a petrticle of the' meridian is the resultant of gravity and; ajfffofce R (due 
to- the pressures, of the contiguous fluid; acting perpendicularly iio'^he, surface 
of the ' fluid. We conjectui'e that the shape of the m'efidlan is, determined "by, 
or 'is conditional upon, A. Tljis completes the first, the physical phase. ' 

The Transition from...Riysics to Mathematics . ^ 

Provided th8^fef)j^^ii'^>w^ translation is underwood in a, wide sense, the « 
second phase may' hW rdescrl'bed. a^ a translation^ of the physical ..hypothesis dis- 

covered in the. flrs.%ghai»e.Vlrit^^ CJiaracteristically, the statement • 

■ ;-t-*''?5(/ ^'V ■'' ' 'Z'-' ' ' ' f • * 

of the former is mainly verb.al, 'that of the latter mainly symbolic. If, however, 

the investigator* s problem lies within a field of his^mecial competence, he 

may immediately write down the pertinent m^thematica^(P||itions and conditions. 

In this event' it would appear » ' prima facie, that 'his ""procedtlre has no -first 

physical phase..v Such is not the case: • facility has .enabled him to handle both 

phases simultaneously. . . ^ 

Our transition. ^* Let m be the mass and, v the uniform ci2:cular veloqity 

of the particle P at the point (x,y) on the meridian. What is *the distance 

of. P from its axis of rotation? Yes, its abscissa x. Consequently, since 

- • v2 * 

its circular motion Is uniform, its centripetal acceleration is — . And since 

• ^ . ' - ■ ■ . - • »* 

.V' force =. mass X Acceleration ' . • ' 

■' •' . „ 2 " ' 

mv* 

the centripetal force exerted on m is — - and tbe gravitational force is 

. • .. ^ ^ . : : 

mg. Thus, in addition to the directions of all three forces acting at P being 
depicted iDy Fig. we know.. the magnitudes of two of them. Moreover,- by jCondi- 
tioH A, the centripetal force is the resultant of the other two-. So, to depict 
the relations between these three forces we need merely complete the parallelo- 
gram of which a horizontal line from P (^Ich represe^t^ the centripetal 
' force) is a diagoniajl and a vertical line fifom P .(which represents the gravi- 
tational force) is a side.. It is sufficient to remark that PC '^iist be parallel 
and.equai to «AB. We have Fig. 5-. ' y.. > '.. 



Figure 5 ^ ' 

What next? Our physical hypothesis Is that the shape of the meridian Is 
^conditional upon Condition A, conditional upon the situation depicted in ?Fig, 5 
How are we to deduce the equation of the meridian from the depicted circum- 
stances of. It is at least clear that we must m^e use of the geometry of . 

this figure and take Inta account the coordinates of P. .But, of the relevant 
2 

items and mg) only one contains x and neither contains y. Perhaps ' 

we should console ourselves with the thought that half a loaf is "better than no 
"bread. Whatever bur dlsconsolatlons, we fflusti. utilize the item for other 

wise we have no prospect of incorporating x in 8^,-;iequation, Yet on second 
thought this.Jia^riot a happy prospect, for with, x comes * mV /■It-- would "be most 
embarrassing if the shape of the curve should prove to depend upon the mass of 
its particles. Embarrassing because mass will depei?id upon size.-^ and our 
supposition is that P*s dimensions are negligible* So? Whiler hanging on to 
X we must get rid of ■ m^ . ^ . 

How are we to ^iininate ' m?* Take another look at Fig. 5 - Consider MBF,. 
The ratio of ."^^ to mg Is independent of -m. Doesn'^t this suggest that the 
tangent or cotangent of angle A ought to be pf interest to us? Or, the oppo- 
site, angles of a parallelogram being equal, angle C? Tangent of an angle? 
Wait a minute.. Why, or course. We have neglected an important part of Condi- 
tion A: that R la perpendicular to the meridian, that R is perpendicula.r 
to the tangent at P. . . : , 

Let us reintroduce the neglected tangent line of Fig. k. At the same' time 
since we are at liberty to sielect anj||fscale we please for the pjEtrallelograin- of 
forces, it is convenient although not essential to have B (and consequently • 
C) on'ftli^'y-'axis. We consider Fig. 6. ;:y *^ 

' ■ > ;■ ISS'^ 



■ «. ■ . Figure- 6:-^ 

Let .the tangent to. fee meridian at P cut the x- axis at an angle r !(r 'is the 

Greeks T ani T is ;f or .Tangent ) .and meet th^ -y-axis at and Xet^ QS^ , 

bV parallel to . Obc, It follows that ZSQP ^ r , Since .QS \ \ Ox/ ® 'is' 

perpendicula:C'to the y-axis, and therefore ' 4SQP is the complement of i/.PQCi|" 

And cons ide ring ■ AQPC; since PCX"®?"* i| also the complement ^ of . Z PQp,* 

It .follows that ZC=r,., But, ■ 

• - ■ ^ ■ mv . . 1 ■ V ^ , , ^ ■ 

■ tan ,C = tan ' r = • ~ = ~ . ' ' ^ ■■ 

X . mg xg ' 

so that . •' . 2 ' 4. * 

tanr = ^ . ■■ ' '.. ■(1)' ■ 

Partial success. We have an equation involving . x, . . ■ ^ " 

ObviOTOsiy we would like to substitut^e a function' of ■ " x aria. ..^ tl for teui . r. 
Can we? Just about the first thing we. learn in the different ial .csi^ulus i9 
■ that the first derivative ^ is the slope of the tangent*at th6^pq|nt' (x^y)' 
to the curve , y = f(x). And since '^r is the angle the tangent; line '.l^' F makes 
with the X-axis,, tan r is "its' slope.. \ ■'• ■ ^ _ ' '!^?V . 



Conaequently, 



Hence, by, (l),,' 



The left-hand side of our eqviatlon nov Contains \ "x^^ and y,. even if 'not '.in the. 
straightforward way to^vhich ve are accustomed/ iiji dealing with algebraic for- 
mulae, Ee.rhapQ'we should take comfort in the risflection that an unaccustpmed 



appiearance is prefejcable to no ,||ppearknce at all, • 
■ , Other ^ispects of (2) also 'provide food for thi 



Let us suppose our- 



selves to be looking down upon the rptating. fluid from way up above the^yrcucis. 
.What dp we': ;^ee?> Conceptually, ^e T?4ew the sUj^ac|^ of revolution as hosts of 
.particles rotating in circles concentric about (for the^ axis from directly 
above appears ^as a point); All the particles in the- same horizontal, plane 
revolve with the same velocity,' but the higher the pla:ne, the greater the 
radius of rotation x .and the greater the velocity, v. In other wrtr^is; : # is 
a functipn of Xi ^xt whkt 4,s the real4y remarkable feature? - That any two 
particles on a meridian continue to revolve with the meridian.. They behave as' 
if they. wf re the tips of clock hands. that turn to keep pace with one another. 
•See- Fig. '7. ' ' ■ ■ . ". ' . 



1^ 




Figure 7 



Whilevthe one^ .parti(^l^ circles about ! 0. fron^ P^^ to P^', the, other . circles. 



P^ to Pp* - -ae twp' particles rotate with the same -angular 



a,botit 0 ff dn 

r - -i , . ^ . . . 

.'^^V^locity'.. V A V. . - . , . . . f ; . /* 

And how do we measure angular velocity? A particle is said to haye;'angu- 

; »; lar velocity CD if it traverses an arc,8.subtehded by . a> radians of a unit 

d^ijcXe in uniii^'^.time^* We u Greek, letter a> ( 'Omega ),• as is "ciistomai^ in 

titese matters. ;*j!he reader may reflect that since -the accuracy of a ciock 

ds* upon the rates<of rotsLtion df |ts?hands &M not their l-pngths, ' 



.depends* 



Omega woiilci be an ajppropriate' name for a' cbg^pany manufacturing chronometers, 

. Let' us* suppose, that OP^-: = .1, OP^ = x/ and that' the one particle travels. 
•along, arc- P.P. * in unit time with, ahguliar velocity^ ai' ' while the other -.trkve Is' 
along larc Po^o** ^±th velocity v, ■. It follows that • \ .V • ■ 

. '/.arc P^P^* -^/o), .. . ' , ,;:airc ^ P^P^'^'^'v, ^ • 

.9ut> obvious to intuition and by a,, theorem, of Euclid- i — . these' ate -lenjgths ; ; •' 

are- proportional to -their radii,. Thus ^ ' . *.. ' • 

• .- ■ ' ' ^ ■ ■ V * - . * 7- " .- 

• SO that- <• - \ ■ ' • . •' • ■ ; 

^. ^ :< " . .*■•.*•■. '. ' • ' ' •■• 

■ ■ vv- ojw x.^' -/'(Bi..-. .. ■• v//. ' 

■ ^ ". ■ ■• ' . " ■ ' - y' ■ , '.'^^ V . ^ . ■; • / - ' - ' 

• It remains, *tb remark; that -;si*nce the .clock hands- are' syncj^ronou&J.bott particles- 

have the. same angular velocity,- so that the particle with ; v^jjijjcity^ v biigL ■ ' 
..rotational radius x. also' has angular velocity'^ O), - ^ . / , i *^-'' ■. 

■ . /. Squariiog X3)., a^jd substituting in, (,2) -we have\ feat. ' . • v^^v ■. ' 

/.■'■^^K- :. . . . .dy •_ 00 x ■ ■ r ^ • ^ ' , '^^ 



i ^ e , , 



.. Andvwhat 'are the imi)lications^ '.this- eq^ .With ai ^constant (g: being , 

constant, of course), 4^ increases or decreases 6,s x increase^ or decreases) 
■^for any steady ^.rate of rotatioii'the surface of -the . fluid near the y-etxls ifi^ T 



, flatter, 'that farther- away, . stepper, .r And .not?! t given; x> 1-f . oj' is 

. increased, ^' is/Increased,' Thus. i'Spli-es \tha'tj tHe fa'ster the lady ..stirp . 
.her tea, the' steeper the sides of the vholloy ^ec6pie , If: sh^' d'oes-.Tipt stir, , ' 
0} f 0, tb^e slaipe'^is* horizontal and- the - surface flkt,. .These implications aire-- 
.' ip accordance, .with' the 6bvious':.facts; they- -afford grounds for accepting (^i-)' as/ 

■ a cort^ct math emiatical* statement of.- the condition 'upori yirlch the shape of the 
, meridian, depends'. But accordinig to (t) the shape oiA^ meridian" is also ',?*' - 

depend^t upon V;g,. . It implies that, if g were reduced ^o one-sixth its . '■ 

■ terrestial val^ue the meridian wou^.i become six tiinies as stieep. Although we dip 
not yet 'take a:f^temoon tea on the. Moon and an' appreciable chang^' iA g ; is *. r - 

\ outside our . common experience, we have.^np reason to suppose T^at tea; is 'not V/' ' 
". more readily .spilt at Lunar tea ^fcties., ; <)ur groiirid' are sulastantial, not . 

■' .' ^^''^ . ' ' ■ \ , . : 

': conclusive. We,. are disposeci to accept {k) as ..cofre&=t>;-, .. - ' . \ ' , 

■ ? ■ : : ■'. ■ ■ 'V^lr^-v' ' \' ' '/f'' ' 

^ V 'Furthermore, - we can apply the dimension's test .;>f:J^^^^^ helpful to , think of > 
' ! ..the' various entities in* terms' of units in which they.<;*.cotjd ^e' 
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take centimeter and second as the units of length and time; mass is not in-' 
volyed. And do rememl^er th^t angi^lar velocity is measured in radians per 
unit . time. Since a radian is an angle which subtends unit arc- on a , unit circle^, 
it, as slope, is the ratio of two lengths; its dimensions are zero. 

f. 

dy ' . T cm L _0 -■ ■ ' .< 

^ = tan. r = slope = — = — =L=l • 

dx ^ cm L . ^ 

so that the left-hand side of (h) has zero dimensions. * 
X = cm ^ L • 

♦ 

radian 1 -1 -1 •2.-2 ' ^ 

CD = = = sec = T : CO = T 

, sec sec , ' 

T . . cm L xm~2 
g = acceleration = ^ ~ ~2 ~ ^ 

sec T ' 

so that . « 

, X .co^ . J = L - • = 1. . ^ , : 

It 1 checks. We accept (h) afe correct. - ' . 

'Our final. mathematical statement, spelled out in full, i^ that the genera- 
ting meridian of a fluid that, rotates wi'th angular velocity o) in a gravita- 
tional field g is such that any point (x,yj of the meridian^ satisfies the 
condition ■ • ^ . ' . * . • 

2 ■ ^ 

This completes the second phase. • 

Oh yes, we have been a long time arriving at this statement, we 
were not told to use the notion of meridian; we were not told to think of a • 
■ liquid as a conglomeration of point mass particles; we were not given the an- 
gular velocity; we 'were not given the gravitational field. All these things 
we had to .take for ourselves.' ^The problem was to decide what to take. If ani 
investigator is clear about' their relevance at tho. outset, his work is routine; 
he does not have bj problem. . * * 

The Mathematical Phase 

The final phase is essentially mathematical: to deduce the equation of 
the meridiah curve from 

d^r _cDjc • (k) ' 

• < .dx - g • , 

The 'novelty of this equation as opposed to' our familiar algebraic equations 
..is that it contains the differential coefficient For this reason mathe- 

m/^ticlans term it a 'differential equation . We-have breached the principle' 
topic of this chapter. ^ 
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The rjeader may anticipate that since may alternatively be tei 

first derivative, (U) may alternatively be termed derivative equation , 
is never done. The latter terminology would invite confusion for all ^quations 
are in a sense derivative r-. from the given, or, as here, the taken, /The 
former is firmly indicative that the differential calculus is involve^a. But, 
with equal propriety, 

2 

djr _ y_ 

' ^ ' ^ 2 " 2 

dx X , ^ 

is^ for example, to be termed a differential equation. This equation contains" 
a second derivative whereas (U) contains no derivative of higher ^rder^ than 
the first. It turns out that the order of the highest derivative involved fias ' 
an important bearing on the solution of tKe equation. Accordingly, distinction 
is made: C^) is said to be a first-order differential equation'j 
example, second order, / ■ ^ ■ T 

Differential equations of the first orde.r arQ indicated sdhematipaily by 



ried 
This 



a. 



This exhibits that "the ingredients are the in^epend^^ variatfLe x, the depend- 
ent variable y, and the first derivative of v^with 
is to emphasize that there is a functional -j; 
'Note that from (U) by transposition'',* we, 



it to X. The F , 
these ingredients^. 



2 

0} X 



= 0; 



" an especially simple c^e'of^), for we have no ingredient y, .Unfortunately " 
there is no' general,.niethod^f solution of differential equations of all order^^ 
nor even a genei^ metb^ for Just those of the first order,. It is convenient 
to classify t^e^lattj^ according to the methods to which their solutions are 
amenable. V(^) i»^eadily solved by the method of separation of the variables, 
(This explainaJ^hy I chose to introduce the topic of differential-equations 
via^^e pr^i^lem of a rotating fluid.) ^ ^ ^ 

Separat^n of the Variables 

5 firsi derivative*, the >e'sult of the differentiation of y with respect 
' x, v^s written by Leibnitz in the form 

c dx 

(other notations are y',, Dy, D ^ ) • Leibnitz's notation deserves some 
comments, because it is both extremely useful and dangerous. 

Today, as the concepts of limit^nd derivative are sufficiently clarified. 



V 



rivat: 

i.9< 
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the use of 



notation 



dx 



need not be dangerous. Yet, the situation was 




differprl^ in the 150 years between the discovery of the calculus by Newton emd ' 

initz and the t;Lines of JfLuchy. The derivative ^ was considered as the 
rrftio of two "Infinitely small quantities", of the "infinitesimals" dy and 
dx. Such consideration was helpful: it greatly facilitated the systematiza- 
tion of the rules of the calculus and gave intuitive peaning to Its formulas. 
Yet this consideration wasj also obscujre so obscure and nebulous, ''in fact, 
that it brought mathematicfs int6 disrepute: some of the best minds of the age> 
such as the philosopher Berkeley, complained that the calculus is incompre- 
hensible. \ 

It, should be clear today that ^ is the limit of a ratio and emphati- 
cally not the ratio of dy to dx: the full symbol ^ ' has a clearly defined 
meaning, but the best is to,f consider its parts dy and dx as devoid of 
meaning: the word WORD has a. meaning, but its parts WO and RD have none. 
^Once we bave realized this sufficiently clearly, we may, under certain 



circumstances, treat 



dx 



Fo as if it were a ratio: adults 



experts may do 



things tWt children or begii.ners should not do. For instancel we may conven- 
iently- recollect the geometric meaning of ^ as slope of the Vangent ^to the 
curve in consideri'hg the V'ir.finitesimal" right triangle with hor^ontal leg dx 
and vertical leg dy. Se4 Fig. 8. 




Figure 8 

We may do so if we take such consideration just as a colloqiiial but short 

(although somewhat sloppy) expression for a limiting process which, we have once 

carefully considered and could reproduce if needed. . 

Trusting the wisdom of Leibnitz's notation, we treat' 4^ as if it were 

dx 

a ratio arfti multiply (i^-) by dx to achieve separation of the variables. - We 

get . - i ^ . • 



dy 



xdx. 



The left-hand side does not now contain -5c, nor the ri^tt y; 
grate immediately: , / . ' ' 

*7 vj 



we can inte- 



EKLC 
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And siiice a constant') factor is not effected by integration 




■ « 12 



differentiate to gfet x? Yes, -^x • So,^not forgetting the 



definite,;integration>, we have 



2 

U) 



• j . 

2 

X + G. 



(.8) 




when 



gning different niimerical VEilues J:o C we obtain different' curves 
16 the requlr,ed 'meridian? Hecall that we selected oixr. axes such 
?in 0 is at the bottom of 'the./hollow, i,e.> such that y = 0' 
This is .termed an initial ^r a boundary condition. _^ These terms 
are used be^a^use the condition determines the position of the point at which 
the meridian is initiated or by which the , meridian is bounded. - " 

Although our problem not determined by the differential equation alone 
establishing this equation Is the major, more responsible work. To obtain^ it - 
we had to probe a complex physical situation to conjecture what we termed the 
Condition A. To the contrary, the initial condition 'is obvi<?us and somewhat 
arbitrary. Equation (8) bears testimony that the horizontal plane In which we 
select our x-axls is a matter of me^rely notatlonal" convenience. As ^remarked 
much earlier, our choice, unlike that of the y-eixls being the axis of rotation 
h&sno physical significance. • ^ 

Applying the initial condition, y = 0 when x = 0, • to (8), we obtain 

2 ' " 



so that 



and 



C = 0 



• 2 

U) 



0 + C 



The meridian is a parabola; the surface, a paraboloid of revolution. We have , 
solved our problem. . 

3>1>2 Galileo; ^Free Fall 

Our second illustration of the use of differential equations is conven- 
iently provided by Galileo *s problem of free fall.' 

We introduce a vertical x-axis whose positive direction is downwards and 
suppose a heavy pcirticle to be let fall' from the origin 0, x = 0. As we let 
the particle fall we start our stop watch, <t = 0. 'Thus the motion is subject 
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to the 'initial condition that v = 0 and x « 0 when t = 0. How fai/, t 
. seconds later, will iihe falling p^tlcle be below 0? ^ Obviously it can be only 
in one place at a tim^ ^nd so long as it^ontinues to fall, it vill be in V 
.different places at different' times. Where depends on when; x is a- function > 
of t, X = f(t). Our problem is lo specify tlje function, f(t). See Fig. 9. 'I 



•^'(3C^= 0,; t = 0) 



(x,t) 



■ !\ 



Figure 9 



Aristotle, among others, noted that the farther, a body falls, the faster 
it falls. Galileo, we recall, was iu:3istent upon being more specific and first 
made the very natural conjectures that th^ acquired velocity v is proportional' 
to the distance fallen x. That is, "What 

v.'=\cx , . (9) 

where c Is a constant independent of x.\ Earlier we remarked that- Galileo 
eventually came to- the conclusion that this^conjecture is not merely wrong but 
logically -absurd. But as he' had no calcttl^ he was unabl^ to make his argu- * 
ment sufficiently articulate to convince others, although 'doubtlessly clear 
enough in his owf^ mind to convince himself. ' Here is opportunity to. present 
the calculus version. , 

Since the instantaneous velocity v is given 



dx 
dt 



(loT 



substituting- (10 ) in (9), we' obtairi thfe first-order differential equati6n 



*'dt 



ex. 



A^ain, trusting Lei,bnitz^s wisdom, we*, treat the de;rivative as a r^tio. • Multi-- 
plying by dt*^ we have * ^ 

, • \ ^ dx = cx ' dt . ■ ^ 

But birds of a feather should flock together. We divide by .x. 

dx 



X 



c ' dt. 



The vElriables are .n4)w separated. It r^ains to integrat 
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And wha^ do we differentiae 'to obtain ? Yes/' log^x,\.So 

^ ' ^ • * « ' ' log X = ct + ' ' 

e - . • ' ' " s 

where rk Is the arbitrary constant^ of indefinite integration. But we want 

a forraula'for x, not log'-x. It is>, at this stage, conveuient to remember 

^e - 1 ' ' 

'that by definition of logaritlim the equations 



1o^^q2 = O.-3jfl03, *' 2 = 10 



0.30103 



4 



are eqiaivalent. With 'x. instead of 2/ 'e instead of 10, apd 
you can do 'it for yourselves. -We, get 



X = e 
len % 



ct+k 



0, X = 0, '' so ' 



But, by the initial 'conditions, 

\ * ^ ^cCH-k k ^ 

; . p ^- . 0 = e. " = e. . 

IiJ k > 0, '^is- 'clearly posit,i>^^' If < 0, say equal to 



is positive^ 



IS neC( 



, -k« 

' e = e * 



^1 



' k,' > . positive 
e. " 



= positive. 




Yes,', 



' where k' 



l!h|is e"^ /is n'fecessariiy^ po s it iv^ In short; if the free-fall velocity is ^ 
proppTtioh^'to* the 'd'j.splapement, .then 



0 = a positive number.. 



This*, • as' Euci^id" would say, is absurd. Therefore free-fall vel|)city ^^^"^/^^ 
''^proport^ional to displacement. 

Again we have a problem resolved by a differential eqmtion with^*^ ini- 
tial condition.. Despite be^ng effected by such a sira]^Le separatiorf of the 
variables it Is hiq-Scrically important. We are apt to^suppose that all unten- 
able physical theories are eventually refuted by experiment. This one was 
' defeated by logic; we have prOTed Jhat it is inconsistent* 
9 »>^Galileo'6 second thoughjfs con jectured that the velocity acquired is 
•ptop:)rtional to. the time ta^en to acquire it. That is, that 

• • • ■ ' ' : V = gt " ■ " ■ • ^ • (11) . 

where'' g is a constant .independent of t. ' " : . 

Now substitu'tigg (lO); in;(ll) instead of (9) /-we have . • 

■ r .■ ^ ' - 

We separate the variables by multiplying«V" ^^^4^ ' \/ 



dx = gt 



It remains to integrate 
We get 



. \f d5c = g J^" 



X = -igt^ + C, 



since initially x = 0 when t 



so "tihat 



and 



o*='|g 



0* + c 



' X = -^gt , . 

• -« . . 

This is a useful proposition of physics. Reflection u|)on the contrast 

between its derivation here aiid Galileo's (cf. Number 3«1«3). is relreirding, .By 

effecting solutions without having to think what we' are really doing we gain a 

lot — and can lose ^ lot, - ' -v! \ 

3*1*3 Catena-ry 

. Catenary is derived from the Latin catena meaning chain, and is used as 

., A. * 

a technical term, for the curve formed by a uniform chain hanging freely fro.m- 
two points not in the feame vertical line. Our problem is^to specif^ the shape 
of the catenary: to determine its equation. With one point' of support verti- 
(*ally below the other there is no catenary and no problem; the shape is obvious. 

.When I was young the well-situated gentleman^ was wont to Indicate his 
opulence ---not to mention emphasis .of bis corpulence by sporting a golden'., 
watch chain across a wide expanse of waistcoat. But even if golden chains 
^ and waistcoats were still- with us this would not be sufficient reason to consi-- 
der the catenary,^ In ^ihis technological age, suspension bridges, telegraph 
wires, and high-tension cables display some important catenaries. IMless the 
>strength of steel :has recently been increased it is*^still the case that a 
steel cable' catenary six^miles long woruld- break undlifff dts own weight. See 
Fig.i 10, ■ . ' : 



■1 




— Horizontal 



FigTjCre 10 
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Obviously the supports at A and A* do much more than take the weight of 
the cable. Recall the exertion needed to take up some of the' "slack" of a 
• sagging clothes line. Many engineers spend much of their working lives calcu- 
lating tensions in vwires an'd cables, partioularly the magnitude and direction 
of the 'pulls at\the pointsi^of sup^on. The effect of . contact with, a falling 
high tension cable is apt t'o'be permanent as well as t instantaneous , . 

Not all freely suspended wires hang in catenaries. The word chain in the 
above definition is used to im^y strength and flexibility. We think of* a 
chain not rusted at the links. Ideally it 4oes not stijetch and is free to 
swivel at its linkages; it is inextensible and offers no resistance to bending. 
And the word uniform implies that it is made of homogeneous ^material ,^;that its 
weight per unit length is the same throughout. The more nearly a suspended 
wire, cable, or chain is flexible, inextensible, an4 homogeneous the closer 
its shape approximates a catenary, ' ^ 

^' We consider a perfect chaij^ suspended fro^ two^ supports io, the same hori- 
zontal plane, (The cas.e where the supports are not. in. th^ same,vhbijizontal * 
plane will be considered subsequently,) Does it hang lopsidedly? If so, 
to which support is the ^bottom of the curve nearer? The left or the r^ght? 
Yes, we have encountered the Law of Sufficient Reason before. It will hang 
symmetrical^ with respect to the vertical equidistant between itXsupport?, 
It is natural tp take this vertical as, the y-axis. And the x^axis?^^ for 
'a rota^ng fluidVlt is tempting although not essential to put it at tTfevbotl^on 
of the tfUrve, I prefer to put it an aiSbitrary distance below* my re^ 
will be com^ apparent later, We have "the situation depicted' by FigT^ll. 



A(x,y) 




Figure 11 



Our problem is^ to determine the equation of the catenary, #y = f(x), relative 
• ,to our selected rectangular coordinate axes. 

The first', physical phase, i^ difficult. Although it is clear what we are 
to find, what we are to take as given is far from evident. Rereading the 
def Irlition of catenary we note that the chain is uniform. We take this to im- 
ply that it is made of homogeneous material, so that it has constant weight 
per-unit volume. Yet on second thoughtsV> uniform chain implies more than 
this: a chain with hef^y links at one end and slender ones at the other, or 
a cable thick at one enci and thin at the other, would ; not be^ described as 
™^^'Q^ eiTen if i^de of homogeneous material. Additionally; it implies uniform 
cross section: every part of the chain has the same weight per unit length.- 
Idealized, with cross section shrinking until the chain becomes a line, this' 
amounts to saying that .it ly/s constant linear density. As is custo'maiy we' 
•take, this density to be j(i is the Greek L and L stands for Length . ). 

Is this sufficient, or do we need provide ourselves with additional data? 
If a chain has liiiear density A, it has it no matter what its |hape. It 
would ^till have this density while being cracked like alvhip. But it is not - 
being cracked like a whip; it isa't moving at all: it Is in equilibrium. We 
conjecture that the condition that a chain has density A and is in equilib- 
rium is sufficient to determine' -its. shape. Or, not to do violence to the 
English language, we may reformulate oui^problem: Given that & perfect chain 
of densitjf A is equilibriuni,. find its shape. It is of course understood' 
that- the answer is to be given relative to our selected coordinate system. 

• The second, Jbrans it ional phase is the translation of our cor^jectured 
condition, 'equilibrium, into mathematics. We anticipate ending up with a 
•differential equation with, an initial condition. 

Unwind s^hie cotton l*rora a cotton reel and pull. The unwound cotton is 
tangential 'to the reel, isn't it? Unwind some very heavy cable from a drum • 
and pull. The unwoUnd cable need not be tangential; its resistance to bending 
may be'too much for your strength. A perfect chain is perfectly flexible. We • 
conclude that the tension in the chain is -everywhere tangential to it. 

■ Partial corroboration of this conclusion is given by consideration of the 
^forces acting at B, the bottom of the curv^. ' The crux of the matter is that 
B is sYrametrieally placed with respect to the left- and right-hand portions 
of the curve, so that no matter </hair^orces are exerted on it by the one , • 
portion,, synrnieirically identical forces are exerted on it by the other. Since 
H'^ 'stands for . Horizontal and V for Vertical let us suppose H to be the 
horizontal and V the vertical (;upifard) component of the pull exerted on B 
by either portion. See .'Fig. 12. . ^ 
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Tbe symmetry is such tl^e horizontal components H are equal but opposite; 
ea6h annials tlie effect of the other, v. Contrariwise, the syitmietry is such that 
the* vei*Mcal components V ' have a resultant 2V. For equilibrium 2V 
must be annulled by the"' weight of the particle at B. What, is its weight? 
Since *t1ie chain weighs. 7\ per unit leng:th, the smaller the length of the ^ - ^ 
particle;^, the less ita yeight. But isn't it singtilarly odd to speak of the 
length of a particle?' Arbitrarily short, it weighs arbitrarily little, so 
that 2V, and consequently V, is^arbitrarily small. With an ideal particle 
it fallows that V =.0; the only forcj:^ exerted by either portion of. the chain 
is horizontal,. But, the tangent at B is horizontal. We again conclude 
that the tension at B is tangential. If .you sever the chain at B, in 
what direction must* you pull to maintain BA • in^equilibrium? Surely your 
muscles give you the same taswer. J 

Progress has-been made: we are agreed that'- if the chain is. in equilib- 
rium,^ the tension is everywhere tangential to it.' Thus, In particular, the ' 
equilibrium of BA' is effected by a horizontal pull H at B and a pull 
T (say) at A tangential to the' chain. . What other forces, act upon it? 
Yes, only its weight.^ Each tiny portion of the chain is subjected by gravity 
to a, downward 'pull proportional to its length. Yet we do not need consider 
these forces individually, their combined effect is just as if the whole 
weight W of the chain BA were concentrated* at a certain point '( somewhere 
in the plane '^f, but not necessarily on, the chain )% * And what is this point 
called? Yes, the ^ center of gravity. So BA may be regarded as in equilib- 
rium under the action of three forces, H T, and- W. It follows^ that the 
force "W must be equal 'and opposite to the resixLtant of the otheY two, and 
that the lines of act-ion of these forces must be concurrent. -Let them meet ^ 
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C. is for Concurrent,)' ^ee Fig. 13. 



r 



Ay 

I 




Figure 13 



Think about th|s situation. With a little thought it becdmes clear- 
that we are now abl^'to describe the shape' of the curve. Our description is: ' 
no. matter where- the point A(x,y) may be, the equation of BA is such that 
the line through the center of.gravit^y of BA, parallel to' the y-a:(is, passes, 
thn/ugh C, the point of intersection of the tangent at A and the line 
through B/ perpendicular to the y-^xis. Can we obtain a differential equation^, 
f^m this? Not very inviting, is it? Well,' perhaps there is a more "amenable • 
. de script io^n. Let's try aga^in, . 

Instead-of starting from the fact that the lines of actiX)n of H, T, , 
and W are concurrent, let us begin with^the fact that these three forces 
are in equilibrium. ^It follows that lines representing them in raia^itude as' 
well as dir&ction will form a closed vector triangle. Consider Fig, 
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Figure ik 



. As in our firs^ example, taking to "be the angle made by the teuigent line 
with the X-axis, we have Immediately that ' U 



And ^gain using 



we .obtain 



tan r = - , 

n 



^ = tan r 
dx 



dx ~ H •■ 



(12^ . 



.Is (12) a differential equation? The snag is that although H is con- ^ , 
stant, W is not, W" depends upon the length s of the chain f rbqi ^ to 
A(x,y), 

. W = A • s, . - (13) 

Our next task is to 'relate s to the coordinates of -^A, The required forrnula 
is.. a textbook commonplace, but perhaps you have forgotten it. Just in base, 
I shall derive ^t fdr you, Nfcr method will be the . *'nin^-to-one" method. No, 
no,' I do not mean it will take me four hours j I meem that I shall use nine 
parts intuition to" one part logic ^ • ^ ^ ^ 

• Consider Figs, 15(a), 15(b) • • ^ 
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fiB P movea along the curve towards 0 the slope of the secant OP more 
closely approximates to that of the tangent line OQ, 

Liin^.= D (y): ' ' • " 



Ax 



It is tempting to us as to". Newton to describe ^^^(y) "^^^ ult imate ratio 
thereby covering up a multitude of logical sins -- and to join Leibnitz in 



writing it as 



dx 



(viz., dy^ divided by dx). The notation 



iids and abets intuition. Both notation and diagrams tempt us to assert that 
when the secant reaches its limiting position, P coincides with Q, Ax - 
becomes dx, Ziy becomes dy, and the straight line element As becomes ds 
the infinitesimal bit of the. curve coincident with its tangent line. Let us 
not resist temptation. 

To find 8, the, length of ,BA, we must evaluate ^ds from B to A, 
ds, we observe, is the hypotenuse of a (right) triangle with legs dx, dy. 
Bringing Pythagora^s 'to our assistance. 



' {dsf = (dxf+ (dy)2 



so that 



(dyr 



(1^) 



This implies integrating 



^Cdx) 



2 2 

+ (dy) from B to A, but to write 



V(dx)^ + (dy)2 
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'Te'^d demand, integration with total disrespect to bqth x and y. Verjr rude. 
Since x is the independent variable of i:he hard sojjght y = f(x), our pre- 
ference is to integrate with respect to x. ' We niu4 ,,introd,uce a dx. From 
(14) - ; ,^ ' 

. In moving along the curve from B to A Nthe abscissa changes from 0 to x, 
so .that ^ / y_ 

We have the textbook formula. 

Substituting (15) in (13) ' ' 



so that (12) becomes 




At long last we have a differential equation. Indeed we have much more thaji 
we bargained for; certainly differential, it also contains an integral. Of 
a higher, more formidable kind, respect for its exalted rank entitles it 
, intepiro-differential equation. Oh yes, the wonderful name^does exist. .And 
behind the name 'there exists, even more impressive, a theory. A theory whose 
intricacies we can happily escape by transforming (16) into a differential 
eqiiation of the more pedestrian non-iiltegro kind. To do this we must reviev 
a most important notion. 

In stud^ng Galileo^s deliberations we were informally introduced to 
the notion oi!!the area under a curve as^the limit of an inner or outer stair- 
case of rectangular steps. The shorter the tread (breadth of step) becomes, 
the more snugly the staircase fits the curve, the more nearly coincident areas 
under curve and staircase become. By making the tread sufficiently short (and 
consequently,' of course, the steps more numerous) the difference between these 
areas becomes arbitrarily small. This consideration Has led mathematicians 
to agree to define .the area under the curve y = ^^(x) from a to x, say 
A(x), by X ' ' 

A(x)'-^ Lim E *(x) • Ax. (l?) 
Ax-*0 a 

[The typical step has a rise (height) *(x) and tread (breadth) Ax and 
consequently is a rectangle of area <t>(x) Ax. It follows that the area unde 
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the staircase is the sum of the areas qf all such steps from a . to x i,e. 



^ Hx) •Ax, . i 

a 

The area under the curve is taken to be the limiting sum as the treads become 
indefinitely short (and the steps more numerous).] 



A logical consequence is that 



-Ax-»0 



(18) 



The proof is difficult; it demand^ a more fonnal Introduction to limits t^ian 
given earlier. But fortunately Leibnitz's notation mates this', consequence 
quite intuitive. For " . ' 



X 

Lim ^ <tJ(x) • Ax he writes 



j; 



and for 

Thus the translation of (17), (l8) gives 



Lim^ he writes ^ 



If A(x) =1 <t)(x) • 'dx 



then. ^ = o,(x). 



(19) 



Let us consider these equations intuitively. See Figs, l6(a}^ l6(b), 




W-Ax-*!' 



♦ X 

Pigiire l6(a) 




Figure 16(b) 
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With the usual usage of the^ A. notation we suppose M(x) to be the incre- 
ment of area; under the curve corresponding to an " increment of base Ax, Then, 
. clearly, , ' 

A(x) ~ 4)(x) • Ax . 

the approximation becoming the closer, the shorter Ax, Now it is intuitively 
tempting to suppose that "ultimately the treads Ax become so short that areas 
under curve and staircase coincide . exactly . Suppose this to happen and let , 
dx be the value of Ax for which it happens, Leitni,tz terms dx the 
differential of x, • Then dA(x) denotes the ' increment of area under the 
curve corresponding to an increment' of base dx. But since areas under curve", 
and staircase are perfectly Coincident so are the areas of common base dx. 



so that 



and 



dACx) = 4)(x).' dx 



dA(x) 



dx 



= 4)(x). 



Also; intuitively, A(x)" is the sum of the infinitely many ateps. from 
X, of which 4>(x) • dx is typical, i-.e:. 



to 



A(x) 



r 



ct>(x) • dx . 



y, the elongated old-English S, is used for Sum in contradistinction to the 
usual emphasize t]iat an infinite number of elements are involved. 

So much for intuition. Let us apply (l9) to (l6). Instead of A(x) 
we have ^ and instead of 4)(x), - 



dx 



1 + 



dx 



Differentiating (l6) with respect to x. 



dx dx H 



dx 



i,e,, ' 



dx2 



This equation contains ^ and 



dx 



(20) 



but no derivative of higher order than 



the second, so that it is a second -order differential equation and is charac- 
terized (strictly speaking, after transposition) by the general pattern 



''.y'dx'dxSj 
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And although choice o.f 

condition; at B, no 

Wh^n X = 0, ^ = 0/ 
dx. 



the X-axis was left open, we nevertheless have an initjlai 
matter what its ordinate, the curve is horizontal. 



(20) is the conseqtience of a. physical conjecture. ' It ought to inake ser/se. 



Does it? Let- us apply tke. dimensions test 
that schematically 



In an earlier application we 



dx 



so that 



- dx 



d(l) ^ i ^ 1 
dx cm L 



i.e. J 



dx 



^ being of zero dimensions (a pure number), a bit of 

' . dx' ' ax ' 

also of zero dimensions (a pure number). Considering the right-hand side of 

[ dx 



iS 



dx 



(20), since 
quently, is 1^ 



is a pure number. 



is a pure number, and so, conse- 



dxl 



And, schematically. 



2^ J' linear density 
H tension 



cm 
gm 



cm 



1 
L 



So, the right-hand side also has dimensions Our equation has passed its" 

test. ^ ' . ' ■ . ^ 

Finally, for brevity, it is convenient to put 



H 



1 
a 



where a is k length, so that (20) -becomes 



iz 

dx^ 



dx 



(21) 



This completes the second, transitional phase. 

^ The third, mathematical phase is to solve (2l'). This equation is a very 
. special case of the second order for it contains neithei- x nor y,. just 

the first derivative and the derivative of the , first derivative . This veiy 
'special feature enables us to do what can be done in* a few -more general cases: 

to reduce it. to a first-order differential equation. You can always tiy; you 

will seldom succeed. ■ ' 



Let T 



d^r 
dx^ 



then 



^^2 dx ^dxj dx'"*'' " dx 
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»ancL (21) is reduced to. the first -order equation 

dx a ^ 

What are we to do next«? Separate tlae variables/ of course. 



And what do we differentiate with respect to p to get , ^ 



Yes, an answer you should- Wow by heart, log^(p + ^1 + P^). We had. better 
have a check-up for those with weak hearts: 



dp 

but 



' p + ^l+P 



2p 



p2 



so that 



^jlog^P^V^ 



Consequently, (22) gives. , , i,^ 



dy 

using p 



Using the initial condition that ^ = 9. x = 0, 



iog^[o + yi^ 0^ ] = J + c 



e 



loggl = C 



2J0 
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so that 

0".= C 



and' 



Recalling that log^Q2 = 0. 30103, 2 = io°' 30103. analogous]^ transform 
(23) and obtain v 



2> 



dx t . Idx 

The next step Is to get rid the radical 



Sqmrlng, 



so that 



• dx 



dy e' 



dx = 2e^/^ 



^ = 1 f gX/a _ ^-x/a 



giving finally 



dx " 2 

a first-order differential equation. Solve this and we have ■effected the 
solution of a secor^ -order differential equation by solving successively two 
first-order equations,, . - • 

Separating the variables. It remains to Integrate 

Since the derivative of a^^/^ Is e^/^ and the derivative of ae'^^^ is 

-x/a * 

-e ' ' " 

1 x/a . 1 -x/a ^. 
-ae ' + -^rae ' + C * , 
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Whea X = 0; 



Ja(l + 1) + C« 



a + C«. 



ThQ slJTplest equation available to^s Is given "by = 0; "bV tetklng y to' 
^ be equal, to a when =^0. Thus A Is most convenient to have the origin 
a units below B, whereupon the equation of the cateftary, 'the shape of a 
iinlfo^ chain hanging freely/'' Is 



y = a 



Xe ^ 



s/a 



There remains .one point to complete the solution: we have considered the 

sbape of a uniform chain ^hanging freely from two support^ ' A, A*, in the samer 
horizontal plane. What happens in 'an asymmetrical -case where A, A' ^ are at 

different levels and B *no longer lies on an axis of symmetry?* If the curve 

* - ■ ■ 

has a minimum point B, the bottom of a hollow, it still follows that H the 
tension at B is horizontal, so that the rest follows as before, despite 
asymmetry. ^ , 

Th^re is an alternative argument wl;ilch holds even if the chain is so 
shoi:t that it has no bottom-of-a-hollow point "B. Consider JFlgs. 17(a), 17(b). 





Figure 17(a) 



Figure i7(b) 
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Suppose the particle, of chain at C to be replaced by two adjacent supports 
at C, C* . These supports supply the tensions T \^hich the particle at C 
had supplied. Consequently the .equilibriiim and therefore the shape of curve 
A'C and curve CBA are unchanged. Since C is an arbitrary point, {2k) 
covers all possible cases. 

5.1.h Fall with Friction 

There is some analogy between learning how to- solve problems of science 
by mathematics and learning a foreign language: an analogy close enough to 
merit remark. Consider the English-speaking person who ^decides to learn 
French. At firs"^> our would-bp linguist has to do all his thinking in English^ 
having decided what he wishes to say, he has to wrestle iwith the problem of 



translating his English, into French. Later, with increased faoiMty, he is 
.often atle to reply in French to a question asked in French vit|iout. inter- * 
•mediary translation of ^the question into English ah^: his answer to ^ into 
French. Finally, given ability ahd perseverance, he seldom if ever needs to 
fall back oa his English; he thinks sin French. Somewhat analogously, with 
scientific problems, given mathematical facility, there is np need for prior 
painstaking formulation in English of the physical condition; it .can be ex- , 
pressed in mathematical notation directly. "Phases 1 and 2 may go forward, 
as the;animals went into the Ark, paired';' they n^d not march in single file. 
^ Our next problem is to specify the motion of a body ^ let fall from rest li 
a resisting medium;' for example ■ that .of ■ a stone when air resistance is taken 
into account. Let us -deal conjointly with a to6jecture of physical condition 
and its mathematical formulation; we have the facility. 

We^ consider the fall of a particle of mass mi. To provide a convenient 
frame of reference for our observations, we introduce an x-eLxis vertically . 
downwards such that the particle is let fall from the origin when we start 
our stop watch. ^Thus in addition to. the- initial condition ^Iven by our/co- 
ordinate system that x = 0 when t = 0, we also have a physical condition, 

dx ' r 

•j^ = 0. Obviously, the position of the., falling particle is dependent upon th( 
time for which it has been falling;, x depends upon t, say'\ x = f(t). Our 
problem is to specify f(t). See "Fig. a8. . 



.(0,0) g = 0 



(x,t) 



( 



Figure l8 



Our difficulty is to conjecture the condition upon which the motion de- 
pends. Since ' ' 

mass X acceleration = force 

a stone of mass m falling under gravity, without friction, satisfies the ' 
condition - 
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What modification does ai^'^^^sistance introduce? Not only is the jjroblem 

difficiAt 'for us/ it is by rfnd. large an unsolved problem, . Knowledge of * 

friction- has little' theoretical foundation. However, we all know ap a matter 

of crude observation that frictio!??apposes the^'mbtion. So, if R' fs .the : 

frictional force opposing the motion of our pai^icle m, we. have 

■ ■ ' ' ■ ''.2 ^ ■ - ■ - . 

d X . _ • 

m • . — r = mg - R. 

dt^^ " . V . " . 

On what does R depend? It has been found exp^trimentally thai R inr 
creases as the velocity v of the falling body increases. The simple assump- 

tion that R is directly proportional to v turns out to be too small an 

2 

estimate; the.assumrition that R is proportional to > v , too large, Althou^h^ 

wrong, the latter more closely fit-s the facts. Thus a better assumption would 

appear to be that R is proportional to v where 1 < a < 2, In consequence, 

the condition for the motion is .. 

.2 ■ « • ■ ■ 

, = mg - Kv, • : 

■ at^ . , . 

where the constant of proportionality K is positive. The best empirical 
value of a is about 1.71. It is not theoretically conclusive. * 



To obtain a differential equation amenable to simple treatment we shall 

' dx 
dt' 



dx 

take a . to be 1. And since v = -rr, we have 



d X dx 

-2 = - ^dt' 
dt 



Dividing by m 



djc _ K dx ■ ' ' .'VU;^. 

^,2 = e-nidt..- 

For brevity, we put - = k, a positive number, so^ that the condition for the 
motion is \ ' > ^ 

d X , dx . , 

. . . -2 = g - k-^. 4 (25) 

dt ... 



The physical conceptions involved suggest the substitutions 



2 

dx __ d X d / dx\ d # \ __ dv 
dt - ,.2 dt \dt/ dt^^^ -'dt' 
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With these substitutions (25) becomes 



dv 

. -Jt = g - kv. 



Ve have a first order differential equation that cries out for separation of 



its variables. Separation gives ^ 



And since 



integrating, 



and 



I 



^ loggCg - kv) = t + c 



log^Cg " kv) = -kt - kC. 

Again i?ecWling log^^S = O.3OIO3, etc., we have 

^ ' -kt-kC - ' 

. ^ g - kv = e ' 

so that transposing g and dividing by -k, ve get 

^^iB 1-kt-kC^ ' ' (26) 



k • k' 

dx 
dt 



Usjjig the initial condition v = = 0 ,vhen t = 0, (26) gives 



so that 



and 



* V *£ 1 -kO -kC 
0 = **, - r- e • e 
k k 



n B 1 -kC 
k ' k 



-kC 

g = e ^ 



. k k ^ • 



(27) 



Bixt^since •^f= v, this becomes 



— = ^-^e"^ (28) 
dt k k. ' , 

Again we^have reduced a sqcond-order differential equation to two consecutive 

first-order ecjuatlons, ' Unfortunately this is not always po^ssibie.^ ■ 



Separatingf the variables in (28) 



so that 

. -kt 



I 



-kt J ^ 
And "by* the initial condition x = 0 when t = 0, - . 



k 



V k^ 



so that 



^ t e"^ - -^^ (29) 

^ k^ k^ 



■ We have specified f(t); we have a formula for free fall with friction. 

Doed It fit the facts? To check quantitatively is a matter for the" / ; 

■ , - "/.^ 

laboratory and costs time and money, so first check qualitatively. Often / . 
raUch can be checked in this way with little computation. We begin with the 
obvious question: How is our formula related to Galileo's formula for free 
fall without friction, . ^ 

When there is no friction, K = 0, so that k = 0, and (29) should reduce to 

Galileo's. But we cannot substitute k = 0 as we cannot divide by zero; 

and it is difficult to see what happens When k is close to zero. We will 

.'''have to posLtpone this check until the next section (itoiber 5.2,2). 

But (29) is derived from (27), so that it can be checked- indirectly by 

■'kt "1 

checfking the latter. With k > 0, as t. increases e , that is -j^, 

e 

tends to zero. 

So that as t increases, by (27) ^ . , 

V tends \ * 

■ ■ * ' '. 

Thus there is a terminal velocity in the sense that no matter for how long the 
body is falllkg its velocity will not exceed A terminal velocity is con- 

firmed by the experience of parachutists jumping from high altitudes — and 
has yet to be denied by those jumping without chutes. Chemists observe that 
particles sinking in a strongly viscous fluid quickly acquire a velocity that 
remains sensibly constant. To this small extent at least our conjectured for- 
mula is in accordance with the facts. ' ' * - - 
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. • ' Section 2 ,. Approximate ^Formulae : ^ Pover Series / 
Introduction ' ' , V • - . ' 

Inmost applications of .mthemtlcs to science ajprpximate formulae play 
a ron,e. Often it ^tuAis 'out ttjat the full soltltion l^noo. coii5)llQated"o?^ven'- ' . 
Inafccesslble. When, we cannot • obtain the exact answer we m^ist content- our- 
selves witli the next best thing/ a good approximation. Y^t the situation, is' . 
not reall;^ hs bad1a,s, at first sight, it "se^ems. Usually, provided Ve are 
energetic enough to perfprm the labor qH calculation, ve can obtain a n\americal 
answer correct t'o as many places of decimals as we pleage. .Nowadays with • 
electronic computers to do our.^fiard work *f or us, calcula,tion is no problem;!* 
rather the p^p^lem is to ■ find a computer, currently 'unemployed. ' The; e&3?^tial ' 
tool with- which increasingly exaat approximations . are obtained; no matter 
whether driven by electronics or by brain ^ower, is a power series . ■ No pun is 
intrende^.'^ . • ' - . •^ ' " 

^ tJhat is a pbwer series? Essentially, tKe Expansion .of a^ functiori^ of x, 
say^ in terms of powers of :x. And what has this to do with' increasingly, 
better approxima^iions to the exact value? The basic idea is illustrated hy' 
* a sequencie of successively better values of jt. '■ - ^ " 

• . .■ ; '■• -3 ' ■ r 

. ; 3.1 . • - ; ' ' 

■ ■ ' 3.1^ ' ' . \ 

. . . ■ . • , 3.14 1 ■ ' : ■ \ ' / 

. ' 3.li^ 15. ^ ' ^ , ^ . 

3.li^ 159, ^ ' ' . ^ 
3.lh 159 2 ^ ^ ■ . 

■ '\ ^ ^ 159 26 . . . ■ 
. ■ ^ 159 265 ■ " ; ■ . 

3'.lh 159 265 3 . - :• * 

3.li+ 159 265 35 . W 

(We add, parenthetically, that there exists in t^rench a delightful mnemonic 
for rt, a poem of which the numbei* of letters in the . n"^^ word is, the -n"^^ 
figure of the decimal expansion of jt. ' The first line, of this pdem runs: 
»Que J'alme a f aire apprendre un nombre ut.ile" aux eages 
. .3 ..1 i+ 1 5 9 2 .6 5 3 5' .) 



To expose the idea we write our last approximation for jt with a change of \, 



emphasis. ^ 
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We* havg an approximatidn fbr jt .expressed as a power series/ as a series of 
pdlifers of [—j . Tb determine the first n + 1 .figures^of the decimal ex- 
pansipn of .jt is to find. the coefficientsy* a^, a^, a^, ...^ a^. such that 

T11e\ore coefficients we .compute > the more 'i^c curat ely we determine it; by 
' . finding sufficient coefficients we .find jt •with whatever- accuracy we pleased 
, Doesn't' the Basic idea speak* for itself? Replace the powers of l-^l 



by powers of x dad we have a- function of 

3 • n 



f(x) ^ a^ + a^oc + a^x?-. + 'a^x^ + ,+ a^x" -T^ 



In this exipanslon, however, ve must be prepared to accept for the coeff icients> 
a^, a^, t^, ...^ '^numerical values oi any kind ( and not^ only the ^ 

digits 0, 1, 2, .,., 9)/ Our optimistic c6nf]«eture is that any -function of 
X, "'f(x), carf be expanded as ^ power series of x si^h that the more coeffi- 
cieiiit^ a^, a^, a^, ...^ a^ we use,, the. more accurately we cgji determine 'fCx) . 
fori any.v given numerical value of x, , . • 

, ' It turns, out that our optimism is well rewarded; aliaost all the useful 
functions can b§ expanded in this way. There is just one complication: that"; 
computation of an extya terra is to gj^f-e extra" accuracy usually makes necessary 
a restriction on the numerical values of x for which the power series*ex- 
' jjans ion Will work. However, there- are methods of circumcventing this restric-.. 
tiorj, .as- we ahall presently illustrate^ in Numoer 5, 2.1, • . 

"*"'We conclude this introduction by listing a few well-known power series ■ 
expansions, • ; 

. . (a) ^ Some expansions thax hold without numerical restriction on- x, . ■ 

. ^, ^e = 1 + + 2' 3' 

■ - V x3 x5 x'^ ■ . ■ V" 

— ■ : • ' = : fr fr " fr • . ; ■ . ' 

/ . ' • . ' 2 V 6 ■ ^ * 

• qos X <i vfr +^fr - fr + ' 

*' (b) Some expansions that require numerical restriction on x, . 
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. log^(l + x) = X - I + ~ x-^ - + ... (-1 < X < l) 



i x^ + ~ x^ - ^ x'^" + ... (-1 < X < 1) 

x-1 . l|x-ir . l7x-lV . . / ^ 1> 



tan "^x 

5.2.1 Calculation of 

The reader will likely complain that our little list of power series omits 
the best-known one of all: the binomial theorem^ discovered by Newton while » 
still an undergraduate at Cambridge. It is ' 

fi a. -'ax a(a«-l)x^ a(a-l)<a-2)x3 

U + x; = lY — 2i "31 + . . . . 

Ve did jfiot list it under (a) because in certain circumstances there is a 
restriction on x; we did' not list it under (b) because in certain circum- 
stances there is no restriction on x: it all depejjids on a. If a isa 
positive integer, say n, the exact value of (l+x)^ for any given numerical 
value of X can, of course, be readily calculated. The necessity to content 
ourselves with an approximation does not arise. ' And since there is no neces- 
sity for approximation, there is, a fortiori, no need for a restriction on 
X to give successively better approximations. - If a is not a positive in- 
teger, the expansion of (l + x)^ has no last term. And since there is no 
last term we cannot sum them all by adding successive terms one at a time; we 
could never finish'. When the exact value is inaccessible we must cofitentrour- 
selves with an approximation. It turns out that the restriction for succes- 
sively better numerical approximations is that x must be numerically less 
titan 1. , , . . * 

How is It that we sometimes need ajid sometimes do not need a restriction 
on. the numerical value of ,x .when the expansion has no last term? Suppose/ 
that we have an expansion for n of which the first four terms are 

10' 10' 10 ' 

These give,, rise to the following successive approximations 

3, 3.1, 3.5, 3.1 . 

The fourth approximation is only as good as the second and the third is worse. 
In fact the third is even worse than the first. Doesn't this expansion make it • 
obviously Mesirable for practical computation to place some restriction on the 
relative size. of successive terms? Ideally, we require an expansion such that 
after the first few terms-each term is only a fraction of its predecessor, so ". 
that later terms in the expansion can be neglected without .serious error. 
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Isn't it obvious that the SMALLER ve make x in the .binomial exp^sion of 
(l + x)^, the fewer terms we need take into account to get accuracy to, say, 
five places of decimals? Determination of the largest x for which any given 
power series meets our requirement is -difficult. The complete answer is the 
theory of convergence. It suffices our purpose to be told if a restriction 
•on X is necessary, and. when necessary, to be told what the restriction . is. 
We have already given examples with restricted x in (b) above. It remains 
to ask: Why do some series, for example those of (a), meet our requirement 
without restriction on x? With such series our requirements are, so to 
speak, already built in; it so happens that no matter how large a numerical 
value is given to x, a stage will be, reached in the computation after which 
each term is only a fraction of its predecessor. If x is small this stage 
is reached after a few terms; the larger x, -the later this stage arid the 



i^^omj 

LusWat 



We first illustrate the utility of power set^ies by using the binomial 
theorem to compute the^ cube root of 28, How are we t^ apply it? Take^ another^ 
look; it is stated above, . , - 

3^ = (28)^^3 

so that ,^ = Also, 28 = 1 + x, so that x = 27,^ We have ' 



'^M = (1+ 27)^/^ 



But since a is not a positive integer, there is, we recall, a restriction 
on X, X must be numerically less than 1, which 27, alas, is not. Earlier, 
we remarked that there is sometimes a way of circumventing the restriction on 
X', . As circumventing the restriction on liquor 'during prohibil^ion, it requires 



little ingenuity. What is an approximation to >2o? Yes, a little more than 
3. Why a little more? A little moi 
this suggest writing the following? 

.27. 



■3 

3. Why a little more? A little more than 3 because 3 = 27, And doesn't 



I + 27 = 27(:i7'+ 1 



so that 

1/3 1 

Now the X of (1 + x) ' complies with the restriction. It is 

SMALL relative to "unity. This is important, so we t^rite the word in large 
.letters. Why important? Important because we can anticipate soon. reaching 
a stage where a 'term becomes only a SMALL fraction of its predecessor, thereby 
indicating that we can obtain, given accuracy with relatively little labor, 
SMALL X "gives the uplift of a hymn in praise of idleness. 
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Apply the" ■binomial exjiansion with a = ^ we have 

1/3 



= 3 



= 3 



^ * 9 2'.\2ll 27 3l\27 



= 3 + 



27 



3\27 



= 3 

+ 0.037 037 

- 0.000 U57'.... 

+ less than 0,000 010 

- 0.000 000 



27 



27^27/ 

Uth and following terms . 



Isn't it jolly? Right' from the beginning every tem is only a small fraction., 
of its predecessor, apd the farther we expand the smaller the small fraction 
becomes, Wherej ve stop , depends upon. the accuracy we- require^. The third and 
succeeding teijms do not affect the .first 2 places of decimals,, so that merely', 
^the first twd^t^rms gives us. ^correct to 2 places of decimals, namely 
3.03. The fourth and succeeding terms' do not affe6t the first 3 places, so 
that the ffri|b three terms give us the cube root correct to 3 places, namely 
3,036. Using the fourth term, the cube root is ^3. 0365, 

The method is of course applicable to othe-r cube roots. For exai^le, 



^7^1 = (27 + lU) 



1/3 



27 1 + 



27^/3(1 +f 



1/3 



31 + 



Here x is not^so small, - instead ^ (18 times as big), so we can expect a 
little more work for the same accuracy. And we hardly need tadd that the method^, 
is not. confined to the extraction of cube roots. One more example will suffice 
to show that the same little ingenuity still works'. We consider ^y^39. What . 
. is the best integral approximai^ion? 

3^ = 2if3, too big. 2^ = 32, much too small. 
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(since 3^ is too big, ^ is bigger still; and 1^ is too small.) 

Without doing any more arithmetic it is clear that 3 is the best integral 

appTO^iittSition. " So, we proceed thus: 

■ • 239 = 21^3 - 1^ = 21^3^1 - ^ = 3^(1 - 2^3) 



so that 



and the stage is set for a binomial performai^ce. . 

Note that for cube roots, if x is very small, 

« . (1 + ^ 1 + i X. 

Fbr example, 

/ 0. / \ 1 



More generally; for very small x . ' 

, (1 + x)^ s= 1 + ax. 
Oh. yes, hinomial expansions have great practical importance. 

5.2.2 mi vith mction Again . 

That a man does not speculate upon the outcome of his investigation is a 
'sure sign that he has n^ genuine interest in it. If genuinely interested, 
he cannot prevent himself from forming some idea of the answer to his problem 
at the outset, or, subsequently, from che^(;king his answer when be gets one. 

Earlier, we had an idea a good idea, even though obvious for 'the 
checking ofi our free fall with friction formulae (2?), (29). • When the fric- 
^tional force becomes zero, the formulae fbr the velocity v and the displfce- 
pient X should reduce to Galileo's free fall fomulae 

V = gt 

■ Put alternatively, when air resistance is taken into account, Galileo's formulae 
need correction. With air resistance a falling body is retarded, it does pot . • 
fall so fast. We conjecture corrective factor that diminishes 'v — and of 
course the diminution will depend on t. We .conjecture , 

V = gt - correction 

. where ^ ' ^ 

correction = a positive f^tion oft." 



And if a body does not fall oo fast, it does not fall so far. Likewise, for 
the displacement x, we conjecture 

X = ^gt - correction 

where this correction is also a positive functidft of t. 

Yes, we had a good idea; the defect was our inability to apply it. Times 
have changed; power series gives us the ability. Now, we can handle (2?), (29), 
Let us do so. 

We begin with (2?)^ Substituting -kt for x in the Expansion for 
e given in (a) ' 

-Irt. . Irt ^'k^t^ ^ kV , ,,„v 

=V-IT^-ii JT^TT" •••• (30) 

^and since there is no restriction on the jiumerical value of x neither is 
. there a restriction of ' kt. Thus, no matter what tne value assigned to kt, 

by'(27)4;\. • ^ ^ : 

: f — ' — 2 2 L L ■ 

. 7 . • V = £ - fi( 1 . ^ + ^ + . 

r k kl"^ 12 .31 

/y - f ■ . . . ' . ' • 

Mxiltl'plylng out the first two terms of the bracket, we have 



J 



■/■/• 

ynd taking kt as a 'factor 'from this bracket, " 

/kt k^^k3t3 \ 
^2 31 TT" " ••'•j 



. V = fft - ^ . kt 

so that 

- V = gt - gt 



|(kf) : i(kt)2 + ^kt)3 - ..".j . (31)- 

We have obtained a power series^ormiala for - v. 

(31) is interesting as well as complicated. ^ It merits careful considera- 
tion. First *note that when k = 0 every term in the curly bracket is zero, 
so that when there is no friction this formula .reduces to Galileo's formula 

V = fft. 

We confirm our first anticipation. Second, comuare the power series in the 

■ ' / iW^ 

curly bracl^^et with the expansion of ll + ^^^j -given above. Isn't tnere 
a striking similarity? Hqre we have powers, of kt instead of^ powers of ^ . 
True (31) holds no^ matter what the magnitude of kt bu/ wo\ildn*t it be 
nice if kt we r^ SMALL? Now as a matter of experimen1>ii fact 3j is very 
small indeed, so that , kt is small. And since each term of the ciirly bracket 
is only a fraction of kt times its predecessor, with kt much less than 1 , 

■^po ■ ■" 
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each tern Is only a. fre^ctlon of. a small fraction of Its predecessor. Doesn't 
this cons Iderat lota Invite comparison vlth the fact: that each term of 



is numerically less than of i"t8 predecessor? What must Ve 



"conclude? That the higher powers, of kt .can be neg;^ected without much loss of 
precision; that 

t%kt) + nothing 



gt - gt 



i*e;, 



I. 



f 12 
vv = gt - -^gt 



is a good approximation. The smaller, kt, the better -^he approximation, of 
course. And we confirm our coajecture 

V - gt - correction 

where 

correction = a positive i\uiction of t. 

It is worth remarking that even if kt, though small, were insufficiently 
small for the accuracy we require to neglect the second ''and some higher pdwerr 
of kt, (31) would St ill confirm this conjiscture. The reason is not far t^o 
seek. ' Consider the terms in the "curly bracket to be paired thus:' 



|(kt) - i(kt)2j + [^J(kt)3 - i(kt)''] + ... 



(32) 



Provided 6 < kt < 3, so that ^ of, and smaller fractions of, kt are less 
than 1, 

||(kt) - = 1^^^'" = positive quantity 

j^|(kt)^ - |(kt)^j = " positive'quantity 

and similarly for succeeding pairs. Thus (31) is still a positive quantity 
and consequently the correction is still a positive function of t. 

Next, in essentially the same way, we deal with (29). Substituting (30),' 
Multiplying out the first three terms of the bracket • „ 

224 . ■ J 
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SO that, simplifVing, 

TfiLking -k t^ . as a factor from this bracket 

1^2 g_ ,2.2 ( _^ kt k^t^ ^ kV ^ ^ 

X =. ggt - • k t 3T " "TF 31 — • • • j 

J . . . 

so that - . y ' 

. X =igt^- gt^j^lkt) - Ti-(kt)^+i(lct)3 . ... j . (33) 

Similarly, we have obtained a power series for x. . 

Compare (33) with (31). How much alike can two .peas from the same pod 
be? Mutatis mutandis ^ we draw the same conclusions^ ■ • When k = 0 every 
term in the curly bracket of (33) is also zero, so that when there is 'no fric- 
tion the formula reduces to Galileo's forraiila 

as, interested, we anticipated. Neglecting the -secondv and higher powers of 
. kt, we have' 



12 2 
2&t gt 



^(kt) - nothing j 



i.e., ^ 

1^2 1 . .3 



X = ggt' 



|gkt- 



is a good approximation (when kt is small). We confirm our conjecture 

^ ' 12' 

- X = gfft - correction 

where the correction is a positive function of t. " It is left as an exercise 

for the reader to show by considering (33)'8 analogue of (32), that even if 

kt is not sufficiently spiall *for the accuracy we require to neglect the 

earliest higher powers of ; kt, it is still the case that the correction is 

positive , iff 0 < kt < ,1;. 

We cannot claim that our formulae 

• ^ 1^2 , . 
V gt - gfft . 

' lli.2 1 ,^3 

. X - -ggW: 

are of great practical importance'. Remember that they are based on the inac- 
curate phyiaical assumption that frictional resistance is directly proportional 

■i .. 225.' . . ; 
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to velocity, not to the 1,71 power of velocity. It was expedient for the 
purposes of illustration' to sacrifice physical realism to mathematical sim- 
plicity. What Is' of great practical importance is the role of power series 
in the deduction of such simple, but good, approximations to such inherently 
Complex equations as (27) and (29), 

5.2.3 Hbv Deet) is a Well? 

Newton was of the opinion that the solution of word problems is necessarily, 
basic to anybody's and everybody's mathematical education. He wrote a high 
school textbook to support his contention. His viewpoint is not a modem one; 
his bojDk is at odds with the spate of texts tnat currently appear: we do well 
to remember that, Newton was no worse a mathematician than the best of our, 
so .often hasty, contemporary authors. Here we can consider only one of Newton'^ 
well-worthwhile little problems • The reader who finds' an appetite for more 
and has the wish, most commendable, to read Newton for himself, may be dismayed 
to learn that he wrote in 'Latin; in consequence, no doubt, of his couri^^'s 
earlier occupation by a foreign power. I hasten to add that there is an^English 
translation available: Universal Algebra . No "educator", or for that matter, 
educator, shoulcl be licensed to banish word problems from the curriculum until 
he has read Newton — in Latiii. • — 

The problem: to determine the'de^th of a well. The method: 'to time t 
drop of a stone. into it. The crux: when the stone has gone down we have to 
^wait for the sound to come up before we hear the splash. 

We assume a stone, a stop watch, a well — and a prone posture. See 

Fig- 19. .; ' 




2120 . ' . 

Let be the time taken by the stone to fall a distance x, the depth of 

the well, and let tg be the time taken by ;the sound of the splash to rise the 
same distance • (As usual, we idealize; we suppose water at the bottom of our 
wellO The time t measured by our stop .watch is the interval between dropping 
the stone and hearing the splash, i.e., . - 

« " * * ~ ^1 • 

With GcLLileo, we neglect retardation due to air resistance, so that 

1' 2 
x=-gt^. 

The sound of the splfiteh we suppose, as is sensibly correct, to be transmitted 
rectilinearly with uniform velocity, say c*. c is for constant and for 
celeration ; sound has neither ac-celeration nor de-celeration. Cons'equently, 

2 c- 

Given t, g, c our problem is to find x. Ab Newton is carelMi to 
explain, we have 3 unknowns, t^, t^, x, and J equations. We have as many 
equations as unknowns; we can hope to determine x. But we are not really 
interested in t^ or t^. So? Eliminate them. From our second eqxiation.we 
obtain 

Substituting for t. and- t^ in bur first. equati<:m, . ^ 

' ^ t .J^.^. 

If g c 

It. remains to solve for x. ' 

How are we 'to set about solving it? Teike a good long look. The main 
point is that it contains Vx and x, i.e., (Vx)^. We have a quadratic in* 
in a slightly disguised form. We remove the mask: \ 

Find t/x and we can find x. To solve this quadratic we have a choice: 

parrots' -food formula or common-sense completion of the square • The reader may 

have forgottien the formula, but surely he cannot lack common sense. We complete 

the square. Before taking half the coefficient, of vVx it*is convenient to 

Jo , 

introduce a factor 2 into this coefficient by multiplying 

. . kv^f ^ 2 . -^c^) = t. ' 
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We make the coefficient of (v5) unity 



(Vx)^ + 2 = ct, 



Half the coefficient of v5 is We square and add to both sides. 



i.e.; 



30 that ^ 



and 




c + Ic 
" 2g -^2g. 



/ . X = - :Tr -W^ + ct 

This equation is embarrassing. '.Our well has only one depth, has only 

one .valiae, yet our equation gives' two. We have a choice of the plus, sign or 
the minus sign; it is ^ ree|>onsible choice. .No, no, don't mutter under your 
breath; acqyire the right mental habit: vary the data. We already know the 
answer in a special case. If t ;= 0, the depth of the well is of course 0. 
Yet when the negative ^ign is taken; t = 6 results in the absurd conclusion 
that the water level in our well is above ground. We take the plus. (That 
with the + sign, t ^ 0 gives x ='0 is some check on oxir algebra.) 



We have found Vx. 

To find X /we square. 



2 

+ ct + — + ct. 
y - '^E ^2all^B 2g 




Sijnplifying- slightly, ^ 



c 



^,_+et - -|§ Jfe + ct . - ' .(Zh) 

This is a nasty, cumbersome formula. .Cannot we effect further simplification?^ 
The- last term cohtains 2g twice, each occurrence under airoot sign.. £et^ 
us utilize our observation. . ' ; 4 
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so "jhat 



-and 



r 



^ * ^ *'V'' ^s'^* 



2c /c^ ^ 2c 1 fs ' c r¥^" 

A little better perhaps. Wouldn't it be worthwhile to buy simplification?. 
The price is only a small loss of precision. Isn't a good approximation for-., 
nwla worth its cost? 

; Before we can expand the radical of (35) we must have it in the form 

/I + X where . -1 < x < 1. 

Are we able to meet this recjif^rement? Which term of ^ + 2gct is to be.come 
unity? c is apjjroxiniately 1100 ft/sec and g approximately 32 ft/sec^. 



if 



and 



1100 
32 



c 




2 

•Q;*. 2gct < C ' 



or 



-f<i.. 

c 



But it doesn't take 17 seconds between dropping a stone* and hearing the splash 
with ordinary conmon. or. garden^ wells ; th^y are ^ot that deep by a long chalk. 
If a stone takes li+ seconds to! drop/. by Galileo's formula it ffeills ~ • 32 • ih^, 
i»e., 3136 feety so that the sound of'' the splash :takes less th^m 3 seconds to 
come lip.- Our . interest is in wat^r wells, not oil wells. Xt is satisfactory ' 
to us to take ' * ' ^ . ' . ■' J'. " 
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It>retaalris to manipulate the. radical of (35) into the form 



1 

c 



SO that- 



.Hence, by." (35) 



arid (3^)* becomes 



c 



2 2 I 

X = + ct .^^Jl +^ . . (36) 



Before expanding ipto a'power series ye are prxidajit to assure ourselves 
that we have the correct formula to expancLv 0-f cdur|^^'^,^e ^annot gain absolute 
assurance, yet we can make a check. It ^s*a physical^" problem. Does^(36}. have 
the right dlmensfpns? We can with propriety take centimeter and second to be • 
our units; maias is '.not involved. Schematically, " 

.-^•A^ ='.c^, t = sec, 

■ V ■ ' ■ * ' ' • -2 

the "velocity c. = cm- r .^ec^' , ■ the acceleration- -g- j=_cm • sec . \. 

So-, schematically (3d) becotaea; ^ 



2 -2 
cm • sec 
cm = 



2 -2'^ r — ^ ^ — 

/. -Ix cm • sec ./. . (cm • sec )sec 

f (cm • sec )sec ^ */ 1 + — ti — 

■ i'-.' cm • "sec ' i ■ cm • sec 



■ •■ -2 ^ , 

cm • sefc " "^ • "sec . ' J ■ cm • sec 

= cm + cm - -cm 1 ' ' ' ■ 

• *: . = cm + cm - cm • ' .\ ..j^ 

•r.:. = cm. : . ' ^ . \ /'■^y\ 

■'■i^memb'er that 1^, a pure number, -jls, of zero dimensions .^-.^vlDimensipnally, our 

equation is correct. We proceed with some confidence. ...V- 

It is a good mental habit to-^ticipate the outcome of a procedure. What 

result do we expect power serie,s^|xpansion give? If the splash were heard 

when it occurred, x would be given by Galileo *s f(>acTnula . 
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. W^ an-^icipate 



Puller, agpreoiationi o'fl.the physical circumstances enables us' to be more pre- . 
cise.: | The tiine ."t ^ig^ shared between stone and sound*. Since the. atone 
'doesnlt fall fot /so jSing as t it doesn't, fall sb far as "Igt^. The corirec- 
tion must be nege^tiysj^'v On these occasions •when we can bee as well as hear'^ ther 
splash we.. la^oy; bight ahi^^^^ to be almost instantaneous, The stone takes • 

the-iion«s sjmre pf';*!*; (mi? negative correction will be small. 

. Knowing, what to.^xpi^ct, we proceed. With a = tt, the binomial theorem 

•■^■(;.- •\ '\. •'^■i'y."^. ^ ^ . 

*gtVefl •■ _ • • • . :^ ' . . 

a?4^ing.;; i>c = ^ to obtain' the ex^sim of ^1 + ^ - ;:-!-v!.v^'" 

'"becomes * '.*'./.. '■;•'**■■ ' ■ ' ' ' * • * ' ' 



X i 
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1^1, I ^ I ' . • . 



i ICCUV c J 

■■■ ■ l ' ■■■ ■■■ 

Mult it[|ying out the first three terms of the bracket, we have 
So th4t|leimpyfVing, ' *• . :^'\ 



as. factor -from the curly bracKet 
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'do. that V gf-' ... ' 

'ThiB equation is rather similar tp (33). To emphasize this similarity ve ab- 
. so.rb the factor k in th^ curly bracket, giving . 

It" is instructive to compare- (3'/) 'with^ (33) To facilitate comparison we 
repeat (33). ^ , .c 



X 



''1^2 P' 



It*s rathei:. like meeting or; old girl friend vitl;^ a new hairdo, novelty • 

lies withi'n the curly brackets First, we note a different sequence of coeffii- 

1 5 T 21 1 ' 1 1 1 " 

cients; ^, r^, 25^., . . . • ^\lnstead of JT,,T^f fT' '51' yet. the new , 

TOqi^ence.: continually,, decreases as does the old. Second, W(B'*"iipte powers of • 

j^^j; itiB^^ of (kt ), yet the powers^ -yifeffis^iv^ are the same. ' 



, Wd* lsh|t;.one' sijall queuitity as ge^i'M> another^ . ^p And what do we. 

conclude ?V a^^ it's the same old ^rl 'jr^iend.' That the numerical valufe^ of. ' 
the Qurly b?Q,cket in (3?) is positive -'iSr small (^) , conf inning our* expec^e 
tion . . • • ■ • ; ■ , '-^ ' ■ ' ■ 

' ^ X = :3gt - (positive correction). : 

That we^may with little less of precision- neglect the' second and higher powers' 
of sp.that . . ' . , 

Jts a'-jgacjd^ (when (^^j |W small'). ' . ^ ' 

Isn't it astonishing that two distinctly different physical problems, 
tHat of'free fall with friction and that of the depth of a w^ll^ should have 
such similar solutions? ^Their similarity bear^ testimony- "to the usefulness 
of power series. Let us be prepared to meet mathematics that with trivial ^ 
change of detail affords s9lutioh to p^bjLems from vastly different areas of. 
physics. 0.: . . — . ' ' ' 

■ ■ . .., ,-.. 2.32, ■ ,■. • 
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5.2.h Pen-jmium: Small Qsclll&tloas , *, 

• . Earlier, assuming that ■ T (the" full .period of oscillation of a sinqple 
pendiilum) is a function of £ (the pe,ndiiLum:*s length^^ g (the gravitational 
■.constant), ve were able to show, merely by " d'imeri.ai'onai considerations, that 



where c is independent of J and of g. That ve could do so much with so 
little is astonishing. That ve covild not show c = 2jt ^y such limited means 
^is not astonishing. However, ve now have the mean?: namely, that mathematical 
method in science which formulates the condition as a differential equation. 
Let us, without further ado, use it. 

What is the condition upon which the oscillation of a pendulimi depends? 
• Not so fast; we had better walk before we run. First ask: What fpTce cajUS^S;- 
the acceleration? Consider Fig, 20(a), , ;,r;3 




Figure 20(a) 



The only forc.^gr'a^vfclrig op the bob B, of." point mass m (say), are the 'vjWfitTd 
tension. T '*in tla^^jBtji'ing and mg vertically downward due to gravity. So? 
The accelerating force acting on B must be R, the resijltant of " these two. 
What is R7 A , convenient alternative to using -a.'v^ctor parallelogram of 
forces is to resolve mg ' into two component^, the one collinear with, and 
the other perpendicular to, the string. See Fig, 20(b)-. . ^ 
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GY- 
mg 



Figure 20(b) 

■• • ■ . 

Since the,, string is inextenslble and remains taut, the component part of mg ' 
* represented by must be equal and opposite to the tension T« Consequently 

the component of mg perpendlcialar to the string, represented by ^ (P is 
for Perpendicialar ) , must be the resialtant From the obvious .geometry of 

the figure, "ZGBQ = 4>, the angle ma'de by NB with the vertical NO, And BP 
is perpendicialar to BQ, Therefore^ 

"v R = mg • sin «t> - " (38), 

We have found the accelerating force acting on the bob. 

What is a, the bob»s*acceleration? Not so fast; walk. First ask: 
what is its velocity? See Fig, 21, 

.: * ■ . N 




If in time At the string turns through an increase of angle Al^, the "boh 

moves along an arc length /.£ • , so that its average velocity during this 

At) • • ' 

time is iTT' Hence, mindful of Leibnitz, we have that its instantaneous 
velocity is ^"J^* acceleration is rate of change of velocity, so that 



^ = dt rdt / = ^dt\dtj <39) 



We have fovind the bcfb's acceleration. - 

What ^s the relation between acceleration and accelerating force? Yes, 
^ ■ ■ • 

. , mass X' acceleration = accelerating force. 

But be clear that tt ±b incorrect to write ^ 

■ m X a = R. : . 

We have measured a alonV the arc in the direction of increasing 4^ and R 
in the opposite direction, Ve must measure both in the same direction. The 
accelerating force In the direction of increasing 4^ is -R; ve have 

.. . . m X a = -R. 



Substituting (3?), (38), 



d^45 

'm£ — p = -mg sin 0 
dt 



so that 



• sin 4). (W)- 

: * ' dt"^ ^ 

We have found the differential Equation upon which the pendulum's oscillation 
is conditional. 

We have yet to assign initial or.boundary conditions to^ this differential 



equation. -See Fig. 22. 
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We have taken the pendulum NB to be. at an angle <t> to its central position ^ 
NO (where B is vertically "below the nail N) at time t. When, is the "boh, ^ 
at 0? It is ohviously convenient to start timing the swinging pendulum from 
^en it i6 in this central position. Since this is the time when we initiate 
measurements, 

when t = 0, ct) = 0 (i) . 

is appropriately said to "be an initial condition ^ We are agreed when our in- 
terest in the swinging pendulum "begins. When does our interest end? At the 
end of a quarter swing, when the "bo"b'is at A; for o"bviously the time for 
the "bo"b to swing from 0 to A is a quarter of the tiime T for a ,cot plete 
oscillation from 0 to A to 0 to A« to 0, Thus we are led to ask: 
Wiat is the value of <t> when t = -^T and the "bo"b is at A? This, the greatest 
value of 4, is said to "be the amplitude of the oscillation. Let us call' it 
a . So , we have , • 

wnen t = <t> = a* 

t, ' 
But, is this condition genuinely informative? ■ Would we "be any the wiser if 

we ha4 called the amplitude 6 instead of n? The giving of a name to 
the ampl^tude^ does not tell us anything a"bout the amplitude itself; We are 
mindful of the story, possi"bly apocryphal, of the student who said, "Yes, yes, 
I iinderstajid how you determined th^ mass of Jupiter, What puzzles me is how 

■ you-yfound-out ^ts -name r*^ — Yesv^gST^^^^^'^'^Q^^^gmiedHiiie- am p l^^ Im p orb aiit 

thing is to characterize it.' This is a qiaestion of phys^ics, not language. 
When the "bob reaches A it is at the end of an oscillation/ it is instan- 
taneously at rest: 



d<t> d4) 
= 0, and consequently, — 



Thus, we have. 



when t'=^, 4) = a, '|f=0- (ii) 



Because this condition hqlds when the bob reaches an end or boundary of ita 
path, it is appropriately termed a boundary condition . Although A is a 
terminus, terminal condit ion i*s not accepted usage/ 

Now we are able to state the complete^ mathematical fomulation of our 
problem: - 

Given {kO) , (i), (ii),. Fjjid T. 



2.36 
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Two points arise; each has a bearing on the other. The first, that solution 
belies brevity of formulation. As veil as long, it is diffictat. There are 
far too many mathematical difficulties fpr.us. Exact solution involves ^an 
.elliptic function, a variety distinct from the usual exponential, trigonome- 
tric, logarithmic, and algebraic expansions. Anticlimax. What ar.e ve to do? 

No, no, it's no use muttering. Above all, ve must retain the right mental 

, . \ ■ , ■ ■ ■ 

attitude. We cannot solve our problem; can ve solve a simplified version? . 

Simplicity is worth buying if ve do not have to . pay too great a loss of pre- 
cision for it. The sensible thing to do is the next best thing; to seelf a 
good approximation. Approximation?^ Approximation suggests pover serifes ex- 
pansion in povers of a small quantity.' .. 

*• This brings us to the second point. What sort of solution does {ko) 
Since this equation contains a (second) derivative of <t> vith respect to t, 
ve anticipate the solution to be an equation giving <t>. as a function of t 
(and involving the constants i, g); i.e., of the fom 

. - 4> = f(t, i, g). (^l) 

' Alternatively, consider the problem from the other end,. Pi^fferentiating {hi) 
vith respect to t, schematically, 

If = f»(t, i, g). ■ '-^''v 



Differentiating again vith respect/ ;t6 trj 



Either vay:,y.e^;- '(ibme to the conclusion th& 'the solution 'is, of the sort described 
ty ■(%'). Substituting the boundary condition (ii) in it,, ve have 

a = f(jT, i, g) 

i.e., that a is given ^in terms of ^, i, and g. Hence, making T the 
subject of the formula, ve expect T to be given in terms of i, g, agd a. 
Schematically, 

T = F(iy g, a)- 

Yet, earlier, ve concluded in consequence of dimensional considerations that 
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vhere c is a constant ' (actually^ arr). This conclusion, put schematically , is 

".T = F(i, g)v . • . 

We concluded T to be a function of i and g without being a function of 
a. T cannot both' be and not be independent of a- A dilemma confronts us, 
Overccming our despondency, we think again. The formula.,,,' 

. ■ '\ >>=VI . ■ .; ' - 

was obtained by dimensional consirderations^ on the assumption that T is 
dependent upon (ONLY) i and £, . True we did not explicitly use the word onljr, 
true we .did not explicitly state T ta be independent of a|. . but an implicit 
assumption is nevertheless an assumption, *''We. cannotVquarrel with our conclu- 
. sion "being consistent with Its premises, -So the real question is: What about 
bur premises? Is T In fact independent of a or 'not? We -must resort to the 
final 'arbiter, experiment, . j! ■ 

What is e:q)eriment*s verdict? For ladrge a* it ^is' found that T is not 
independent of a. When, for example, .a pendulum ^ swings with an amplitude of 
60° its period is appreciably less than when, it swings with an amplitude of 
90°, But when a is small, 'say less than 10°, there is no sensible difference 
in the periods of oscillation. When a pendulum does not swing so far it.j^oes 
not swing so fast; decrease in arc and acceleration are compensating /factors 
that tend to annul one another: the smaller a, the. greater their 'annulment 
""and the smaller the change in ~T- the greater ~a;"the s£i:iIir»tFeir annuTment- 
and the greater the change in T, ' What are we tb conclude? That although to 
be exact T is a function of a (as well as of i and^ g), if a is small 
its effect may be sensibly neglected. 

anall a? What about , Since' a is the greatest value of ct, when 
a is small, (t) must be small, anall ct? The very thing for a good approxi- 
mation' from an expansion in powers of (t). And what has an expansion in powers 
of (t)? Look at list (a) above. Yes, sin <t> and cos (t. But {kO) prefers 
s in (t) , We . take ' , ^ 

sin ^ = - 3T ^ ^ - ■• • • • 

This expansion holds for any value of ct. meas.ured in radians , - I^ it is not 
already obvious that for small values of 4) the third and higher powers of 
can be neglected with little loss ;Of accuracy, then an example will make it 



obvious. Take 4) = 10°, 
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1'^ 



S^ince l80 =t jt (c is for circular measure, radians) 



10° = .^g = 0.17if5.: 



so that 



sin 10° = 0. 171^5 ... - 'sO'^^^p-^)^ + {O.nh^...} 

O 120 



. = 0.17^^5... - 0.00088... + 0.0000013...' - 
,We 'conclude that for small <t> 



sin 4> Si 



with good accuracy. 



Let us now use geometry to echo arithmetic. It is convenient to consider 
the chord and arc of a unit circle- isubtended by a small angle its 
mirror image. See Fig. 23. 




From tri^ obvious geometry 



so that 



sin 0 = 



B*0 ^ OB 

1, 1 



2 sin 0 = B*0 + OB = chord B'B . 
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While since <t> is measured irf' radians, 

angle X radi^us i= arc * 



i.e., 



20 X 1 = arc B'B 



But, for small 0 

v% chord B*B ~ arc B»B 



so that 



and 



2 sin 0; ~ 20 



I 

sin /0 ^ 0, 



Tlie smaller 0, the more nearly equal chord and arc5 cor^sequently the more 
nearly equal sin 0 and 0, I 

. We concl^lde that'- for sufficiently small <t 

dt^ ^ 



is a good approximation to (^O), In consequence we are disposedrto' think that 
bhe solution to (42) will be a good approximation to the solution to (^^O), To 
accept (if2) as a substitute for (l^O) is a responsible decision; some error 
must be involved. How big an error? The proof of the pudding is the eating 
thereof; the best check is to compare the consequences of our simplified^ 
equation with the experimental facts. But -before we can compare the couse- 
^ quences we have to deduce them, 

Hbw are we to solve our second-order differential equation? Yes, we try 
to*reduce it to a first-order; equation. , And what substitution do we make?' 
One appropriate to, . the* physldal situation. Our concern is the swing of a 
pendulum; r^te of swing is- an angular velocity, isn't it? So? We put 



d0 
^= dt- 



(^3) 



Consequently 



2io 



r . \ 

23h ^ t. 



and {h2) becomes 



First order? Or should we say "first disorder"? For we have three variables., 
0), t, and 4), Two is con^^any, three is a crowd. Who, to use a current 
vulgarity, is to get lost? Coi^sider • * 

dt " dt ■ rr ' ; . 

Is dci), dt, or d4) to fill both parentheses? Try them. d4) gives 



Using (1^3) 



dgj d4) do) 
dt " dt ' d4) 



so that (1^.1^.) becomes 



t gets lost. We have a first-order differential equatlou. 
Next, of course we separate the variables.' glves^ 

■ ■ T 



1 



0) • dO) = 



4) ' dcjj. 

.A 



Integrating, i 

f - ■ 

^ = i • 2^ 

Using part of -boundary condition (li), 4) = a, 4^ = 0) = 0 

0 = .fi.ia2+e.. • 



c = 

and 

f/] iSVi'fi / 2 _ .2 



Hence, using (ii3-)-^ain 



: * Vi., . 

We have a second £i}^st-order differential equation. '..l';.-/-/. 

As a mere matter of routine we separate the variables. It remains to 
integrate , ' ^ 



dt. .A.;V ('^7) 



The left-hand side Is a little awkward. 



a - * ^ 



so. that 



and . - 1 



so, finally 



which is of the form 



r d4) r d4) _ r g - 



i d4> = d| 
a 



f__di_ ' . 



where 

4) 
a. 



^42 



."$iaj»e/yp intuition, yofllmusji know by tuition and. "by heart/.tbat 



Thus (kT) gives 



sin 



■Hi) = w 



t + c« 



where the arbitrary constant of* *fche left-hand side hois "been absorbed into that 
q:fi,;:the right. ' ^. ^ ;v 

Though not 9ssential to the determination of T it is useful tp h^ve/an;. 
explicit formula for 4>. How do we get rid of arc sine or sin ? The-.-rela- 
tion between, 8 ^*"^ or arc sine of and sine of is aneilogous to the reliation 
between fathe;:^ -.bf and son of. Both are inverse relatloSB7*^-^v^ 

If --'/'^ ■ : ^ ■ . ' . ' .::.''^'::/v; 

^. jt^ /* . h 'i'c^the r of Jimmy = John '-^ 



: then 



Analogously, if^ 



Jimmy = son of J6hn. 



> 



arc sine of — = A 
a 



then 



In* cojSsequence, our last eqviation gives 



so that 



- = sine of. A. 



1 
a 



sin 



4> = a • sin 



t .+ c^ 



It remains to determine the aroitraiy constant.* The^main point here is 
that we do not use tlje same condition twice. Ve have used the boundary condi- 
tion;, we how 'Use the-initial condition, fi), that . ^ = 0 vhen t = 0. Substi 
tuting in (W), . ^ , \ ^ 



0 = a • sin {0 + c*} . 
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This eqiaktipn'ilifiLS a variety' (3 f. .solutions; we taJce the simplest angle, 



so that ;? 



0 . 



We have ohtained a^.<explicit.';,iforn^a for ■. cjj.*^'. . ■;; ■•' ■ 

Finally, we are. able to determine T.. Safe , /Fig, 22 agadii,;.- Because the 
pendiilum is timed :fipW''/lts central position,- -jfl -ia the fif^t time at which 
the hob coincides wi'bhi' A; i.e., ^ is the. least value of t ' for which 
0 = a» Consequently,' • ^ is the least' value of . • t for which 
0 2= a« What are these values? . Putting ^ = -o^i -in- (•li-9)> r^e have 

' ^ a = a sin |^ } - "V ^ 

/so tJiat , the values of y-^t'^fo'r yhich\i^^^^ are : -J 



Thus the lerfst is ^. Therefore, 



and 

..'Av';; 



2jtJj . ^ ' (50) 



We have solved t^.^ simpiified verslpn of our problem. V;., 

And now the:^'ciruclal question: does the substitution of ^^:ii.2) for (l^O) . 

resiilt .in- serious gj^Tor? No, it does. not. With a <*ib°y,Hhere is^2b sensible 

difference between the predictions of (50) and the resxiTts oif experiment. Our - 

simplification has ample Justification. ' * 

Remember that x/ 



has the solution • 

; • * = a sin U\t \ . ■ (1^9) 



It is important. Important for a variety- of reasons. The vibrations of 
.tuning forks/ elastic boqLies^ and even certain electrical phenomena are a.lso/' 
^.conditional upon (ii2), Ih consequence (i;?) is^ knovn as the/ equation "of ' .smfiil. " 

oscillations . You must surely meet- it in ^ physics, . ' ••■ 

Section Physical Analogy ' : • . " ^- 

f . ' " ' ■'*.■'»' ; . 

o ' " ' ' 3 ■ • ' V . ■ o ■ ■• 

The first stage of our success in solving physiaal problems ha^' been the 
formulation of the appropriate condition as a- differential ecju^tipn with an 
initial cdildition; the. sec6nd, the solvi^ng of the equjation subject td its 
initial condition.* ■ Oh' one occasion we were' unsuccessful; "we could not. deter- 
mine * the.^period for a pendulum with large oscillations. We ms^^ reflect; that " 
the limiting factor to. oiir suoceps lay in the second stage, rather than the ^ - 
•first, ^ Eyen if without the Scots* prpverbial'thrift, the difficulty of solving " 
;,differeritial-.eqiiations is an incentive to using them parsimonio}^ly.' Hja:i)piiy. : " 
^h^re .is X. commodity of whicli a; little may be made to gq- a long.Vay. I have •; 
alr^dy made brief .mention that the equation of' small oscillations of - a pendu-'^" 
Itjm also holds^foi" other vibrational phenomena. In ^ihvestiga•^ing■■•s^ng;j»I^g perv-/" 
duluihS we were^. albeit* uni^Jittingly, also .investigating vibrating tuning forks.. 
Is .this-;^ straw which shbirs' which ■*'way the* Yin*d>blows? d'iffei^niiai* * ^ 
'edttatJLons h aye multiple uses? ■ We have the' il^behtive '.'t 

We conce^ ourselves' with the application Vf a .f)re!vio'us Result, to "elect ri-' 
•■.city. ■ In Number 5^.^, Fall with Friction, we showed that-'the differential ■■ 
Veji^uation .v '-^ ' * . 

. . . d X . - dx.v. ' ■ .: ^'v 

v * -r^^^ " > .^-^^^ ■ . ' 

. . ••.,>■ .. ..dt ■■■ ■ :. .. 



with the initial condition r' 

. . dx 
..'■iV'iv- wllen t = 0, x =. 0, -g^ 



■has the "cons eique nee that 



It would seem iinprobable that this i. information could be of any interest, whatso- ' 
ever, to the electrical engineer, Nowadays, with Telstars in regular use, \lnter-. 
bohtin^ntal ballistic missiles reddy for immediate, use, and e'tectroriic cpmyputerB 
rapidly becoming as numeipus as typewriting machines, the reader vill^ occasion, 
no siirpi-is^ when told that 'the study of electricity has become a most ex3.ct * 
science.. Whaty for gpodness V sake;, q&n an approximate corjidition. for the.-falj: 

of a body, dead or alive, from d. hot-air balloon have ^o do ='with sudh an exact 

■■■■ - 'T. 

science? I4ife is full of siirprises : our .approximate^ condition . for the' fall of. 



a "body thro\i^ a 'resi'^ing ipedim Is precisely analogous to the exact condition 
for the f^Low qf an electric current through a" resisting wire, 

"be sti'ictly correct' there is a precise ^alogy when. (25) is expressed 
In 'a 'fully explicit form.' To gain that brevity of notation so convenient to 

formal manipulation we obtained (25) by dividing through by -m and subsequently 

K • • * ' '1 ' . ' ' ' 

substituting k ft)V — • To regain. explipit reference to m we employ the , 

reverse procedures in reverse' order, the^'eby olDtainirig' ' ^ . '.^ ■ 



dx 



dt 



2 - ^ dt. 



And finally, since by definit-ion . . 



-dx 

xit 



ajad consequenxiy . 



' 'dv V • „ 
= mg - Kv, 



we ffiy with b'revity bu;t witftaout eis^ ife^l loss of ,explicitness ' 
.w^;ite 

(25M . 

This -is ^the form mosi convenient to making an analogy with the "ifall", i.e.', ^ 
flowT^'of an elettriq current, \' ' ' ' \^ ' ''{^ ' 

Since (25*) is explicit ther ingredients' 'of the equivalent equati9n (25 ) . ^ 

are now visibly obyious: \namely,, in order from left to right, ma^ m, - •\^elocity 

dv ^ - ■ • ■ ' ' ' ^ • ■ 

-TT, ' gravitational fgrce ■ mg," and.' velocity, v. Whjat are their electrical 

at' ' *' , - I ' ; * 
countefparts? See Fig,, 2U, ■ ^* , " . 



Induct ion 
Coil 



/- Circuit^. Switch 



'Batteiy 



7 



Figure 2li ^'^.^ 



To" press the switch, to allow a current to start flowing is the analogue of 
opening the fixjgers, to allow a body tg, stailj falling. The fall of the body 
is cailfl^d "by-.the^force mjg due to gmvity;' th*e flow of the current is caused 
by the electric force or tension E due to the battery.* fee falling body has 
to overcome the frictional resistance of the air; the flowing" current has ^to 
overcome the electrical resistance of ,the wire. Ai^r resistance is proportional 
to the body's velocity v; electrical resistance is propbtiyj^pnal to the cu^j^ • 
rent *s 'intensity 'i. And qonsequently. rate of cheLngje of veji'oclty -rr ciDrres- 
ponds -^o rate of change o5' Intensity . We tabulate these analogues. " 
means analogous t6 m * . * 



Analogy 



Electrical 

Electrfc tension 

Intensity "of flowing current 

Rate of change of intensity 





~ mg 


i 




di 


dv 


dt^ 


~ dt 


7 


~ m 



Physical 

m 

Gravitational force . 
Velocity of falling body 
Rate, of change of. velocity 
Mass^of body 



.We are confronted with a blank on the left-hemd side. What is the analogue of 
mass? The electromagnetic induction L. opposes change of current so that a 
current cannot be quite instantaneously started or stojoped. And doesn't the 
• inertia or mass m of a body tend to make it go oji , forever without increasing 
or decreasing its '^motion? Isn*t Ll^ so to speak, an electromagnetic inertia. 
We complete our list ,y. 



5elf- induct ion 



Analogy 

L ~ 



m 



Inert mass 



Hiaving found what are more oTTeSs prairg-lbre analogues we subset it ut^~ttiOT' 
in (25») and obtain 



There is one small blemish; K the frictional factor is now associated with 
i instead of with v; speaking strictly,- it be&mes ' an electric resistance 
factor. Therefore it is more appropriate and indeed customary in textbooks 
of electricity to call this, factor r (foir rejplstance , of course). With 
the substitution of r for K (25«)>finally becomes . ' \ 



and our analog is complete. Tidy minded we finish our tabulation, 

• ■ "v ' . ■ 

r' ^ Analopy * ' 

Electric resistance factor K Prictional^ factor 

. Having found ^ analogy, or to moderate our claim, hjaving found what we. 
conjecture to be a sound analogy, we hasten to Use it. The first step is to 
apply to, the initial condition and consequence 6f (25) the notational changes 
that we applied to (25) to give us the'explicitness of (25O. The initial 
condition is ^ 

when t = 0, X = 0, ^ = 0 J 
'J , 
this be.comes, 

% when t = p, X = 0, V = 0 , 

•And puttfllfe ^ for k in (2?), the consequent of (25), we have 

\ , V >f (1 - e"t^°^^*), (27«) ^ ' 

* In shoit, tne Result ot our investigation of free fall with friction may 
be expressed: 

■-..-If a phenomenon satisfies 

' - ^ ■ , 

' dv 



= mg - Kv . ,.(250 



with the initial condition 

, . t = 0 , X = 0, V = 0 

then, it .sati&fies 



v=^l - e-^K/-"^*) .. (27-) 

The road is now clear to speed to the consequence (if our analogy. With 
the "paired counterparts set before vs th^is-: ; ^ , 

m 

V I di 
■ . dt 





K 


V 






A 




V 




E 


r 


i 
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we can Immediately write: 

If a phenomenon Batlsfles. , . 

Li=E-rl - (25") • 

with the initial Condition . . ♦ 

t 0, , 1 = 0''- 

then it satiafles 

. . • \ • • 

^ • • •• l=f(l-e-(,^/L)t)- ' ■ ' 

A triv^ial point: x = 0 has no coiinterpart; "being extraneous it is cast 
aside without complaint. It is a lack of* relevant, not a surplus of irrele- 
vant, information which would "be a cause for dissatisfaction. 
^ It remains to ask the vital que9tion: Is our analogy sound? It is. And 
what are our groimds for this assertion? ■ As ever, experiment is the final 
arbiter. (27") accords with tY^e result of experiment; consequently, we ac- 
cept (25"). . ' ' • 

k 

Earlier (using the less explicit notation) we showed that when ^ t is 
large (27*) gives ^ 

K I 

i.e., a falling body acquires a" terminal or steady velocity. We must anticipate 

^ ■ r 
an analogous result fQX-_thfi^.n£w of an electric current. When ^t is large 

(27") gives 




i.e., a flow ing current acquires a terminal or' steady intensity. Here is 



Ohm's Law, known to eve ly schoolboy. We have additional grounds for accepting 
(25"') and for the soundness of our analogy. 

Of course analogy is often misleading. Its in^xjrte^ce is that it is often 
helpftil. That we cannot give other examples of its role in finding new inter- 
pretations of old equations is lack of time,, not material. Differential equa^ 
tiona are powerful for their name is legion ^and they speak with many tongues. 

If 
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